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PREFACE TO THE FIRST EDITION 


Ti 


The book is an outcome of a course of lectures delivered by me 
about fifteen years ago to the students of the department of Pure 
Mathematics, Calcutta University, in accordance with the changed 
syllabus which was introduced then. In making the changes in the 

course of study, previous training of the students had naturally to be 
taken into account, and lectures were prepared in collaboration 
with Professor F. W. Levi who was then the head of the department. 
As a matter of fact, notes on lectures, taken down by one of his 
‘students, which Prof. Levi had delivered previously at the University 
of Leipzig were in my hands and I mado use of them. Among the 
published works on the subject which I have consulted, Graustein's 
/— "Introduction to Higher Geometry” is to be specially mentioned. 


E The book is built around Klein's classification of geometries and 
| jae divided into two parte, the plane and the space. In the former, 
development proceeds from the metric to the projective while in the 
latter, a somewhat opposite course is taken just to indicate that the 
E: subject can be developed cither way. Although synthetic method 

E. Tes been used occasionally for fixing up certain concepts in mind, 
the book is mainly an analytic geometry. As such it requires certain 

: indispensable algebraic tools, and these have been provided for at 
the ont under Basic Algebra. Here again, the first chapter of 
| es Algebra, Vol I, has been freely consulted. The defects and 


lim of the book are certainly not due to him, but whatever 
Success w it may attain would be due to his efforts in initiating a 
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PREFACE TO THE SECOND EDITION 
The first edition of the book was exhausted within a few years and 


the book remained out of “print for quite sometime, As the demand for- 


the book was growing in the meantime, a second edition had to be under- 
taken with some little changes here and there. in aij 

I express my hearty thanks to Dr. M. C. Chaki who went through the 
proofs. Ialsothankthe Superintendent and the staff of the Calcutta 
University Press for their care and efforts in bringing out this edition. 


Dept. of Pure Mathematics. | 
a Calcutta University R, N, Sen 
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i CHAPTER 0 
BASIC ALGEBRA 


Those topics of algebra, n knowledge of which has been assumed in the 
analytical method generally used in the book, are the theories of deter- 


f minants and systems of lincar equations, Although the former had its 
| origin in the latter, both of them are now usefully made to depend on the 
a theory of matrices which, in turn, is intimately connected with the theory 


of vectors. It is intended to give here a brief account of those features 
; of these and other theories which constitute what may be called the 
“basio algebra’ of this book. 

1. Vector space. An ordered sot of n numbers, where n is a positive 
integer, is called an n-vector and is written 


* 
e «-—(m,...,a,) a) 
| The &-voctor a is uniquely defined by the ordered numbers a,, .. . , a,. not 
necessarily all distinct, which are called its successive coordinates. 
r Ife is any number, the product of c and a is defined as the n-vector 
ca = (€30,,.. .., Cas) 
= (5,,.- -o Ön) is an n-vector, the sum of a and 8 is defined 












a+ = (a, +b, ...,a, +b) 
Obviously « = f if and only if a, = b,,... ,@, = b, and then a+ B = 2a. 
— WS haro the fol wing special n-vectors : 

E wr | O= (0,...., 0), 

| (2) 
2443. —— 01) 
Vivam aciem decem aae. 
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all zero. And Hines» Am Are s^id to be a set of dependent vectors if 
there existc,,...,¢,,, not all zero, such that X cx; = 0 holds. Suppose 
915 * ++» Am are dependent vectors and e, + 0. Then we can express a, a5 


= J 
«, = © dy ay: In this case a, is said to depend om a,,.. +, Gm. In 


general, if 8 = X ca, then 8 depends on the given a's whatever values 
Oir ++ may have. Different sets of values of the c's give generally 
different 56's. 
It follows from these definitions that a single vector, other than 6, is 
independent and the vector 0 is always a dependent vector, depending on 
any set of vectors. 
The set of all n-vec*ors which depend on a given set of n-vectors is 
said to form a vector space generated by the given set of vectors. A set 
of independent n-vectors which generate a vector space V is called a basis 
of V and the number of vectors in a basis is called the rank of V. The 
vector space generated by 0 (and therefore consisting of 0 only) has no 
basis, but it may be said to be ofrank zero. Finally, let V and V’ be 
two vector spaces ; if every vector of V’ belongs to V, then V” is called 
a subspace of V.^ 
THEOREM 1, Every vector space, whose rank is not zero, has a basis. A 
basis of a vector space is not unique but its rank is. si 
Proof: Let a vector space V be generated by a,, .. . , Gm not all 0, | 
If these generating vectors do not form a basis, atleast one of them, say 
Xm is dependent on the others. So V can be generated by aj, +- +. 69, - 
Proceeding in this way we can, after a finite number of steps, so reduce —— 
the number of generating vectors that the remaining vectors just form an ^ x 
independent set, i.e., a basis of V. 


Again, let a,,...,a, bea basis of V and B = Xn where Il. 


Then a,, .. -s &,.,, B are independent vectors of V. For, let 

dia, ... td, Ari td — 0 _ 2 
Then (d, d,c,)o,  ... (d, , don, ) o, vnm — 
Since the a's are independent, so d=.. mde d 
LEN B are independent. Now let V’ be the — um co 
by Wao os pes x B. Then V* is ^ » subspace of | oa 
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BASIC ALGEBRA xv 

a basis of V. If possible, suppose t 7 r. We can, as before, replace one 

.* of the a's, say a, by B, and get f, à, ... a, ns a basis of V. As B, 
belongs to V, it must be possible to express 2, as 
Å Bı = CBr t 0,0... oua, 
And as É, 8, are independent, at least one of the numbers 
€, 5 - + , 6, 18 different from zero, say €, 3€ 0. Therefore £,, 2., Bsr s+ eo yp A 
form another basis of V. Proceeding in this way we can have, after a 
é finite number of steps, a new basis of V consisting of r 5's, say Pi B. 
E It follows that V is a subspace of V’ whereas V' is not a subspace of V, 
t This means that 8,,... , 8, cannot all belong to V which is contrary to 
‘ hypothesis, Hence t$ r. This shows that the maximum number of 
independent vectors of V is r, Accordingly, the rank of V is constant and 
i is equal to r. 
THEOREM 2. Let V! be a subspace of a vector space V of n-vectors and 
[1 let their ranks be r' and r respectively. Ther’ — r — n. 

à Proof: From the proof of the last theorem it is easily seen that a 
basis of V can be obtained which will include a basis of V’. "Therefore 
Fr. 

Again, let the n unit n-vectors c,,. .,c, defined by (2) generate the vector 

‘space W. As these vectors are independent, the rank of W ism. Moreover, 
W contains every n-vector. For, if a = (a,, .. ., a.) is any n-vector, q 
can be expressed as « = X a; Therefore V is a subspace of W. Hence 
hes 

"THEOREM 3. Let D be a. set of n-vectors with the properties that (i) the 

(o sum of two wectors of T belongs to I' and (it) the product of a number and a 

vector of 1 belongs to T. Then T is a vector space. 
~ Proof: Let the maximum number of independent vectors of I^ be r. 
dÉm o. -, &, is a set of independent vectors of D, then, by virtue of the 


properties (i) and (ii), the vector X oa; belongs to I’. Hence T" is the 


r ector space generated by Qin, Ap 
wi J*o te th n pb. IB 
2. Matrice A rectangular scheme or array composed of mmn 
Humbera which are arranged in m rowsand » colpmns is called an mnn 
REY rs FUN a vw Lx | 
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xvi GEOMETRY 
The numbers ay (i = 1,....,m; j = 1,....,), which are not necessarily 
all distinct, are called the constituents of the matrix A. Any matrix is 
uniquely defined by its ordered constituents arranged in rows and columns. 
If every constituent of a matrix is zero, it is called a zero matrix and if 
m = n, it is called a square matriz. 

The successive rows of A can be regarded as an ordered set of m 
n-vectors and its successive columns as an ordered set of m m-vectora. 
Let the row-vectors of A be denoted by &,,...., a, and its column-vectors 


bon1...:,» N 


Also, let the vector space generated by the row-vectors of the matrix A 
b@denoted by R(A) and that generated by its column-vectors be denoted 
by C(A). 

Consider the three types of operations denoted by Pir Pae Pa (Say), 
which can be applied on one or more of the vectors a,,...., m and 
called row-multiplication, row-addition, row-omission, They are defined as 
follows : i | 

v, isan operation of multiplication of a; by a number b *0 
v, isan operation of addition to a, of ca; (4) 
a | 
| ?, isan operation of omission of aç if æ; = 0 
These operations (4) constitute a class of transformations, applied on 
the row-vectors of a matrix, called sweep-out transformations. 


THEOREM 4. The ranks of R(A) and O(A) remain unaltered by the 
application of a sweep-out transformation. 
Proof: From what has been said in §1 it follows that the vector spa s0 
generated by two vectors, say a and B, is the same as that gen ra Led by 
x b3-0) and @ or that generated by a+c£ and f or by only B ifa = 0. 
* Therefore H(A) remains unchanged by a sweep-out transformation and 
- hence its rank remains unaltered, tip 


— o og J — Bi E Y 354 


by &,....,9,. So 


a +=1,....,™ 
Og = (G;,. oos Gin), Ope = (0..,...., Aan) 
















9. 
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_ that A is transformed into A’ by any sweep-out transformation (4). It follows 
that if, for a given set of values ofd,,....,d,, the vector A = 0 (or Æ 0j, 
then also A’ = 0 (or 0) for the samo set of the d's. This shows that if 
the column-vectors were originally independent (dependent), then, after the 
application of a sweep.out transformation, their transforms would also 
remain independent (dependent). Now suppose that the rank of C( A) 
is r and, without loss of genorality, suppose that the first r column-voctors 
are independent. Then, after the application of a sweep-out transforma- 
tion, the first r of the transformed vectors would remain independent and 
the others would depend on them. Hence the rank of C(A) remains 

It is to be noticed that not only the rank of R(.4) but RA) itself 
remains unaltered. This is however not true of C(A), ns the m-vectors 






ay may be changed into p-vectors, where p < m, in view of the operation 





Fae 
— THEOREM 5. By applications of sweep-out transformations any mxn 
$ matrix, other than a zero matrix, can be transformed into the matriz 
1 == 10.,..0  e,,,...e, up Y 
F | 010.0" Wt uos 
E * - > (5) 


ie: - ; 00..01 $,....6,,., 


. er into a matriz which can be obtained from E by permutation of columns, 
where E isan rxn matrix, r =m, and ey are numbers which would depend 
on the constituents of the given matrix. 
uus Proof : Take the matrix A given by (3) whose row-vectors are, as 
- before, denoted by €,... X4. In view ofthe operation $,, we may, without 
-~ losa of generality, suppose that none of these row-vectors is 0. Let a,, bea 
 eoordir ate of a, which is not 0. Replace a, by «,/a,, by the application of 
POE e operation $, Then by operation ¢,, replace a, by a, — (a,,/a,,) a,,o, by 
20 X — (ausa. way, e Am by ou -(auuíau)o, If by these operations any 
X ro v-vector of A is transformed into O, strike it out by application of ae 


© . 
ARSPA 
" : 













wy B 4 P uriy . 
A A, y . 4 — 
— 


anum ‘ate die 
Let urn 






be a coordinate of a’, which is not 0. Replace a’, by a',/a',, and 
eplace a, by a,- (aaan e, by a.u). M 
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out by the appliestion of $,. Denote the matrix into which A’ is now 
transformed by A”. It is easily seen that the sth and ‘th column-veotors 
of A” are equal to the Ist and 2nd eolumn-vectors of E.  Prooeeding in this 
manner we can, after a finite number of steps, transform the matrix A 
into à matrix of the form stated in the theorem. 

Denote the desired matrix of the theorem into which A is transformed 
(ie, either E or one obtained from it by permutation of columns only) by 
S. Then A is said to be swept-out into S, — 

TukogEM 6. Rank of R(A) = rank of C(A), for every matrix A. | " 

Proof : We first show that the rank of R(E) = the rank of C(E) = 
the number of rows of E which is supposed to be r. Let the row-vectors 
of E be denoted by 58,....,8, Then any vector « of R(E) can be 
expressed as | 


, ' 
4 = 2 ePi = (03.5575 Cry Ci Cr, I tC, e rire =.> C1 ê, — * cc 0,E, wg) 


Therefore e = 0 if and only if c, = ... = c, — 0. Hence the row-vectors 
of E are independent and accordingly the rank of R(E) = r. Again, ibo A 
can be easily seen that the first r column-vectors of E are independent - and | 
the others depend on them, Thercfore the rank of C(E) — r. 


Now if A is a zero matrix, both A(4) and CLA) are of rank 0, 
If not, let A be swept-out into S. By theorem 4, the ranks of R( (A) and a^ 
C(A) are not thereby altered. As any permutation of the columns of | 
E does not alter the rank of C(E), the rank of C(E)- the rank of. 
C(S) Therefore the rank of R(A) = the rank of C(A) = r. 
Definition. The rank of R(A) (or of C( A)) of a matrix A is called — 
rank of the matrix A. "cal 
3. Systems of linear equations. (I) Homogeneous systems. 


Let an arbitrarily given linear and homogeneous system of equations. Rie 


à 









in the unknowns z,,.., x, be j ^ 
bs x - 
ay, 2, +4,,%,+ **, Faint, = 0 | 8 =o, 
" ia as, z, ta:t, t =... bree. wAn " P 
b. pd 


Li tions « 
NE d . 
s tho matrix m. 
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every equation of the system (5) is a solution of the system. A solution 
may therefore be regarded as an n-vector œ = (m,...,0,). In particular, 0 
is a solution of every homogencous system. _ 
. THEOREM 7. The solutions of a homogeneous system form a vector 
space. 
Proof: Let the homogeneous system be given by (6) and let « and 
B be two solutions of the system. Then obviously cx and a+ A are also 
solutions of the system. "Therefore, by theorem 2, the set of all solutions 
form a vector space. 
Denote the vector space of the solutions of the system (6) by X(A). 
Two systems of equations are said to be equivalent when every solution 
of cither system is a solution of the other. 
| — THEOREM 8. If the matriz A is swept-out into the matrix S, then the 
* system (6) is equivalent to the system whose coefficients form the matrix S. 
. Proof: Let the successive equations of the system (6) be denoted by 
2 h= = 0,f, = 0,.... f. =0 and let a bea solution of the system. Then a 
E is also a solution of the equations bf, = 0 (b + 0) and f,4 df, = 9. 
Ee - Further, the trivial equation whose coefficients are all zero can always bo 
J removed from any system without affecting the solutions of the system. 
Therefore the solutions of the system (6) will not be affected if f, — O is 
1 replaced by bf; = 0 or by f; * df, = 0 or if f; = 0 is altogether omitted when 
* _ its coefficients are all zero. Now the operations of replacing fi by bfe, fi df, 
| and of removing f; if its coefficients are all zero are operations of sweep-out 
= , transforivations by which A is transformed into S. It therefore follows that 
m every solution gt the AND (6) is a a solution of the system whose coefficients 






















solu ion of (6). For, it is possible to retrace the steps by which A is 
= transformed into S and thereby get back the system (6) without affecting 
" E ie | lution » 8, 
| Lx y . 
THEOREM 9. The rank of RIA) - the rank of X(A) = n. 
"roof : Let the rank of R(A) be r. Then the matrix S into which 
Tae ant has r rows, Since we are concerned with ranks only, we 
lay, Et iout loss of gentrality and for the sake of definiteness, suppose 
that iins as given by (5) Then, by the last theorem, the system (6) 
is equivale en to the system | 
L: k Btn tet DEL +e, a-r% = 0 
1 LIE + nee Heart = 0 


imd - wer ra de rd TN s 
Mxus as — 
pS =. > Lx > sa e ) 47 d | 
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Now, for solution of this systom, wo may choose the values of 
T.r.as s, X4 arbitrarily and when they are once chosen, the values of 
T... X, are uniquely determined by them. Therefore, for each set of 
values of (z,,,,.. , z,) arbitrarily chosen, we obtain a solution (z,,..., Zp 
Yers 4%), Further (z,,,,... , 7.) is an (n -7)-vector and, by theorem 2, 
the maximum number of such vectors which are indepondent is n—r. v 
Therefore the maximum number of independent solutions is n-r, Le, the 
rank of X(A) = n-r. Hence, the rank of R(A)+ the rank of X(A) — n. 
In pra tice, the n—r independent (n—r)-vectors (z,,,,...,r,) and 


the corresponding »—r independent solutions, say D,...,B4,.,, of the 
system (65) are chosen as follows : 








Independent (n — r)-vectors Independent solutions 


(Zrt ste (à) (2... s.. » Vee Tryp m » Ma) 








UO, I. ox ow x) (4495 »*5,76531,0,..,0). = B 
NA ss-r oem saath (Eis + 765, 9,1, .. , 0) = = f 


» " - b * * ó #8 * * L * * " . * B »* * » a 


LOL T. we of tke ud (—€,n <9 e — Cp nog; 0, 050-5 1) "Bos 
All solutions of the given system (6) are then given by 
€, B, -s t6. S, n p where Cse- s C4-, Are arbitrary numbers. 
It may be scen that 0 is included in these solutions, . F 
(II) Nonhomogeneous systems. Let an arbitrarily given linear and 
nonhomogeneous system of equations in the unknowns z,, ea Xn bo 
gy %, taa Prt sus Msc : 


$ 
Satt Ga Rat tt Nass. resa on. 
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the following homogeneous system in n+1 unknowns together with «he 
corresponding matrix A, 


Otit ssis cb. T. bu m, = 0 Eigse C 
— - = * * — — B * B A, — - * è (8) 
BinyE yt veee + Onnan tamt, = 0 Gni: Bing Gmo 


As before, a solution of the system (7) is an n-vector (x,,...., Ta) and 
a solution of the system (8) is an (n+ 1)-vector (z,,....,z, x,). As the 
systems (6) and (8) are homogeneous systems, so, by theorem 7, their solu- 
tions form vector spaces denoted respectively by X(A) and X (4,). Also, 
as before, the rank of R(A,) = the rank of C(A.) = the rank of A,. 

THEOREM 10. The system (7) has solution f and only if the rank of 
A - the rank of A,. 

Proof: Consider the vectors of X(A,). Let us divide these 
(n + 1)-vectors into two classes. Those vectors whose last coordinates are 
zero are taken to form class 1, and the remaining vectors form class 2. 
The vectors of class 2 are independent of the vectors of class 1, because no 
vector of class 2 can be made to depend on any set of vectors of class 1. 


Now class 1 exists. For, if (a,....,0,) is a vector of X(A), then 


(a,,...., a4, 0) isa vector of class 1 ; and as X(A) exists, so class 1 exista. 


. Moreover, because of this existence of a one-to-one correspondence 


the vectors of X/A) and those of class l, namely 
2,)4-—(a,,.., 44,0), the vectors of class 1 form a vector space 





Conversely, if a solution of the system (7) 
(Cir -+ Cy) is à solution of the system (7), then 






obtained from 4 by introducing one more (the last) column 
| L nn may or may not be dependent on the other columns. 
ore, by theorem 9, the rank of X(4,) is eithern--1—r orn—r. But 
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THEOREM 11. Jf « isa solution of system (7), then all solutions of 
system (7) are obtained by adding to a all solutions of system (6). 

Proof: If a' is an arbitrary solution of (7), then a—-a = 8 is a 
solution of (03. It follows that if 8 is an vicies solution e, (6), 
a” = «+ is a solution of (7). 

In practice, to find all solutions of (7) when it has a solution, we 
proceed as follows : 

We first find all solutions of (6) as in (I) above. Let these solutions 
be those given there, namely the n-vectors j 


CBH ore Cn ee Bagr 
We then look for a solution of (7). In order to do so, we sweep-out the 
matrix A, and obtain the system which is equivalent to (8) as we have 
done in (D. Let this system be 


z=, +€,, Trei t s... - + Cyn ar Cn €i rey Y. => 0 
-= * " » LI - = - * * * * . LI . 


Zr tër Tre t see + Conary Ty tH Cong 1. — 0 


Then the (m+1)-vector = (—€,nppgjyeess) — ors 0, 0, 1) is a 

solution of (8) in which the last coordinate is not zero. It follows that 
the n-voctor 

a = (— a ENN EAT — Erari Use ^,» 0) 

is a solution of (7). Therefore all solutions of system (7) are given by 

ate Bb... Cu e Bucy l 

CoRoLLARY. Let m =n; then (he system (6) has the only solution 0 

and the aystem (7) aa czactly one solution if and only if the rank of A ia m: 4 

Proof : Tho first part fcllows from theorem 9. j second — 

part, it follows from theorems 10, 11 that if the rank of A is n, tho "tem | 

the rank of A, = the rank of A =n. 
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xxiii 
matrix is à special kind of arrangement of some numbers but is itself 
nota number, We shall now consider a function of the square matrix A, 
i.e., a function of the n? numbers ay or of the n n-vectors ARIA Cis 


which shall be a number, This particular function which is defined below 
is called the determinant and is denoted by any one of the following 
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notations : 
Gare On 
(det A = det (ay) = det (a,,.., an) = om « Im fag] (19) 
- P TI -Ann 
The determinant of A is defined by the following three properties : 
x (a) Ifa, is multiplied by a number c, det A is multiplied by c, i.e., 


det — Cir- se Xu) = € dot (a,,..,.a), 1 i$ —n 
ES OD If a, is replaced by a;+ay, 3 4j, det A remains unaltered, i.e., 
det (a,,.., a+ oy,--, An) = det (a,,..,%,), Loixejaon 
(c) Ifa, = «,,...., o, = e,, Where the «/'s are defined by (2), det A 
has the value unity, i.e., 


pay qu) NER 


det (e,,.. 
THEOREM 12. Jfa,isreplaced by a; t oap $4 j, det A is not altered. 
TM Af o, and a, are interchanged, i + j, det A is changed into its ne, ative 
Proof : The first part follows directly from properties (a), (5). 
M aed 1,54 


DO dta eani sss tet 


For, 


> 





Au "E. 
EI v 9) 
1 i 
x nes Iw 





Keg dt Gi inp. (025, eyan) = det (o. +5 oq + 0x, , An) 











ag tho second part, suppose, without loss of genorality, that i — l, 


E. 1 =e (ee LEE An) = dot (x,,. ., Gt Aj: , Aa), by (b) 
mw let (a, - -Aj A,r ., Aj X,,. Ka), by the first part 
z$ f Ew: * + Aa +» Sn) 
det ( Ee Es. dde z an), by (b) 
) . —— eR DR LSSCC 
EL. | del A = 0 





» x 
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Proof: The first part follows from property (a), because 0 = Oz, 
where a is an arbitrary vector. And the second part follows from the faot 
that as det A = —det A, so det A = 0. 


THEOREM 13. Jf «,,.., a, i« a set of dependent vectors, det A = 0. 


Proof : If «,,.., 4, are dependent, we must have X qo, = 0, where 
the c's not al! zero, So, without loss of generality, let c, 45 0. Thon 


a. - 3.4, a; Therefore, by the last theorem, 


det A = det («&,,. T Fa) = dot (a, — datn * Ka) 
= det (a, —d,a,— Agaga. r 4&4) —... = det (x,—X d,05,25,- +» Gm) 
= det (0,2,,.., %,) = 0 


THEOREM 14. Let B,,.., B, be the matriz obtained from A by 
replacing o; by the n-vectors, B,..., B, respectively and let o; = cB, + .. ey. 
Then 

det A = c, det B, + + +c, det B, 


Proof: Let us first consider the particular case when a, = 8,+8,. 
Suppose, without loss of generality, that i= 1. So we have to show 


det (8, + B., Ages +» Hm) = det (Bu Ayer X) 4 det (8,, [ "EM Hy) 


Two cases arise : (1) Bi, «,,..,a, are dependent. 
In this case det (8,, a,,.., %,) = 0, by theorem 13. So ania 


: det (B, + By, ass +s 24) = det (33, zz- +» 2n) 
There are two possibilities : (i) Pa Epes S — P MN. 
Then 2,,..,», must be dependent. So, let 2, S dias. | ef 
—— aas, tn) = Om — lu i 
inc wa * yc 


e — — t 
et LI z : die "Therefore 
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independent n-vectors, So let A, = 4,8, +> dyn. Therefore 


det (B, -- B,, ay. ++. %) = det (8, d,8, + Xdias, a2. og Sia) 
al = det (8,-- d,8,, 2,,..., In) = (I1 d,) det (B,, 24, tn) 
= det (B,, a,,..., an) + det (d B, 2,..., x4) 
= det (8,, 3,,..., 34) + det (d,8, + Sd, iisr2 44) 
= det (Bis rar- .., an) * det (B,, a5, .-, a), 
and the theorem is proved. 
We now come to the general case. For the sake of definiteness, let 
= 1. Then, by repeated application of the particular case proved above, 
det A = det (¢,8,+ ... c9, = eee ay SA 
p = det (C,8,, aate an) + s.. +dot (Ciis Zarte ., x4) 
| = ¢, det B,-- ... +c, det B; 
THEOREM 15. Let Ay be the determinants obtained from det A by 


replacing o by the unit vector. ek, where «y is defined by (2), k = 1,.., n. 
Then 


£ z did; = deot A and > 254, = 0, ifi j (11) 


T7 


a ET wd 


Proof : The first formula follows from the last theorem together with 
yp tbe fuat shat ay = PL For the second formula, suppose i <j. Since 









; ‘Sauda me det (a, ,. -c Xis- +4 ajre an) = det A, 
ccr Janda z det (x39 * 5 Tiss e, Oa wey a») = 0 e 
«Def. ‘The determinants Aq are called the cofactors of a4 in det A. 
e: From the first formula of this theorem it follows that a 
í A min ni ean bo expressed as a sum of products of tho constituents of 
dn and their cofactors. As the cofactors Aa do not contain any 
nstituc ent of the ith row, it follows that a determinant can be expressed as 


tion of the constituents of any one of its rows, the coefficients 
o cofactors of these constituents. 


Get A= = Xa On, -+ Oni.» (12) 
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Proof : From the first formula of the last theorem we get successively 
det 4 — 2 à i, det (Ei - 24) 


x > a, Gi, det COM fig Tat.“ aa) = e.. 


fir Ve 


- > yi, Oh, ++- Oni, det (eis etss ++» €i.) 


fista 
Here in the summation each of the indices ¢,,.., 5, takes values from 
l to n. But from property (c), theorem 12 and its corollary it follows that 
det (4...) — +1, —lor0 according as f, ... i, is on even permutation, 
an odd permutation of 1 .. . n or not all distinct. Hance the theorem. 

Note: It would follow from this theorem that the function det A 
satisfying the properties (a), (5), (c) exists. 

THEOREM 17. If indet A, the successive row-vectora are replaced by 
the successive column-vectors, det A remains unaltered. 

Proof: Let the matrix 4 be changed into the matrix A when the 
successive column-vectors of A are written as the successive row-veotors. 
Then, by the last theorem, 

det A = X + Gis Aige. Fins 
where + or — sign is taken according as i,... i, is an even or an odd permata- 
tion of 1...n. Now, since i... i, is à permutation of 1...", the factors in 
every term d,... j.n can be so arranged that their first indices $,,.., fn 
take the natural order 1...5», the order of the second indices being then. 
changed into k,...k,, say, which is the permutation inverse to i4,... 4. So 

det A = = ayn, Gii,- Ink, 
But as two inverse permutations are both even or both odd, so 

des Á = det A. " 








gus schninnovettors ——— 
— If — — and | 
omitted, we n er inant of n — 1 1 
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Note: Since a cofactor Awin det A of n rows and columns is a 
determinant (with proper sign) of n—1 rows and columns, a cofactor in 
Aj again is a determinant (with proper sign) of m —2 rows and oolumna. 
If every cofactor is thus reduced gradually, theorem 16 wculd follow from 
the firat of the formulae (11). 

Def. Let Bbe a mxn matrix and r be a positive integer which 
is less than or equal to the lesser of the two numbers m and m. If in B 
we omit (or strike out) m—r rows and n—r columns, we obtain anrxr 
matrix. ‘The determinant of this matrix (with a+or—sign) is called a 
minor of B of order r. 

From the above definition the following properties are easily seen to 
follow : 

(1) If m= n, then (i) the minor of B of order m is + det B, 
(it) every cofactor in det B is a minor of order m —1 and (iii) if every 
minor of order — n—1 is zero, every minor of higher order is also zero. 

(2) Ifm < n and if there exists à. minor of B of order m which is 
not zero, then the rank of B is m. 

THEOREM 19. Jf a matriz B has at least one minor of order r which 
is not equal to zero but every minor of higher order (if any) is equal to zero, 
then the rank of B is r. 

(This theorem is often taken as the definition of the rank of a matrix.) 


Proof : Let 


8* Bis «++ Oye sve 04,5 =. " * 


m 












> = = = LJ * 


' B= G,, «++ Org 


ID cra dee co as 65 
al D Ey denoted pr aus: atys etme ee As the rank 
i atrix js not altered by any permutation of rows or of columns, we 
ose, — loss of generality, that the determinant formed out of the 

E UO Os 
re tho rank of the matrix formed by the first r rows of B isr 
vor zis ++, are independent. Let D be the determinant 
d by the first r rows and the mth row and the first r 
the sth. column of B. If A,,...,A,, A, are respectively the 
f yay lrn s pin Di then. 

(D. = a; au A+ see tonket Gardin 

[CAMS — 
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Now Dis a minor of B of order r1 and $0, by hypothesis, D = 0, 
Further, 4,, = + M + 0, by hypothesis. Therefore 


G,, A, ... +a, A,+a,, A, 0, A, #0 


This result holds if for s we write 1.. ., F, because the left-hand side then 
gives determinants with indentical Goki which necessarily vanish, 
‘his result also holds if for s we write r-], r+2,..., because this 
means that the sth column of B has been replaced by the (r+1)th, 
(r+2)th,... columns for the formation of D and so the left-hand 
side — minors of B of order r+1 which vanish by hypothesis. 
Therefore the above equations can be written as one equation in vectors as 


«ad. ... +2,M4,+2,,4,, = 0, where An #0 


As A,,...,A,, Am are numbers, this equation shows that sm is dependent 
On 3,,... 2,. This remains true form = r+1,r+2,... Therefore THREE S 
form a basis of R(B). Hence the rank of # is r. 

CoROLLARY. Jf A isa square matrix and detA Æ 0, then the rank of 
A=n. Ifdet A = 0, rank of A — n. 

As an application of a non-vanishing minor of the highest order, we 
give below the solution of a system 6f n independent linear equations in 
n unknowns in a form which is very often used. We take the case of 
n = 3, the method being perfectly general. Let the system be 


G,2X, 4 O41, 0,2, = a, a, 80, Q; 

" 
b,x, bur, 1 b,x, = b, Dzj|b, b, b |#0 
CiT, +t, HCT, = 0, NO Oy 6 







Multiply the equations respectively by the cofactors of a,,6,,¢, in - D and 
add. Similarly multiply the equations by the cofactors of a,, b,, e, in. 
and add and by the cofactors of a,, b, c, in D and add. "Then, by : ingre 
15 and note to theorem 17, we get the following solution : J 


z = -J> 5 — Bey 
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agree with what is stated in tue corollary of theorem 11. The rule by 
which the solution (13) is obtained is known as Cramer s rile. 


5. Products of matrices and of determinants, 
In order to define .: 2 product of two matrices, it will be advantageo ;s 
to define initially what is known as the scalar product of two n-vectors 
z amt (G,,..., Be), B = (5,,..., &) 
] The scalar product of a and B is a number defined as 
aB = a,b, ... + a,b, (14) 

| Now let A be an mxn matrix and B an nxp matrix. Let tl 
EP row-vectors ot A be denoted by z,,..., 3m and the column-vectors of B 


‘by: Bs.» B, Evidently the «’s and the 5's are all n-vectors. Form the mp 
scalar products 

















aibh bm eee Oe E. sop 
T en the product AB of the matrices A and B — a A, 


——— 


AB 25 a,.B,. "D S, (15) 
at c RSEN SEE EN: J 


t once seen that for this definition, the product AB is not generally 
the st BA. This is expressed by saying that the multiplica- 
es does not obey the commutative law. 


In pai — ar r,let A = (ay) and B = (ba). If AB = (fa), it follows 


fa = Š ou ba 
a = (ede LLL matrix. If the mxg matrix (4B)C = (ga), 


(ga 


mote eu -3 $ ar b, ĉu 


Reet = 





_— i 
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This is expressed by saying that the matrix multiplication obeys the associa- 
tive law. 

Def. A diagonal matrix is a square matrix whose constituents not 
situated on the main diagonal are all zero. Thus, if (dy) is a diagonal 
matrix, then dy = 0 for i Æ j. 

An elementary matrix, denoted by (say) E,(a), s +t, is a square 
matrix, which is defined thus : Let E,(a) = (ey). Then 


eu = l(i = 1,2,...), ey =a, ey = 0 for i Æ j and (5, j) = (a, t). 


d, 0 Ü l 0 0 
Thus D =f 0 d. 0 and E.,(a)z]0 1 a 
0 0 d, 0 0 1 


are diagonal and elementary matrices respectively. 

Let A be an n x n matrix whose row- and column-vectors are denoted, 
as before, by o; and a; respectively, # = 1,...,». Also, let D and E ,(a) be 
diagonal and elementary matrices which — the same number of rows as 
A, where the successive diagonal constituents of D are d,,..,d,. ‘Then the 
following results can be easily seen ; 

(i) DA (or AD) is the matrix obtained by multiplication of the 
rows (or columns) of A by d,,..., d, respectively. 

(it) E,(a)A (or AE,(a)) gives a row-addition (or column-addition) 
in A by which a, (or a) of A is replaced by «, + aa, (or a; + aa,). 

(ïi) det DA = det AD = det D det A = d,... d, det A, 

det E,(a)A = det AE,(a) = det A. 

THEOREM 20. A square matrix A can be — into a diagonal 
matriz by row-additions and column-additions. 

Proof: If the matrix A = = (aj) is a zero-matrix, it is already a 
diagonal matrix. If not, we can suppose d,, 3: 0, (For, if a,, = 0, we can, 
by row- and column-additions, so arrange that the constituent in the firat 
row and column becomes different from zero.) By suitable row: dditions. 
the constituents in the first column, other than a,,, can be made zero and 
then by suitable column-additions, the non-zero constituents of the first. 
row can b» made zero without altering the first column. If the resulting 
matrix is not & diagonal Lats Uri m ii seoc id row and 
A becomes a diagonal ma natrix, “a | 
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| As every row-addition (or eolumn-addition) meins a multiplication 

j^ by an elementary matrix from the left (or right), it follows from the above 

i theorem that 

| (iv) A = P,DP,, 

l where P, and P, are products of elementary matrices and D is a diagonal 

matrix. 

!g Turorem 21. If A and B are square matrices with the same number 
det AB = det A det B. (16) 


Proof : By (iv) and (iii), 
- det A = det P,DP, = det P,D = det DP, = det D = d, - dy. 
"Therefore applying the resulta (f) to (iv) given above, we get 
det AB = det P,DP,B = det DP.B 


D à = d, .. . d, det P,B = d, ... d, det B = det A det B. 


^ — > Itis to be noticed that since a determinant is a number, the 

— of f factors is immaterial in a determinant product. Asa matter of 
fact, the distinction between row-vectors and column-vectors of a 
determinant is unnecessary in view of theorem 17. 


= Def. If the successive rows and columns of an mxn matrix A are 

| _ interchanged, an nxm matrix is obtained which is called the transposed 

. of A and is denoted by AT. Thus the ith row-vector of A is the ith 

[ co olun -vector of AT, and vice versa. It can be easily verified from (15) 

OM tha t (AB) = BT AT, If A is a square matrix and A = AT, then A is 
callo —“ matrix. The special diagonal matrix 


1 Ul212»»5»0 
0 | UT T TAL 
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and therefore also BA — J, then B is called the ine =» of A. It 
therefore follows that the transposed of an orthogonal matrix is ita inverse. 
The inverse of à matrix when it exists is obtained in the next article. 


6. Linear transformations. The equations 


Y, = Ajit... Fln X. LT TIERE EPIO 
te oe eee 4 ELLEN (17) 
Ma = HA, Ty t «eee Oan Fa Ong: ee «Onn 


define a lincar transformation transforming the n-vectors f£ = (z,,.. «,2a! — 
into the n-vectors xy = (y,,....,¥.). To every vector € there corresponds 
uniquely a (transformed) vector n. This correspondence may be denoted 
by £—>». In particular, referring to (2). 
0 —> 0, e, —> (a,,,...., On), *559935 ss En ~> (B, soo, Gau) 
Now let $, —- 9, and £, —> », by the linear transformation (17). Then 
E tE — n; + 95 and ch, — €t, where c is a number. 


It therefore follows from theorem 3 that if the £-vectors form a vector space, 
then the »-vectors also form a vector space. Thatis, a linear transforma- 
tion transforms a vector space into a vector space. 


Suppose we have a second linear transformation transforming the 
vectors y into the vectors & = (z,,...., Zn) defined by 


p 


zi = b. y. PE IJ. Sn R ITA 





o Se ‘alle wr cw E B = à c fg 
Za = bua Yy e eet b. nytt X 05V d 


Applying the second transformation after the first we get a linear transfe 
mation transforming the vectors £ into the vectors. - 
tho resultant transformation is obtained as follow. i 


We have 
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The matrix of the resultant transformation is therefore given, frore (15), by 


Pi Pin Z b, a4... X bai, 
P = s e s <= ° . . . . e. = BA 


Pais + «Dim 2 5,94,....2 by; d, 


Accordingly, if a linear transformation 7, is followed by a linear 
transformation 7', and the resultant is a — transformation T,, it is 
usual to write T.T, = T,. The reason behind the rule of matrix 
multiplication as given in \15), which might have appeared arbitrary, is 
now apparent. 


It is often convenient to express an n-vector E = (r,....,xz4.) in the 
form of a matrix as 
















(x)-4 >... 
24.0....0 


In view of rule (15), the above two component linear transformations can 
then be written as 


m (y) = A(x) and (z) = B(y) 
i (— Combining the two we get 
(=) = BA(x) 

's with the equations of the resultant transformation as 


ac ence n —> Ẹ exist, so that there may bea 
tice ia €—— n, between the vectors ¢ and 


"E Mul aly the successive equations (17) respectively by the ocofaetors 
A, i ea Sait, Ape of the kth column in det A and 
Kid, Then, b ce and noto to theorem 17, we get 


(mda = duys+ erae, ERR Messe (18) 


& the inverse of the. linear transformation (17) 
y Si "xa a is n 
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That is to say, the one-to-ono correspondence as proposed exists if and 
only if det A Æ 0. When it exists, the matrix of the linear transformation 
(18), denoted by A-', is given by 


det A '"' det A 
A^ md (19) 
Ay. Aun 
det A ~~" det A 
It may be verified by rule (15) that 
AA = AA =Í (20) 


It therefore follows that the inverse of A is A~! and this relation is a 
reciprocal one. As the matrix of the resultant of the transformations 
(17) followed by its inverse (18) is a unit matrix, the resultant leaves 


every vector unaltered. 
When det A = 0, the transformation (17) and its inverse (18) can be 
written in the matrix form as 


(y) = A(z) and (x) = A-^'(y) (21) 
The significance of the rank of A is given by the following theorem : 
THEOREM 22. By the linear transformation (17), a vector space of rank — 
n is transformed into a vector space of rank equal to the rank of A. 


Proof : Let the vectors č = (x,,...-, 2) form the vector space W and 
the vectors 7, = (y,,-..-, Ya) form the vector space V. As W is supposed 
to be of rank m, so z,....,z, take independently all values, A basis 
of W is therefore given by the vectors ¢,,...-,¢, defined by e 


Accordingly E = = z«. 
Jow if the column-vectors of A are denoted by $9323 Sao. then. L1 a 


by (17). Sof > Xm "Therefore the 7-Vvectors are given by » : = ‘Ze 
As zy. 24,2, take all values independently, the vector spaco gy. ds a 


qenerated by aoe +) tn. Dui ihe amp OF fafpiude column-veotors E À d 
f 
l 
1 


iT 
















is the rank of A. Ifence the rank of V is equal to the rank of A. | 7 
Regarding the rank of the product oí matrices —— of l 
resultant transformation we have the following theorem : —8 

. THEOREM 23. Let A and B be two nxn matrices of r ank 

spectively and let the rank of AB be p. Then p can exceed 

n — —— 


Aud us 
wa’ 
1 







us mor 8; ; and ifr (or a) is equal to n, t 


—— it 


e x = 
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Proof: Let the row-vectors of B be denoted by B,,...., B, and the 
row.veetors of AB be denoted by y,...., y. Also, let Pirr- -os 9, DO 
basis of R(B) and y,,...., Yp be a basis of R(AB). It then follows 
from the theory of voctor spaces and the definition of matrix multiplication 
that every y, is a linear combination of the y's and every y; is a linear 
combination of the 8's and every A; is a linear combination of tho p's. 
Therefore every 4, is linearly dependent on the ¢'s. That is, the rank of 

, &( AB) cannot exceed the rank of R(B). In a similar manner it can be 
seen that the rank of C(.A B) cannot exceed the rank of C(A). But as the 
rank of R(M) = the rank of CLM) = the rank of M for every matrix M, 
s0 p is less than or equal to the minimum of r and s. 


P Again, if the rank of A is n, A-' exists. Therefore, as B = AAR, 
sos S< p. Butp-s. Hence p = s, Similarly if à = n, then pr. 

a . Henoe the theorem. 

7. Groups. The word ‘group’ is used in a specialised abstract sens. 


™ ‘We shall do no "more here than give a formal definition of this con- ept 
and illustrate it by a few examples. 


Let G bo set of elements of any kind. The word ‘element’ is used 

in the broad sense to denote any kind of entity. The elements b: longing 

to G may be finite or infinite in number. Let us assume that there exists 
an operation by means of which every pair of elements of G can be composed 
B tof form an element of G. That is to say, if the elements of G are denoted 
Me b, [E and the operation by 'e', then aeb is an element of Q. In 
| tion, the elements a and b are not necessarily distinct, nor are 
8 ts aob and boa of G necessarily the same. Then given the 
ie set G is said to form agroup if itsatisfies the following four 

























-conditions : 1 


W Every ordered pair of elements of G can be composed to form 
a miq element of G. That is, aeb is unique forevery ordered pair 
"ms id ^ Thisi is expressed by saying that G is closed for the operation. 


e The operation is asscciative, That is, for very triad a, 5, c, 
VR d ida 
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(4) Corresponding to every element a of G, there exists in G a unique 

element, say a’, called the inverse of a, having the property 
Gea =d oa -— e. 

When the group G has the property that ae5 = bea for every pair 
of elements a,b, then the group is called commutative or Abelian, If S is 
a subset of a group @ and if the above four conditions are satisfied for S 
with respect to the same operation as defined in G, then S is called a 
subgroup of G. Obviously, the unit element of a group forms by itself 
a subgroup; this subgroup is rather trivial. As a simple illustration, 
consider the set of all integers : 

0, +1, +2, +3,.... 
When the operation is taken os addition, this set form a commutative 
group and the set of even integers is a subgroup of this group ; the unit 
element is the number 0 and the inverse of an integer a is —a, But if 
the operation is chosen »s multiplication, the set does not form a group. 
On the other hand, the set of all non-zero rational numbers form a 
multiplicative, but not an additive, group ; the unit element is 1 and the 
inverse of a rational number a of the set is a-', 

Next take either the set of all rational numbers or the set of all real 
numbers or the set of all complex numbers, and consider all n xn matrices 
formed with the numbers of this set. We then have the following theorem : 


TukogpEM 24. The set of all n xn matrices whose determinanta are 
not zero form a group, the operation being the matriz multiplication, 

Proof : That the conditions (1) and (2) of a group are satisfied by 
these matrices can be seen from (15) and its requel. And conditions (3) 
and (4) are satisfied by virtue of (20). 

As another illustration of a group, consider the set of all permutations 
of n objects. A permutation can be regarded as a transformation by 
which the objects are interchanged among themselves. That is to say, 
if the objects are denoted by the digits 1,...., m, then a permutation 
a,... 0s of 1.... can be expressed by the notation 5n 


Lc: k | 
P «l )=( ) 
a,.... x PET a, 
where the n objects are ordered in the second row talons 
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Let now 4,....4, be another permutation Q of ]....5. Ask, a, by 
can take all objects 1,...., n, Q can be denoted by 


: ex. rs] 


- If P is applied first and then Q, k is transformed into b,.. The resultant 
permutation thus obtained is called the product of P and Q and is denoted 


E. by 
k 
QP = ( ) (23) 
Da, 


E Evidently the product is associative but not commutative. Given P, 
if Q i» such that the product is the identical permutation or the identity 


i 1 ae ( Lk 
y J = .) = ) 
b. k fs 
then Q is called the inversa of P and is denoted by P-', and, with reference 
to (22), it can be written as 


Pu ( ay ) 
PT! = = 

a ee k 
Thus, for every permutation P, we get 


PJ =JP = P, PP-:zPPÉJ (24) 


Suppose that in a permutation we find that an object a,, chosen 

; rily, is transformed into «,, a, into d,,..... d, into a,, and a,, 

ina gum sm ‘The the sequence a,,,..., m iS à cyclic sequence or a 
consisting “OE w — It is evident that every permutation has 

on which has just one cycle of m > 1 

ation and i» denoted by 
X Ee * ea 
"i —— T 
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Proof: Letan object a, determine the cycle @,,..,.,@m,. Then, if 
possible, lot: an object b,, not contained in this óyole, determine the cycle 
b,....,. Om Proceeding in this manner P can, after a finite number 
of steps, be expressed as 

ct 
P x (84... 5, 04 (05-65 D ne Eee ED) 

A cycle is said to be even or odd according as the number of objects 
belonging to it is even or odd. Let a permutation P be expressed as a 
product of cyclic permutations as in lemma 1. Then P is said to be 
even or odd according as the number of even cycles composing it is even 


or odd. Every permutation is therefore either even or odd. ThusJ ia an` 


even permutation and a transposition is an odd permutation. P and P-' 
are both even or both odd. We state, without proof, the following lemma : 
Lemma 2. The product of two even permutations and of two odd 
permutations are even permutations. The product of an even and an odd 
permutation is an odd permutation. 
_ In view of formulae (23), (24) and lemma 2, we arrive at the following 
‘theorem : 
THEOREM 25. The set of all permutations of n objects form a group 
of which the subset of even permutations form a subgroup. 


These two groups are called the symmetric group and the alternating 


group respectively. i 
A group consisting of a finite number of elements is called a finite 


group, and the number of elements of a finite group is called its order, 


Thus the symmetric and alternating groups are finite and their orders are 
respectively n! and »!/2. The group of matrices oftheorem 24 whose 
constituents are rational, real or complex numbers is not a finite group. 


Let the operation in a group G be called multiplication. If ev 
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element of a subgroup S of G is multiplied from the left by an element a 


" 





m 
eun 
E 


of Gwe get what is called a left coset aS which is not sace - Ai 
i ^» | 4 4 
st Y 


subgroup. Similarly for a right coset Sb. It can however be proved that 


aSa^* is a subgroup called a conjugate of S. If the subgroup Sis such that 
aSa-* = S. for every element a of G, then Sis called a normal subgroup 
ofG, Asan example wo mny state, without proof, that the alternating ——— 


| group is a normal subgroup of the symmetric group, 
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PLANE GEOMETRY 
CHAPTER 1 
VECTORS AND ANGLES 


1. Points and vectors on a Straight line. Let a straight line g be 

taken. If on g we take an arbitrary but fixed point O, all points of g 

situated on the same side of O constitute a half-ray emanating from Ø. 

The point O therefore divides g into two half-rays, g^, g”, say.. We measure 

Y distances along the two half-rays with the help of an arbitrary but 

2 fixed. unit segment u. If A is a point of g, we measure the distance 

|OA|=|2| by the ratio of the segments OA and u, where | x | = 0if A 

| coincides with O and is a positive number in every other case. To 

i Y, every real positive number there eorresponds, on the other hand, one point 
ET of g' and one point of g”. 


. In order to establish a one-to-one correspondence between the points 
- of g and real numbers, we further introduce positive and negative 
directions along g and choose one of the half-rays, say g', as giving the 
_ positive. direction while the other the negative direction. We assign 
m z= * = 0, if A coincides with O 
| a ow |z! >0,if A is a point of g* | o A : 
T. dew bz] <0, if A isa point of g". 


e real number x is then said to be the coordinate of the point A. 


` The — correspondence thus established depends on three 
jit y chosen items : the point O (that is, the point whose coordinate is 
o), the unit segment u and one of the half-rays giving either the positive 
neg at tive direction. And when these items are fixed, the one-to-one 
ndence is uniquely determined. The distance between two 
4, t, of g, whose coordinates are z,, z,, is then given by 
BEL anale luco 
be am arbitrary point of g distinct from O and z, its 
, defines two half-rays g,', g,", where g,' is composed 
Ww 'oordinate: ** and g," of pointsz<-2,. Whatever 
osit ion af 4, + tho half-rays g' and 9,’ as also g” and g,” have 
ts ; bui it either g^ has EU point DX common with g' c£ g’ has 
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no point in common with g,". In either case, the half-rays g’ and"g,* as 
also g” and g,” are said to have the same directions, 

Any two points A, B of g determine a segment AB or BA. The 
points A, B are the extremities of the segment, the points lying between 
A and B are points within the segment and the length of the segment is the 
distance | AB|. A segment becomes a directed segment when we 
consider one of the extremities as the Starting point and the other as the 
end point, and consider a direction from the starting point to the end 
point. The directed segment whose extremities are A, B and 
whose direction is from A to B shall be denoted by the notation AB, 
The directed segments AB and BA have the same two extremities, the 
same length but opposite directions. 

Let A,, A, be two points of g whose coordinates are X, X, respectively, 
Then the number x, —x, is said to be the coordinate of A A, and therefore 
z,—r, the coordinate of 4,4,. Accordingly, if the coordinate of a directed 
segment and that of one extremity are given, the coordinate of the other 
extremity becomes known. Directed segments of g having the same coordi- 
nate represent the same vector.’ A vector is therefore the class of all directed 
segments of g having the same coordinate and this coordinate is also used 
as the coordinate of the vector. There is no harm to denote a vector by 
any one of the notations that are used to denote the directed segment: 
representing it. Thus, if 4,, A, are two other points of g with coordinates 
,, r, respectively, we shall write, as vectors, 

4,4, 2 A,A,, if t%—*, = 1,-2, 

A vector therefore possesses a length and a direction, the length being 
that of any one of the directed segments representing it, A vector is 
accordingly uniquely determined by its coordinate. We may speak of 
firing a vector A A, at a point B, of g; this means, constructing the 
directed segment B, H, such that B,B, = A, A,. =. 

Let A, B, € be three points of g. Then, as distances, either b TE iis 

|AC| = | AB| + | BC| or | 40 | = | AB = | BC | 


But, as vectors, we shall always have | — 
AC-AB«BO — ENT x 
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VECTORS AND ANGLES 4 


If v; are the coordinates of A;.,A¢ for i=1,2,....., n, the coordinate of 
A, Ag inv, v +--+ +, and | ALAS | = [on —— * 

Let « be an arbitrary but fixed real number and g be transformed 
into itself in such a manner that every point P of g with coordinate x is 
transformed into a point F” of g with coordinate x’ = xa. This 
transformation is said to be a displacement. Any directed segment 
with coordinate +,—x, will therefore he transformed into a directed 
segment with coordinate x, —x, = (x,4a)—(r,*a)-7r,—-r, Hence, a 
displacement transforms a directed segment into a directed segment 
representing the same vector , that is to say, vectors will remain unaltered 
by the displacement. So, the lengths of segments will also remain 
unaltered. The two half-rays consisting of points xx, and + < =z, 
will be transformed into the balf-rays of points x > x, +a and x <x, +a. 
Hence the directions of half-rays remain unaltered. On the other hand, 
every transformation of a straight line into itself which does not alter the 
lengths of segments and directions of half-rays is a displacement. For, 
the point O is transformed into s» certain point O' with coordinate a, 
say, an arbitrary point B with coordinate b is transformed into a 
point B’ with the conditions that | OB | = | O'B'| and the half-ray 
emanating from O on the same side as B has the same direction as 
the half-ray emanating from O° on the same side as B'; hence B’ 
has the coordinate a+. As this holds for every point B of the straight 

— line, the transformation is a displacement. Thus, every point is 
displaced in a fixed direction through a fixed distance. 
t We have therefore two interpretations of the notion of a vector ona 
| strai line. Firstly, a vector “is given by a real number, its cordinate ; 
| and »condly, a vector can be interpreted as a displacement. 


A Points and vectors in the plane. In a given plane let any two 

arbitrary but fixed straight lines, called» the x- and the y-axes of coordinates, 
c nte one another in a point O, called the origin. We shall, 

the sake » of simplicity, suppose that the 

axes are orthogonal, The origin divides Y 

each —— axes into two half-rays ; 

the ch. prec half- — song 
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a right-handed system of axes if, after rotation, the positive half-rays 
coincide ; otherwise, the system is Jeft-Aanded. We shall always assume 
that our system is right-handed. 

After havifig chosen, in an arbitrary manner, two congruent unit 
segments for the two axes, it is seen that to every point of an axis there 
corresponds a real number ; and .conversely, to every real number there 
corresponds one point on each axis. Let P be any point of the plane. 
If through P parallels to the axes be drawn to meet the x- and the y- axes 
in the points P, and P, respectively, then the position of P is uniquely 
determined by the coordinate x of P, and the coordinate y of P. ‘Bo, 
to every point P of the plane there corresponds an ordered pair of numbers 
(x, y), called its coordinates, and conversely. If, in particular, the first 
(or the second) of these numbers is equal to zero, P is situated on the 
y- (or the z-)axis. We shall represent a point by its coordinates taken 
in brackets and write 

i P = (x, y) 
The distance between the two points 
= (x, y,), and O = (0,0) 


| OP | = | ¥(z*+y’) | (1.1) 

As in the last article, we introduce directed segments in the plane by 

taking one of the extremities as the starting point and the other as the end 

point of every segment of every straight line in the plane. Let P = (z,, y,) 

be the starting point and Q = (z,, y,) the end point. By projecting PQ 
orthogonally on the x- and y- axes we obtain two directed segments P,Q, 

, and P,Q, of the two axes respectively. Conversely, to every pair of 
directed segments of the two axes there corresponds one and only one 
directed segment in the plane. The coordinates of P,Q, and P,Q, 

Hen an ordered pair of numbers which are said to be the coordinates of PQ. 


Directed segments of the plane having the same coordinates form a class. 
which, as in the last article, is called a vector. A vector has the same 


coordinates as those of any one of the directed segments | 
it, and there is no harm to denote the vector by any one of the 
notations that are used for these directed segments and to write, as vectors, 


PQ -(x-z,.y-y) E (1.2) as 
and PQ = PQ if PQ has also the coordinates (1.2). pater 
one-to-one correspondence between the ordered pairs of real | d 
the vectors of the plane. piedad odi 
scu dns int s i 


- 
a 


is then given by 
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such that P'Q' = PQ. So if P’=(z’, y^), then Q =(x'+z,-2,, y*y,-y) 
This fixing can be made in the following two steps : 


| P = PO. 
where P" =x (r,, y) and so Q* = Ur. y yw). 
and P = PQ". 


As PQQ P" and PQ Q'P" are parallelograms, so PQQ'P" is a parallelogram. 
The directed segments representing the same vector are therefore of 
equal length, parallel to one another and have the same direction. 
The geometrical meaning of fixing PQ at P' is therefore the finding 
out of the fourth vertex Q of the parallelogram PQQ P’. 

Fixing PQ at the origin O, we obtain the fourth vertex Q", 
where Q* has the coordinates (x,—x,, y,-—y,). As the segments PQ 
and OQ* have the same length, it follows from (1.1) that 

| PQ | =| vi(lz,-2,) + (¥,—y,)'*} | 

Let two arbitrary vectors be represented by the directed segments 
PQ and QQ’, so that the end point of one is the starting point of the 
other, Then, the sum of these two 
vectors is defined as the vector represented 
by the directed segment PO. Thus, P 7 


the law of parallelogram holds for the 
U — of vectors; that is, if PQQ'P' 


Hu is a parallelogram of which PQ and §& 
* —Ó 2 are adjacent sides, then, as vectors, 
Nam ^ PQ+PP' = PQ 







t | " tn 

W^. LTA án $1, the commutative law of addition holds. Also, it follows 

* m that the two coordinates of the sum of two vectors are 
| vely equal to the sum of the corresponding coordinates of the 
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| shall often denote vectors by Grek bitur Let the vectors 
: rdi: quit t se MM them be represented 
sd s s AA, AL, iss, An-,4n, 80 that 4,4,....4, 
e. ERI. kc (uium i the veces, 
Brno Dane 
— — vector AAs is the zero-vector. 
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intoa point P', where PP = a. This transformation is said to be a 
parallel displacement. Its analytic expression is 
(x, y) —> (x *a,, yt a,). 

If, by this transformation, a point Q is transformed into Q', then PQQ'P* 
is a parallelogram. | Hence, the arbitrary directed segment PQ is trans- 
formed into P'Q' representing the same vector. Acoordingly, eectora remain 
unaltered by parallel displacement. On the other hand, if by an arbitrary 
transformation of the plane, vectors remain unaltered and P is transformed 
into P', then an arbitrary point Q has to be transformed into Q', where 
PQQ'P" isa parallelogram ; hence the transformation is a parallel displace- 
ment. Thus, if by a transformation of the plane no vector ia altered, the 
transformation is a parallel displacement. To every vector a there 
corresponds the parallel displacement generated by a. On the other hand, 
no vector is altered by any parallel displacement. This double connection 
between vector and parallel displacement should be noticed. By the parallel 
displacement generated by x = PQ, the straight line PQ is transformed into 
itself, and this transformation is a displacement considered in $1. 

Given any real number A, we define the product of A and any vector 
2 (0, 4,) as the vector As having coordinates (àa, Aa,). Its length 
is given by 

làa | = |v f(a,* + (Aa,)*} | = [A L| v(a,” as) | 

or, [Aa | = [Alla 
If "MI M «E m =o, = a, then Sa; = na. 


For A = 0, OAB becomes the zero-veetor O ; for A = —1, (-1) AB = BA. 
Therefore, as AB + BA = O, the addition of (—1) AB means the subtraction 
of AB. We shall accordingly use the notation 
AB =- BÀ 

The vector Aa is therefore parallel to «; its direction is the same or the 
opposite as that of « according as A is positive or negative and its length is 
{Alla}. The notion of product of a number and a vector is therefore 
independent of the choice of the coordinate system. 

From the above consideration it follows that for addition (subtraction) 
of vectors, we add (subtract) their coordinates, and for multiplication of a 
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a number of given half-rays emanating from the same point O and let a circle 
with centre O and radius unity be drawn ; the length of the circumference ia 
then 25. Also, let giga = — gig; be tho length of the shortest arc measured 
from g, to ge, on the circumference of the circle, taken with the positive 
or the negative sign according ns the sense is counter-clockwise or clockwise. 
Then A er a=) 
In —— *2kz, 
eg 
where k is an integral number which, in some cases, is zero and, in other 
cases, positive or negative. The arc 9. is uniquely defined except in the case 
where g; and g, are different half-rays of the same straight line, as, in this ^ case, 
there are two equal shortest arcs connecting g: and g,. Very often gg, is 
taken to be the measure of the angle (g;, gi), and in. the special case when 
g: and gy have opposite directions, we may choose ggg, 2 s. Another 
definition of the measure of an angle is obtained by considering the measure 
as a multi-valued function by putting (gj, ga) = ggí*2mz, m taking 
all integral values. "Then (g,.9,) — X(g;9;.,) holds, an additive value 
ms being always arbitrary. Sometimes it is useful to distinguish between 
an infinity of different angles bounded by g; and g, corresponding to the 
different values of m. The most useful manner to measure angles in 


* as J many: cases is, however, to measure them by the functions sine and cosine, 


Let$ be a given angle bounded by two half.rays g,.g and g, be 
Be de positie nels, Also, let P, = (ni y4). Po owtE A naue be 















$ is not uniquely defined 
B or pine lonn, bat by both the ratios; and these ratios are 
y the relation _cos*g - sin*e = 1. From the values of cos ¢ 
| above, we can determine whether the ratios are positive 
oio redo irl alm the 
ates divide the plane. Accordingly, 

08$ = near sing = —sin (—9) 

po orm opal ma 
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As an application of the last formule, consider a triangle OA B, and 
suppose that the angle between the half-rays OA and OB isọ. Take - 
the positive z-axis along OA and let the coordinates of A, B be (x, 0), 

(x, y,). Then, as the generalisation of ‘Pythagoras’ theorem, 
| AB|* = (x,-zx) +y,? = (x? + y,!) +2," -2z,z, 
= |OA|*+ |OB|*-2|0A| | OB| cosy. 

When a vector rotates through an angle =/2, its coordinates interchange 
in the following manner: The coordinates (x,y) of a vector changes 
to (—y,x) for a rotation through --7/2 and to (y, =x) for a rotation 
through —2/2. This may be easily verified by supposing the initial point 
of a directed segment to coincide with the origin. 

As an application of this rotation, suppose that two points P,, P, are 
given and it is required to draw the perpendicular to P,P, at P, in the 
positive sense. Let the coordinates of P,, P, be (xr, w,) (zr, y, The 
coordinates and the length of P,P, are then 

(r,—2,, y4—9,) and | y f(x, —2,)* (y; —9,)*] | 
Rotating Pf, through *z/2, we obtain a vector 
whose coordinates are (y,—y, 4,—%,). The 
coordinates of the unit vector having the same 
direction are 


( 5X. 2,—7, ) 
[PiPs lf PRP | | | 
Therefore, if P is the point of the required half-ray at unit — from | 
P, the coordinates of P are 


i m 
x,—m, OPE iL 
(=+ fer "* gp) areas. 
Let now e and ¥ be two given angles, taken consecutively and measured — 
initially from the positive z-axis as shown in the figure below, e | 











VECTORS AND ANGLES t) 
Then P, = (cos sg, sin 9), 
and P = (+ | cosy | coss, + | cos y | sin s), 


according as cos y is positive or negative ; that is, 
P = (cos $ cos 9, cos y sin 9) 


^w The coordinates of PP, are the orthogonal projections of PP, on the 
k coordinate axes ; so, they are 
- (F |sin y | sin s, + | sin y | cos 9) 


according as sin y is positive or negative ; that is, 
PP. = (-—sin y sin 9, sin y cos 9) 


| Therefore P, = (cos ¥ cos 9 —sin y sin 9, cos y sin 9-- sin y cos c) 
: Also, P, = (cos (9-* V), sin (7+¥)) 
[ Hence, cos (p+¥) = cos y cos ? —sin y sin 9 (1.37) 


sin (7+) = cos y sin 7 sin y cos e 
"The formule (1.3' are the addition formulae for the cosine and the sine. 


B It should be observed that the proof holds for angles of all magnitudes. 
l On replacing by —wy we obtain two other formulae for cos (¢—¥), 
. o sin(s-y). 


We now introduce measure of the angle between two vectors. Let 
two vectors s, & be defined by their coordinates (a,, a;), (b,, b,) respectively. 
BA. lal =| v(a, +a) l, [8] =! v(6,7+4,") | 

‘Denoting by (x, a), (r,8) the angles between the positive z-axis 


E T s the vectors, we have, by (1.3), 


à M 1 ri cos (x, a) = ray sin (x, 








as 

| « | 
cos (x, B) = n. sin (z, 8) = H 

ELI. I. eM. "LA na 

.. "Hence, by (1.3), 


E. - cos (2, B) = = tte sin (a, p) = RI (1.37) 


Phe fir t of rela be written 
| these tions can as 















he | 
‘a 





3 


— |a | [A] cos (a, B) = a,b, +4,b, (1.4) 
— hand side, namely, the product of the lengths 
roduct of ithe ty vo veet | We shall dente the senlar product o of gp vectors 
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notation, is S28. The scalar product is also called the inner product or 
the dot product. As an application of the scalar product, the generalisation 
of Pythagoras’ theorem can be written as 
| AB|*=|CA|*+ | CB| *-2CA.CB 

From the values of cos (s, 8), sin (s, 8) given above, it follows that 
the condition of orthogonality of the vectors a,8 is a,b, a,b, — 0, and 
the condition of parallelism is a,b, — ba, «0. 

4. The straight line. Suppose we are given a straight line, a point 
P= (£e, Ya) of it and a vector (a, b) parallel to the straight line and let 
P — (x, y) be an arbitrary point of the straight line. Since the vector P,P is 
parallel to the given vector, 

t=% + pa 


y-y,* pb 
By giving different values to p we obtain different points of the straight 
line ; the two half-rays of the straight line emanating from P, are obtained 
by assigning to p positive and negative values. The equations (1.5) 
constitute the parametric equations of the straight line. Eliminating p, 


we have 
bx —ay + (ay, — bx,)=0, 
T his is of the general form 


p is à parameter, (1.5) 


cx d C,y 4 6, —0, (1.6) 
a linear equation in the variables. The following cases should be noticed : 
(i) The linear equation represents a straight line unless ¢,=0c,=0. 
The solutions of the equation are the points of the straight line, 
Cy, Cz, €, are said to be the coordinates of the straight line. 
(ii) If c,=c,=c,=0, the equation is satisfied by- any values 
whatever of x and y. The equation then represents, he plane. 
(di) If c,=c,=0, Sr, there is no point satisfie | 


Again, let Cx+cy+e,=0 EL ! 
and dx+dy+d,=0 far ee 1 
represent the same straight line. ‘Then : e, 
d | 
opened aptae 
iton C, €m ty aro not 
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Def. By the slope of a straight line e,x c,y c, 0 we shall mean the 
ratio —c,/e, unless e, = 0. 


4.1. Hessian normal form and the perpendicular distance, Let u be 
a unit vector defined by ita coordinates (a, b), so that a* - b* —1, Rotating 
the vector through — /2 we obtain another vector whose coordinates 
are (b, —a). From this latter vector we 
obtain, as in the last article, a straight 


de line g, defined by 

k r=x,+ pb 
e. 

In Y =Y = pa 


through a given point P,=(z,, y,). 
Eliminating p, we have 





; Gr +by = ax, +by, 
f Or, putting azx,+by,=—c, 

Wn. ar by +c =0,  wherea? e b*z1 (1.7) 
| 


This last form (1.7) of the equation is known as the Hessian normal form of 
the equation of the straight line g. 











‘The equations ax+by+e = 0 
and car+eby+oec = 0, o $0 
represent the same straight line. If the latter equation be also in Hessian 


normal form, 





| (ra) +(ob)?=1, or c= +] 
Therefor there are two Hessian normal forms, differing only in * 


of the equation of the same straight line. As we obtain two half-ra 

of a straight: line corresponding to the two signs of p in (1.5), we shall ads 
that we obtain a directed straight line for each sign of o. That is to say, 
corre to the two Hessian normal forms we obtain the straight line 









0 eye eye = 0 
oc,x+ oc,y uc, = 0, o #0, 
^neid ond e second equation be given in 
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In this case (cc, cc,) is a unit vector perpendicular to the straight line 
and therefore (c, c,) is a vector of length | J(c,?  c,*) | perpendioular 
to the same straight line. 

Let the equation of a straight line g in Hessian normal form be 
ax+by+e=0. From the last article we have 

c= — (ax, + by,) = — (u. ÖP,)=u. P.O, 
=the scalar product of u and P,O, 
where u is the unit vector (a, b). If the vector w and P,O are parallel, 
u. PO» + |u]| PO] =+ | PO | 
according as w and P,O have the same or opposite directions. Hence, 
the quantity c is the perpendicular distance of the origin from g ; this 
distance is positive or negative according as u and P,O have the same 
or opposite directions. 

Again, let (£, ;) be the coordinates of a given point and (z^, y’) those 
of the foot of the perpendicular drawn from this point to the given 
straight line g. The vectors (£— z', »—y'), and (a, b) are then parallel ; and 
so their scalar product gives the perpendicular distance of the given point 
from the given straight line. Denoting this distance by d, 

d = a(£—zx')*b(n—-y) = a£4bysc 
Hence we are led to the following conclusion : 

If ax+by+c — 0 is the equation of a given straight line in Hessian 
normal form and (£, ») the coordinates of a given point, then the quantity 
af+by+e gives the perpendicular distance of the given point from the given 
straight line ; this distance is positive or negative according as the vectors 
(a, b) and (£—2*, s,— y'), where (z', y) are the coordinates of the foot of the 
perpendicular, have the same or the opposite directions, 


5. Straight line and triangle. Let it be required to find the equatia 





of the straight line joining two distinct points (x,, y,) and (z,, y,). Suppos " 
the equation is | : de s 

Ct tey +e —0 l v — 
Then CFG *670, and ez, rey, re, 0 — | 









These three equations form a systsm of linear homogeneous 
ee 


2 | 
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This equation can be written in the form (1.6) as 


¢,.7+c,y+c,=0 
where Ui Van 0X2, C,"*5,9,— 9,7, 
As the given points are supposed to be distinct, c, and c, cannot vanish 
simultaneously, and therefore (1.8) is the equation of the straight line. 

The rank of the matrix whose determinant is the left-hand side of (1.8) is 
equal to two, as at least one of the three second-order determinants c,, C,» e, 
is other than zero. Hence, the solution (¢,,¢,,¢,) is determined except 
for an arbitrary common factor. This algebraic result corresponds to the 
geometrical fact that there exists one and only one straight line joining 
two distinct points. 

The equation (1.8) can also be interpreted in another way. As the 
determinant on the left-hand side is equal to zero, the three rows are 
dependent. The second and the third rows are obviously independent 


and so the first row is dépendent on them. This means that there exists 
two numbers y and A satisfying the relations 


w= ye, + Ast, 

ytA=1 (1.9) 
n Y= Y: ty. 

We shall derive these equations again in the next chapter. A third 

interpretation of (1.8) is given below. 

The area of a triangle is defined as half the product of the lengths of 

any two sides and the sine of the angle included between them. Let 
PG. y,» P,-(x, y, P,—(x, Ya) be the vertices of the triangle and 

det the. vectors P,P,, P,P, be denoted by 2,8. The area is then given by 

A=}; |a ||% | sin (2, £), 


and is considered positive or negative according as the sense in which the 
an gle is measured is positive or negative, The coordinates of 1 and 8 are 


(x,—2,.9,-9,) and (z,—2, ¥:—Ys)- 


ear eS 
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From this result we notice that 

(i) The area remains invariant for cyclical permutations of the 
vertices, but changes sign for other permutations, Thus, 
denoting the above area by A(P,P,P,), 

A(P,P,P,)  A(P,P,P,) = - A(P,P,.P,) 

(ii) The area vanishes by (1.8) if the vertices lie on a straight 
line. We may accordingly interpret the equation (1.5) of 
a straight line as the vanishing of the aren ofa triangle formed 
by three points of the straight line. 


z,—X, Yeo l 
%—% Ma-¥e d 
z,—T, Ysa-¥ l 
Tamta Wa 7 Yo My TiTa ViVo | 
Tam T Ys Vo 


(iis) A(P,P,P,)—1 


| Byun By Y~ Ye 

=j + 

Ti — Z, Ys — Yo (Fy % Yı TY. 
=A(P,P,P,) + A(P,P Po) t+ AlP, P,P): 

where P,=(z,. Y) is any arbitrary point in the plane. This is the addition 


formula for areas of triangles. 
Note. We have 2A= | «|| 8 | sin (2, 8). So, 24 is à function of the 


two vectors x, 8. This function possesses the following properties : 
(a) If we multiply one of the vectors by any quantity, the function — 

















is multiplied by the same quantity : k 
Thus  |ca]|] 8 | sin (cz, 8)=c| 2 | | 6 | sin (x, 8); 
for, | ca | = |c |]a | and sin (ez, §)= tein (s, 6) A 
according as c is positive or negative, * - 


(b) The function remains unchanged if we replace one of the — 
by the sum of the two : dues 
Thu, — |«*8]| f| sn (2+8, pes — 


















© (9 HK «7.0 s=, 1) are two unit — tion 
of e, and e, as 24 is of and § has the value un is. cu 
AN Boule Set T * | 
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CHAPTER II i 
CROSS-RATIO 


6. COross-ratio of four collinear points. The totality of points lying 
i on a straight line is said to form a row (or range) of points, or simply, a 
— row. "The straight lineis called the base of the row. 
in Let P,-(r,y, P,-—(x,w, be two given pointe. If P - (x, y) is 
| an arbitrary point of the straight line joining P, and P,, then 
4 P,P—A P,P,, where A is an arbitrary constant. 
= Jn coordinates, — z—2x,-A(r,—r,) y—y,=Aly,—y,) 
$ Or, putting y=1—A, 
| tse, tary y—qyotAys bP-ytA 
These equations constitute a representation of the row whose base is 
the straight line P,P,. The equations are exactly the same as the 


equations (1.9) ; but we have now a geometrical interpretation of y and A. 
We have : 

















Ae P,PIP,P, A 
y=1-\=P,P,/P,P,-P,P/P,P, 
is —(P,P, € PP,)/P,P,=PP,/P,P, 
co =A/y= PI FP = PP, /PP, 





a 







i- ng is a ratio of (algebraic) distances of a point from two distinct 
smt ie edel ai, P to n mm in 


PÉ 
poir 


T "9 = 
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The reason why we take two parameters y, A, of which one is dependent 
and uniquely determined by the other, will become obvious later on. 
Sometimes, it is useful to- use the representation 


P,P-AP,P,, 
where only one parameter occurs, For example, we can interpret this 
equation in a cinematic sense, A being the time. The equation then means 
that the point P is moving on the line with constant velocity. 
Further, let P' be another point of the straight line corresponding to 
the constants (4, A’). Then 
M [y m P’P, | P'P. 


PP, JER PP. PP, Af 
PP.| PP, PP, PP, (X 


The left-hand side expression, which is a ratio of the distance-ratios, 
is called a cross-ratio of the four collinear points. We shall denote this 
cross-ratio by the notation (P,P,, PP"), and so write 


(P,P, PP’) = AY [YA . (2.1) 


7. Cross-ratio of four concurrent lines. The totality of straight lines 
in the plane passing through a point is said to form a pencil of lines. 
The straight lines are called the rays and the common point the centre 
of the pencil. All straight lines parallel to one another are said to form 
a pencil of parallel lines. 

Let the equations of two intersecting straight lines p, ad p, be 

L(x, y)=0 and [,(x,y)—0, where l, and !, are linear functions of the 
variables, "Then the equation 


Therefore 


yl, +Al, = 0, (2.2) 


where y and A are two arbitrary constants other than both zero, 
represents a straight line p passing through the point of intersection of 
p and p, For, since p, and p, are supposed to be non-parallel, the 
equation is a linear equation in which the coefficients of both z andy 
cannot vanish simultaneously ; moreover, the coordinates of the point - 
which make both J, and J, zero also make yl,-- M, zero. On the other - 
hand, every straight line p which passes through the point of intersec 
of p, and p, has its equation of the form (2.2), where y and A are two 








arbitrary constants other than both zero. For, let — 


L,=a,2+b,y+c, and (£. y,) the common point; also let [=ar+by+c=0 © 


be án See ee MM Bor pee ee HE Puce 


three equations ? 


d 


S 
|= 


- 
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a.m, by, 6, = 0 | : 
az, +b,y,+¢, = 0 à 
aX, tiy, tc =90 

hold simultaneously, we must have 


f Ia D 0, ~ 

| - j@ 6 c,|=0 

: 3 a b c| 

4 This shows that there exist two numbers y, A, not both zero, such that 
| d= ya, Ag, b=yb,+Ab,, C=C, +/ 0, 


^ ‘Phorefore, the equation /=0 can be written in the form (2.2). Accordingly, 
| in view of the arbitrariness of the constants +, A, the equations (2.2) 
|. represent a pencil of lines. Also, for p #0, the pairs (y, A) and (py, pA) 
— obviously represent the same ray of the pencil. 
E. For the sake of simplicity, suppose that the equations 7, —0, /, — 0 are 
R given in Hessian normal forms (1.7), and a point P=(z, y) be taken 
"E on p. Draw perpendiculars PQ,, PQ, on p,. p, respectively. By § 4.1 


| Q,PjQ,P = PQ, j PQ, = -Aly 


— sin (p, p,) sin (p, p), ^ 
‘Therefore sin (p, Pa) sin (Pa, p) Y 


The centre of the pencil divides each ray into two halfrays. The anles 
p oe d (p. pj are measured between that half. Tay of pon which P 












., Sin (p, p,) sin (p, p) _ Ay’ 
| P sin (p, Pa) (P, p) yA” 
ft-l nd sido is called a cross-ratio of the four concurrent 
len. ote this cross-ratio by the notation (p.p, PP’). 






tions 1,=0, 1,0 of p,, Ps 
vide en transformed 





d 
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Put L, = lI py, L, = laf Ps 

= (yl, +Al,)/p, L = (yl +N) p 
the constants p,, p, being so chosen that L, =0, ZL, = 0 are in Hessian 
normal forms. So 


L- yD, +ALL, = DL, + AL, sny whero rm yf, A= a Pa 
P 


P 
Similarly L = IL, +A'L,, where IY =,’ n, Af mM p * 
Hence, the cross-ratio 
" A IT CAN. - 2 
(p.p. pp )= Ta’ yA’ 


Thus, the cross-ratio is independent of the constants pi, Pas p, p’, ts 
independent of the forms of the equations], = 0,7, = 0. The cross-ratio 
is equal to unity if and only if the angles (p, p,) = (p', p,), t-e., if the lines 
p and p' coincide, If therefore y/A + y'/A’, the lines p, p' are different. 
7.1. Cross-ratio of projeetion and seetion. Let usstart with a. row of 
points on a base p,. Take a point P, external to p, and join P, with 
the points of the row so as to obtain straight lines through P, We are 
then said £o project the row from P, If Pis a point of the row, tl e 
straight line P,P is called the projection of P from P, All 
projections, together with the parallel to p, through P, form the rays | 
of a pencil of lines. On the other hand, we may start with a pencil of _ 
lines and take a straight line pa not passing through the centre of the —— n 
pencil, to cut the rays of the pencil in points forming a row. Therow — 
is then called the section of the pencil by p,. If p is a ray of the pencil, the 2o. 
of intersection of p and p, is called the section of p by pas — 3 : 
aes ee Se Ress ee = (£p y). b 


dE E eat uf. 



































"n P,-—(r,y,) and let P,=(x,,y,) bean external point. The eq ation of 

* the straight line joining P, and a point (C, n) is. vies hae 

^ r-t, oat ^ i — 
Tf (& 0) is n point of — straight fne: Pike che; quatior n — 


— 








pl, +vl,=0 is the projection of a point of 
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# 
l 4 AL, = 0, 
[, 20,1, —0 being, as before, the equations of the straight lines p, and Ps 
iaio P, to P, and P, respectively. To every pair (y, A) satisfying 
y * Az l, there corresponds exactly one projection from P.. 





— RA : ) 
Put Y — ^ — where 440 
i Then pl, + vl, = (p v) (yl, + AL) 
Therefore pl 1,2 0 and 4/,+Al,=0 


define the'sume projection. Hence p- v0 
is na sufficient condition that the line 


the line P,P, from P,. 

It may be noticed that if we choose 
pv such that «+v=0, we obtain the 
equation Tt =0 representing the parallel 
Ato P,P, through P,. 





Let the coordinates of two points P,P’ ^P (e. 3 
of the straight line P, P, be 
qu *AEX. yt Aya) (YR A," AMA, 
E | y+tA=y +A =l 


The equations of the straight lines p, p' joining P, to P, P" are then 
yi, +AL,=0, 41,-A1,20 











Therefore, by $$ 6, 7, the cross-ratios have the following value : 


(P, Pas PP)=(P: Pi: pp')- Ay | yA* 
-hand side is evidently independent of the 


positic oa point Pal Accordingly, the cross-ratio is unaltered by 
“project 


n any external point. Similarly, the cross-ratio is unaltered 
y any transversal We thus arrive at the following conclusion : 


—— 
— of the parallel À to P,P, is !,—1,—0, the 


— * Y. 
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Now, suppose that we are given three distinct points 
P,=(2,,y,), P,=(x,,y,), P= yt, +Ax,, yy, + Ay, yra=l 


anda ratio a/b. Is there a point P' collinear with the three such that 


(P, P,, PP’)=a/b? 

Let P'z(yx,.A-u Yy +A Y), y= 

Then a [b — As! lyr" 

Therefore a-pXy', b= py, p 3f: 0, 
or y -a/pÀ, N=b/py, where 1—y KA'—(ajA & b]y)]p 
Or 


p=ajà+djy 


Therefore, ,' and A' can be determined unless a/\+b/y=0. Thus, we 
can determine the point P" unless a/b — — À fy, 


On the other hand, when three rays p, p, p of a pencil and the 


value of the cross-ratio (p,p,, pp") are given, the ray p' can be determined 
uniquely. 


8. The six cross-ratios of the twenty-four permutations. Let Wii Zy 
x, x" be the coordinate distances of four collinear points P,, P., P, P' from 
any chosen origin on the straight line, ns described in § 1. Then 





-Tiz [x,—-z' (z,—-2x)(xr,—2-) 
(P, Fate m her -r — (z; —z') 
As there are twenty-four permutations of four different elements, to we a a 
obtain twenty-four cross-ratios from these four points. But these TEAM JC 
four ecross-ratios are not al) different. From the value of the cross-r Mio —— 

given above, it may be easily verified that j hd x zd. 

(PPa PP’) - (P,P,, P'Pj - (PP, P Py=(PP, PPA a | 

x (PP, P'P)x (P-P, PP)» (PP, P,P.)=(P. 
e (P,P, 
| (PF, P P,)=(PP,, Pie Y= Ea T =(P, Re 


ip — PEU m Pp) 
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Further, if we take the first six cross-ratios on the left-hand side of 
the above six seta of relations, it may be verified that 


(P,P,, PP') (P,P,, P'P)21, 
i (P,P, P,P’) (P,P, P’P,)=1, (P,P', PP) (P,P', PP.) ml 
an 
à (PiP, PP") - (P,P, P,P') «1, 
(P,P, P'P) 4 (P,P, P,P)=1,. (P,P, PP) e (P,P', PP) =) 
Owing to the existence of theso two sets of relations, the six distinct 


eross-ratios are not all independent. If any one of them is given, the 
remaining five can be determined as functions of the given one. 


Thus, if (P,P,, PP')- 8, 
(PPa P'Pj-1/]à, (P,P, P,P')z1—8, (P,P', P,P) — (5—1)/5, 
(P,P,P'P)-1/(1—8, — (P,P', PP,)=8/(8—-1). 
All we have said above regarding the six cross-ratios of four collinear points 
‘apply equally well about the cross-ratios of four concurrent straight lines. : 


8.1. Special cases. If we suppose that (I) any two of the four points 
| are ultimately coincident, or (2) any two of the six cross-ratios have the 
^ game value, we obtain special cases where the six values are not all distinct. 


(1) Lot the points P,, P,, P be distinct. 
If P” coincides with P, then ultimately 
~ $-1/8z1/1, 1—s=(6—1)/8=0/1, 1/(1—5)=—3;(5-—1)=1/0 
Ee. coincides with P,, then ultimately 
d-8-1/ 3) 21/1, $-8/5—1)-0/1, 1/8=(8-1)/8=1/0 
i id we obtain. similar results when P" coincides with P,. "Therefore, we 
— havo “the threo values, 1,0, 1/0, each repeated twice ; the last value is, 
of course course, meaningless without the notion of limit. 
po Let 8=1/8. So, 8— £1. Taking à— —1, 
J zh 1-5=(5-1)/3=2, 1/(1—8) =8/(6—1)=1/2 
* have the values —1, 2, 1/2, each repeoted twice. The 
has been considered in (1) above. 
L ot 3= 1-2, o. j-1- 3=1/2, 
Be 1/(1—8) Men! 
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We have here similar result às in. (ii). The case 8—0 has been considered 
in (D above. 

(iv) Let $—1/(1—$). So, $*—-541-20. 
This is an equation of the second degree with imaginary roots, Each root 
is repeated thrice in the six cross-ratios. 

(v) Let 5—(5—1)/8. So, §?-8+1=0. 
We have here similar result as in (iv). 

9. Harmonie division. Let A, B, C, D be four collinear points such 





that 
(AB, CD)=-1 (2.1) 

Then 

CA | DA — AC 4? . ^ 

Cn! DB ho D. i 
* _AC_,_AD __»9 

AC—-AB AD-—AB : 

Or 240€. AD = AB. (AC AD) ‘ 


Hence, the segments AC, AB, AD are in harmonie progression, In 
this case, we call the four points A, B, C, D the four harmonic points. 
We say that the segment AB is harmonically divided by the segment CD, 
or the points A, B(C, D) are harmonically separated by the points C, D 
(A, B) The two points A, B (C, D) are said to be harmonic conjugates 
of one another with respect to the two points C, D (A, B). — er 
When (AB, CD)=—1, | P RM * 
(AB, CD)=(BA, CD) —(AB, DC)=(BA, DC) 
=(CD, AB)=(DC, ARO, — ——— sci 












letters (AB), (COD) Ns libere and — can bo ir 
E RO D M me d 
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while C, Dare variable, it may be verified from the formula (2.3) below 
that both C, D approach A (or B) simultaneously, and when C is the 
middle point of the segment AB, D cannot be located. 

The relgtion (AB, CD)-— —1 can be put into an useful form. Let O 
be the middle point of the segment AB. 





Then 00—04 _ OA-OD or OC _ 04 
00+0A | OA«OD' OA OD 
Therefore |OA |? = OC. OD (2.3) 


~ Tho converse is also true, namely that if (2.3) holds, then (AB, CD)- —1. 
Four harmonic lines are defined in the same way as four harmonic 
points. Thus, if four concurrent straight lines a,b,c,d are such that 
(ab, cd) — — 1, then a, b, c, d are four harmonie lines in which a, b (e, d) are 
harmonically separated by c, d (a, b). Let the equations of a, b, c, d be 

P 1,=0, 1,—0, 4, + A1, —0, yi, +A1,=0 

respectively, where Z, and l, are linear functions of the variables and 
| Ys A, 7’, M constants. 

"E Leb Ay iy =l and L,z«l,, L,=Al,. 

Then the equations of the four harmonic lines are expressed in the 
normalised forms ; 














L,=0, L,=0, L, 4 1,20, L,—L,=0. 


> in particular, the equations L,=0, L,—0 are given in Hessian normal 

then L,+L,=0, L,—L,=0 are the external and internal bisectors 
f. x angle between L,=0, L,=0 and are therefore perpendicular to one 
van — Thus, two intersecting straight lines and the internal and external 
bise of the angle between them form four harmonic lines; or, if the 
— of a. right angle are separated harmonically by two straight 
Cn — arms are the internal and external bisectors of the angles 
* "m * , since the momo is unaltered by projection or section, 
i & ollo t projections and sections of four harmonic elementa are four 
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CHAPTER ill 
RIGID MOTIONS 


10. Change of coordinate axes. The consideration of different kinds 
of transformations of coordinates is a fundamental aspect of geometrical - 
study. One of the important purposes of such consideration is the 
classification of geometrical properties, We shall consider here the 
transformation of coordinates from one system of orthogonal axes to 
another, both being right-handed. 


Let us take a straight lineo and let its equation in Hessian normal 
form be az+byiec,=0. Take this straight line as the now y-axis and 
call it the y'-axis. We have noticed in § 4.1 that the perpendicular distance 
of any point (x, y) from this straight line is ax + by +c, and is positive or 
nezative according as the direction of the perpendicular and of the vector 
(a, b) are the same or the opposite, So, take the positive direction of the 
new z-axis, called the z’-nxis, in the 
direction of the vector (a, b). Let this 
vector be rotated through z/2 so as to 
give the positive direction along the 
y'-axis in the direction of the veetor 
( —- b, a). : 

Thus, if a point P has the coordinates 
(z, y) and (a^, y’) with reference to the 
old and new axes of coordinates respectively, then the — ot 
coordinates from the old to new system is given by . 


a= ar+by+e, 














a? b* 1. 

y — —bx+ay +e, | 

The variables z^, y' are linear functions of the variables x, y. The equa jon 
of the x'- and y'- axes are 

—be+ay+e,=0 

ax4 Wigs? 
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Hence, the transformation (3.1) can be written in various forms, two of 
which are 


x= cos (r, a") x sin (x, x") y +e, 
y = —sin (x, 2’) z4 cos (x, x') y +e, P 


x= oos (x, 2”) 2+ cos (y, x)y+e, 
y= cos (x, y') x 4 cos (y, y) Y +t, 
^ Further, as the determinant of the coefficients 
a b 


- 


= a*+h* = 1 - 








= a 
is other than zero, we can solve the equations (3. 1) and obtain 
| zar —by —ac, + be, 


=; 


a? 4b -l (3.2) 
Š y=br" + ay' —be; —ace, 


The transformation (3.2) is called the inverse of (3.1). 


hs 10.1 Invariants of the transformation. We may look upon equations 
| (3.1) and the inverse (3.2) from another point of view. Instead of regarding 
them às representing a change in the aystem of coordinate axes, we may 
interpret them as a one-to-one correspondence between the points of the plane 
T satisfying certain condition, Thus, a point P=(z, y) is carried into a 
(- point P'z(z', y’) by means of (3.1) and P' is carried back to P by means 
I oft (3.2). 
uic Since the transformation we are considering is linear, it is evident 
A. that the degree of a polynomial is unaltered by the transformation. 
U So, in particular, a straight line is transformed into a straight line. 
| Iso, a vector is trünsformed into a vector. Suppose that a vector 
"A c ore a) is transformed by (3.1) into a vector a’=(a’,, a',) and suppose, 
n without loss of generality, that 













,=2,-7,, 0 ag y. 
. a a mam. -* a=. Y's 
n whe "e — yi) (ta Yı) are transformed into (z, y^) (x. yi 


KS " 
Fhe: T * 
(3.3) 





a? b —1 


DN 
> coordi oar arh fedependen of ¢,,¢,- 
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unaltered. For, supposing that (b,, 6,), (0',, b's) are the coordinates of a 
vector 8 and of its transform 8', we have by (3.3), 

a^.B' = a'b, at b. = ab, tab, = 0.8 
And for 8 = «, we must have 8’ = a’. 
So la’ |= ao^ z««-]|[«]* 
It folows that the cosine of the angle between two vectors remains 
unaltered. "The sine of the angle also remains unaltered, For, 























a’, e, aa,+ba, —ba,+aa, 
| a | | 8 | sin (a, 8°) -| 
o. ab, «bb, —bb,+ab, 
a bj|j|a, a, a, Ay 
d * |= 1a 11A Lin (o. A) 
-b alib, b, b, b, 
Therefore sin (a*, 6’) = sin (o, £) 


Thus, the angle between two vectors remains unaltered. 


Hence, the distance, the angle and therefore the arca remain invariant. It 


is on account of this property that the transformation (3.1) is ealled a rigid 
motion, or à rigid displacement of the plane. The inverse of a rigid motion 


is a rigid motion. 
11. Translation and rotation. If in equations (3.1) we put a-1, 


we obtain ` 
tarte, K 
(3.4) 


y-ytte; | 
This transformation is called a translation or a parallel displacement. 
if we put c,=c,=0 in (3.1), we obtain 


z= ar+ | 
j | s a? b^ -—1 
y--breay 
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00°. In a translation, any straight line parallel to OO' is transformed 

v into itself, although the individual points of such a straight line do not 

f remain fixed; any other straight line is transformed into its parallel, 

If, on the other hand, the rigid motion is a rotation about the origin, the 

| origin remains fixed and any straight line passing through the origin 

is rotated about the origin through a constant anzle called the angle of 

rolation. E.g., the angle of rotation 6 of (3.5) is given by cos 6=a, sin 62 b. 

Let us now enquire whether any point is left fixed by the rigid 
motion (3.1). If such a point (x, y) exists, we must have 


emar+by+c,, y= —bx +ay+e, 


(a — 1)x 4 by 4 c, z0 
—bx+(a—l)yy+oe,=0 
Solution for (z, y) exists if the determinant of the coefficients 


a—1 | 
= 2(1-a) 


Or 


. 











m 


—b a—1 
does not vanish. The solution is then given by 
&—]1 c, | 


2X1 -a)r = "s | 2(1—a) y = 
a@a—l Cs -b 


+5 — therefore remains fixed unless a=1, that is, unless the rigid 
. motion is a translation, When a point F remains fixed, the rigid motion 
about F. Hence, a rigid motion is either a translation or a 

























. Product of rigid motions. Let a rigid motion M, defined by 


ru) DE z= axtbyr+e, 


a? +h? xl 
TERNE to 
z'- i Myr " | 
a? 4 b7—1 
dm RERO 





ation Medis Kon y) to (z, y) is said to be the 
mtMOM. | is g 


— * (abt + ba) y ca! + eb d, 
ses Agi ~ bb —— 
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the product M,M, is a rigid motion. In general, the product of any number 
of rigid motions is a rigid motion. It should be noticed that, in general, 
M,M ,** M,M,, i.e., the order of the factors cannot, in general, be altered 
without altering the product. A particular case of this fact is shown 
below. The choice of the notation M,M, (instead of M,M,), as used 
above, is however a matter of convention. — 
Let R be the rotation (about the origin) s 
r-arrby, y= —briay, 
and T be the translation 
z'ur6, —y' =y+e, 
Then R followed by T, ic, the product T'R, is the rigid motion M,. 
But if 7 is followed by R, we must write the equations of T, R as 


| e T, a z’ = — 
y=y+e, y =—be+ay 
respectively. Then the product RT does not result in the rigid motion Jf,. 
This is expressed by saying that the product of rigid motions is not, in 
general, commutative. The product is, however, associative. — 
that the product of two translations or of two rotations about 
same point is commutative, | C 











CHAPTER IV 
CONICS 


T 
12. Classifications of conics and their equations in normal forms, The 
general equation of the*second degree may be written as 
ax” + 2hxy + cy” + 2dx + 2ey + f=0, (4.1) 
where the coefficients are constants of which a, b, c are not all zero. Curves 


satisfying this equation are curves of the second degree, usuelly — 
conics. Consider the determinants 

















a '5- g 
a b 
A = ; qo = b c E 
: c * 
- á d € f 
Let an arbitrary rigid motion be given by a 
X um pr +y +r, " 
p*tg'-l 
Y= -gx + py’ +r; 
Under this transformation, the equation (4.1) is transformed into 
a^z^? + 2b'x^y'  c'y'* + 2d’x" + 2e^y' + f* =0, 
where a’ — ap! — 2bpq + cg" 
- Fi " .9 b’ = b(p* —q*)+ (a—c) pg UU ; 1 
int PL 
x * c'—ag?42bpqcp*. A 


a’ VW d 
v 
Tn q'z|b' e e'|[m d 
el | 

d e& f 
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Apply a translation rex’ +c, 
à Y=" +e, 


80 that the point (c,,¢,) is the new origin. The equation (4.1) becomes 
ax^* + 2bx'y' + cy”  2(ac, + be, + d) z' + 2ibe, ec, +e) y’ +g=0, 
where g=ac,* + 2he,c, + cc,* + 2de, + 2ec, + f 
Determine e,, c, such that 
ac, bc, d — 0 
be, cc, +e=0 
. Solution for c, c, exists, because A #0. The equation now reduces to 
az^ + 2bz'y' cy? +h=0, (4.1) 
where A is the expression obtained by substituting the values of c,, €, 
ing. Now, if P,—(a', y) is a point on the curve (4. 1’), P,m(-a', —-y) 
is also a point on the same. But P, and P, are collinear with the new 
origin O'—íc, c,) and are equally distant from it. Accordingly, O' ia 


onlled the centre of all conics satisfying (4.1), and these conits are called 
central conica. 


Next, apply a rotation . 
zz *gy é 
PAM e ro m 
y'= — qx" + py" 
The equation (4.1) takes the form 
(ap* — 2bpq + eq*) x? + 2|b( p? —9*) - (a — c) pg e" y" + | 
(aq? + 2bpq + cp*) y^ +h=0 


Let p[q» £ (04-0, because the transformation is a rotation), and determine 


£ sá that the coefficient of ^y" vanishes. So, __ p 
b (£* - 1) + (a6) £0. 5 
This is à quadratic equation in £ whose roots £,, £, satisfy 
g= -l, or cot 6, cot 6, - 1, 


where 6,, 0, are the angles of rotation corresponding to 
ote me $11. Bo, 6, ~ 6m maa, 
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*] We now proceed to consider the different cases that may arise: 
| (1) C=0. 


(i) AB 2 0. In this case A and B may, without loss of generality, 
be considered positive and therefore we may put 
A 2 1/a?*, B-ljb, 
where a, b are two real quantities (not to be confused with the 


coefficients a, ò in (4.1)) The equation (4.1^) takes the 
normal forma 


= 

thao 
The curve passes through only one real point (0, 0). The curve 
is called n null ellipse, 

(4) AB <0. In this case we may put 


A=l/a*, B=—1/b* 


(4.2) 


^ dk and obtain the normal form 
DS cw xy z? 
a - p es ax 
T: The curve consists of two intersecting straight lines xja +yjb=0. 


8) #0. Without loss of generality we may suppose C= —1. 


- (i) A>0, B>0. The equation now takes the normal form 


+h a1 (4.4) 


DO | 7 The curve is called an ellipse (here P — 0). 
TN (ii) A20, B<0. We have here the normal form 


— 


api (4.5) 


E à E aq! 
The curve is called a hyperbola, 





^ 
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IL Secondly, let A=0, or b= + y ae 


As a and have the same sign we may, without loss of generality, suppose | 
that they are positive. Hence, we may apply the rotation 


Va Vc 
g = — EET 
Wate. = Jane 


y — Jaras 


Choose the upper or the lower sign according as b is positive or negative. 
Then 





(a & c) xz? =ax* + 2bxy + cy* 
Therefore, the equation (4.1) is transformed into C —- 
x^? + Ua", y')z 0, 
where I(x’, y') is a linear function, equal to 2kz" + 2my' +r, say. Again, b 
apply the translation — — 
W= +k . s ' 
y'-y moe 
in order to get rid of the term involving the first power of z’, The 


qu 


equation (4.1) now takes the form TW $ 











"o xt? 4+ 2my"+n=0 
The different cases that may arise are : 


(1) m = 0. 


Oak do be etui vi suh ehe so UA NE | 
or negative. So, v» obtain the normal forme (writing » for) 


z*+a'’=(), 
a pair of — straight lines withous real 
z*—g*-0, ~ * 
| & pair of parallel straight lines. 
(ii) n=0. Hore we have the normal farm 
"DEEP S =O, a 
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n The equation (4,1) now takes the normal form (writing x, y for x, y) 


| Y 

1 234 9mys 0 (4.10) 
w 

T — The curve is called a parabola, 

E. oO E € 


We have dealt with all the different cases that may arise, and there 

is no other type of curve of the second degree. We divide all conics into 
i three classes :- (1) hyperbolic, for which A — 0, (2) parabolic, for which 
| 4-0 and (3) elliptic, for which A > 0. The normal forms of the equations 
l _of the three classes of conics are shown in the following table : 


















“| Hyperbolic, A <0 Parabolic, A —0 Elliptic, à > 0 
mos» qe TS — 
255: DE — ia: e*tpb! 
MOI. vk. get 0 X (Y .9 
c1 — lo x* 4a? =0 — 
fs a" Od y 


1 2 
- a* =0 Stp 


^ S We have thus arrived at the following conclusion : 


Ee. By choice of the coordinate system, equation (4.1) of an arbitrary conic 
A Sean bs transformed into one and only one of the above normal forme. 


3 fter, by a conie we shall mean a cónio with a real trace only 


Reduce. the Sieg equation to ita normal form : 


æ 
2 a 









term uet ipse in the transformed — 
| ium are seen to be (1, 1) and the transformed 
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vanishes. The angle may be chosen as z/4, and transformed equation is 
Ba? + 4y" -16=0 r 
Hence the normal form is 
x 2-93 
HR X. Kos 
The curve is an ellipse, | 
Application 2, Determine the different kinds of conies represented by 
the equation 
a + 4AAry + dy? + (l Ahe + 8y+54+2A=—0 
as A changes from large positive value to large negative value. — | 


in particular, the critical cases A=1, 0, —1, —2. (Pembroke, 1911) 
Here A=4 (1—1?) R 

P= —8\ (A*+A—2) 
So q . 


P=0 when A= +1, 0, —2 * 


Case A 0: A> +l Acl 
A — —1 may be divided into three intervals - 
-2«A-«-1,14«-2aA-—-2 = | 
A= -2 makes qp —0 and therefore gives a degenerate conic. | G 
"t d Si 


x n > ip a~ ima px" 


Case A=0: A=+41, —1 - 

A= +1 makes (p 20, puts the given equation as (x +2y +2)?+3=0 — "3 
therefore gives a pair of parallel straight lines without real trace. | i 
Case A>0: O<A<1,A=0, -1<A<0 PS a - 

A=0 makes «p —0 and therefore gives null ellipse. — — — e. a TE 

-1<A <0 makes qd < 0 and therefore gives ellipse. Eee ^ev 
We have therefore the following result : . 


(1) A 1, hyperbola ; —— 
e Aci S gio pies sigh Ne ithout real tr 
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| X 13. Pole and polar. Tangent. Consider a nondegenerate conic given 

| by the general oquation 

NE. H Mu (0 F(z, y) = ax?! + 2bxy + cy? + 2dx + 2ey + f=0 i 
1 Let P=(x, y) be a point given by | 
"E t= + pp 

i p *g'z 1 

Y=, +t Pg 


on a straight line through a given point P,-—(x,, y,). So take P,P-p. 
— The points of intersection of the straight line and the conic are given by 


) Ap? « 2Bp C —0, Se (4.11) 
whero A=ap 2bpq + cq? 
k B=(ax, + by, +d)p + (bx, + cy, +e 
| ? 1 1... C= F(z yi) 
We suppose that P, is neither a point on the conic (so that C Æ 0) nor 
the centre of the conic, in case the conic is a central conie (so that B Æ 0). 
We consider only those straight lines through P, that intersect the conic in 


two points P", P" corresponding to the two roots p, p, of the equation 
(4.11) (so that A + 0). 


PE A RN ^ P.tp.- —2B|A, p,p,-C[A 
Tent 3 ia Pj = Py» P,P’ =p, 

et the point P be the harmonic conjugate of P, with respect to 
— i.e., let i 
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This is a linear equation in which the coefficients of æ and y cannot 
both vanish, because A 3- 0, and so the equation represents a straight line. 
Therefore given P, the point P always lies on a fixed straight line, 
This straight line, (4.12), is called the polar of P, with respect to the 
given conie ; the point P, is called the pole. 

Wo may state the above result in the following manner : 

Let a conic and a point P, be given, where P, is neither on the conic 
nor tts centre (in the case of a central conic). If a straight. line be drawn 
through P, to meet the conic in F, P", then the locus of a point P on the 
straight line such that (P,P, P'P')—- —1 is a tràight line called the polar 
of P, with respect to the conic : the point P, is called the pole of the polar. 

It may be mentioned that not every point P, of this locus has 
necessarily the above property ; the straight line P,P, may not at all 
intersect the conic. The equation (4.12) represents a straight line except 
in the case where ‘ 


- 


ax, by, dz 0, bx, ey, +e=0 


that is, except in the case of P, being the centre. 

We shall now consider the geometrical interpretation of the line (4.12) 
when P, is a point on the conic. Applying the method of differential 
calculus, we may express (4.12) as 


EC 


If C= F(x, y,)=0, this line is called the tangent to the conic at P. 


For this tangent, PS 
! | F 4 ae A 
pig (S) /G).. s, 1 i a hg em, 
and therefore B= 0 also, Hence the equgtion (4.11) has no root other an — 
p=0. The tangent is therefore geometrically disting» ished by the property - 

that it intersects the conic in one point only ; but it is not completely 
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We now adopt by definition that the polar of a point on a conic is 
the tangent to the conic at the point. Therefore (4.12) is the equation of 
the polar of P,, if it at all represents a straight line. 


Let P,-(x, y.) be an arbitrary point on the polar of P,; then 
á ax x, + b(x,y; HEN) +y Y T d(x, 4 x) + ely, + Y) + f= 0. (4.13) 


As this condition is symmetrical in the coordinates of P, and P., it 
follows that P, is situated on the polar P.. The points P, and P. 
then said to ‘be conjugate points with respect to the given conic, eg., 
the points conjugate to a point P of the conic are the points of the 
tangent at P. Similarly, two lines are conjugate lines with respect to the 
conic when one of them passes through the pole of the other, 

If the polars p, and p, of two points P, and P, intersect in P,, then P, is 
conjugate to P, and P, ; hence the polar p, of P, passes through P, and P, 

and is therefore the straight line joining P, and P,. If p, and p, are parallel, 
there exists no pole of the straight line P,P, which then passes through the 
centre of the conie ; hence the polars of all points of P,P, (except the centre 
Y of the conic) are parallel. If p, intersects the conic in two points P and 

P". the polars p' and p"? of P' and P" must intersect in the pole P, of p, ; 
if, conversely, the tangents at two points P' and P” intersect in 

P,=(z,, y,), this point is the pole of the straight line P^ P*. Now 


Q(x, y) = (az, + by, +d) (z—2z,) + (br, + cy, +e) (y -y )F 
Lr —ja(x—x,)? + 2b(z—2) (y—yi)* e(y - y, y} Elx, ¥,)=0 
HM i is the equation of a curve of second degree with centre P,, and passing 
: EY 3 | hre rh it. Hence, it is degenerate and is either a null ellipse or a pair 
E 0 f straight lines intersecting in P, But 
Q(x, y)= {(ax, * by, * d)x 4 (bx, + cy, + e)y+dx,+ey,+f |? 
— F(x, y) F(z,. 9) 
ie Thi TS zr endis curve passes through the points of inter- 
at — of the given curve and the polar of P,. The equation (4.14) 
—— drawn from P, to the conic, if 
e y tangen TS l 
1 Fin ) pde Epworth ues o£ sical no whichrare not tangents 
ntersect t Eu ody. It hae. been shown that in this 







(4.14) 














^A... 


38 PLANE GROMETRY 


(1) In the case of a hyperbola z*/a* —-y*/b? — 1, the condition A=O 


becomes 
(y-dy- m fid 


Hence, there are two straight lines through P, which will not meet the * 
curve again. The two straight lines through the centre (the origin) parallel 

to these two lines are called the asympltotes of the hyperbola. So, the 
asymptotes do not mect the hyperbola in any point. 


(2) In the case of a parabola x° +2my=0, the condition A —0 becomes 
peo 


Hence, there is one straight line through P, which will not meet the curve 
again. "The straight line through the vertex (the origin) parallel to this line 
is called the axis of the parabola. . 


(3) In the case of an eollipse x?/a*--y*/b?* —]1, the condition A=0 


becomes 
py pu 
| (2) +(#)=9 | 
Since p, q cannot both be zero, there is no (real) straight line through P, 
that will not meet the curve again. An ellipse is therefore a closed curve. 


We may sum up the above results in the following way 


If through any point on a nondegenerate conic we draw such straight lines 
as will not meet the curve in a second distinct point, then we obtain the ites n 
and straight lines parallel to the asymptotes in the case of ah ype ’ 
tangent and the straight line parallel to the axis in the case fap 
a ila a 
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Let P be « point of a parabola of which F is the focus; also let TPI” 
be the tangent at P and PL the straight line 
parallel to the axis. It follows from the defini- 
tion of a parabola given above that 
Z TPF —XLPT", 

as in the figure. This property gives rise to 
what may be called the optical property of a 
parabola; If we suppose that we have a 
reflector of the shape of a parabola, then a 
ray of light emanating from the focus will, 
after reflection, proceed in a direction parallel 
tothe axis. Or, if such a reflector be so placed that its axis is turned 
towards the sun, then the sun's rays, which are practically parallel to 
one another, will, after reflection, pass through the focus, 


Parabolas are said to be confocal when they have the same focus and 
the same axis. If two confocal parabolas open out in the same direction, 
they have no point in common ; but if they open out in opposite directions, 
they intersect one another in — points. Inthe latter case, the parabolas 
cut one another orthogonally ; that is, the tangents at a common point 
are orthogonal to one another. This follows from the equality of angles 
given above. 


Ellipse, c < 1. If the focus is (ac, 0) and the directrix x—2/c—90, 
we obtain the normal form (4.4), where 
b? —a*(1— c7). Without loss of generality 
we may suppose a, b positive. The 
X has a second focus (—ac, 0) 
and a second corresponding directrix 
| J— In the figure, the segments 
AA’, BBY are the major and the minor 
"x _ whose lengths are 2a, 2b respec- 
tively, The axes intersect one another 
E ie contre (the origin) and meet the curve in the wertices. 


we eliminate @ between the equations 





| 
| 
| 























z-acos Â 
y=bsin@ 


m (4.4) of the ellipse, EROS Rc equidions mar 
ic « n. esos. ra 


(4.15) 
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Let P=(x,y) be a point of the ellipse (4.15) of which the two foci 
are F, F', and N the foot of the perpendicular from P on the major 
axis. So, as in the figure, 


ON =a cos 6, NP=b sin ð, OF «ac 
Then | FP) + | PP | 
= | y {f(a cos 6—ac)" +b* sin*6] | + | f(a cos 6 + ac)? +b* sin*é| | 
= | a—aec cos ð | + | a+a¢ cos 6 | 
= 2 |a |, the length of the major axis. 
This property may also be taken as a definition of an ellipse. 
Let TPT’ be the tangent to the ellipse at P. Then it may be seen 


that 


This property leads to what may be called the optical property of an ellipse : 
If we have a reflector of the shape of an ellipse, then a ray of light proceed- 
ing from one of the foci will, after reflection, pass through the other 
focus. 


Hyperbola, c 2» 1. If the focus is (ac, 0) and the directrix —a/e=0, 
we obtain the normal form (4.5). where b*—a?(c* — 1). The hyperbola has — 
a second focus ( —ac, 0) and a second corresponding directrix r+a/e=0. 
In the normal form, the axes of coordinates are the ares of the hyperbola 
intersecting in the centre. Let us take " 

zja=p+v. Wylb-—nu-—v 
In order that these equations shall represent the hyperbola 
4uv—]1. So, put w=t/2, v—1/2t. Therefore the parametric e 
z-a(P-1)/2t Es: z 
y=b (P —1)/2t, 
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Let P be a p»int on the curve, of which the two foci are F, F* 
and the two vertices are A, A’. 


Then, as in the case of ellipse, the Y a. 
difference between | FP | and | F'P | — 

— the difference between | 7 

| V fla sec 6 —acy? - b*tan*6| | and > LC 


| M f(a sec 8-- ac)? +b tan} | 
= the difference between 
| « —ac sec 6 | and | a+ac seo £ |. 
The absolute value of this difference 7 
=2 |a| =| AA’ | 
This property may also be taken as the definition of a hyperbola, 
i Consider the straight line z/a+y/b=0. In Hessian normal form. the 
| equation is 


= x y "i 
Ke. 9) Lr dTa* 1785 egaa +i ^ 


Therefore, the perpendicular distance of a point (x, y) from the straight 
line is (x,y). If (x, y) is a point on the hyperbola, 


l 
tja? —u* Ibh? = aU — 
x /a [b l, or xja+yjb — 

















1 
-s t9 7 ô v (Ea 1795 
. Bo, the perpendicular distance tends to zero as x tends to +00 and 
4 y tends to Feo. Similarly, the perpendicular distance of a point on the 
yperbola from the straight line x/a—y/b=0 tends to zero as x, y tends 
3 e eo. "These two lines z/a X y/b=0 are the asymptotes of the hyperbola, 
f the asymptotes are orthogonal to one another, we have a=b and the 
hyperbola is then called a rectangular (or equilateral) hyperbola. The 
hy per bol: y?/b*—2? a=, whose foci are on the y-axis, is said to be 
conjugat ted the given hyperbola. 
A o4 TPT’ be the tangent to the hyperbola at a point P, it may be 
i that 4 x FPT =< FPT, as in the figure. 






are said to be confocal when they have the 
p and a hyperbola sre confocal, they intersect 
| HE WA KONDIS of enge given above, 
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14.1. The complex plane. It has been shown that we can represent 
the points of the plane by pairs of real numbers in such à manner that 
the points of a straight line are represented by the solutions of a linear 
equation, the points of a conie by the solutions of a quadratic equation, ete. 
On classifying the quadratic equations we have seen that some of them, ¢.9., 

a By 41z0, 


do not correspond to conics as there is no pair of real numbers (x, y) 
satisfying the equation. The equations 


ax by=0. a >0, b 0 


are only satisfied by (2, y) = (0, 0) independent of the choice of the positive 
values of a and 6. Although these “conics” are equal in the sense 
that they consist of the same set of pointa (namely, the origin only), they 
are expressed by different equations and there exist, in general, no rigid 
motions transforming them into one another. It will be shown later on 
that these equations have different interpretations, as each of them is 
connected with a certain bilinear form generating a “polar-field”. 

In this article we shall consider the matter from another point of 
view by applying complex numbers and introducing complex points. 
Let us define n complex point as an ordered pair (x, y) of complex 
numbers. The complex points satisfying a complex linear equation 


ax+by+e=0, (a. b) (0, 0) (4.17) 


shall then represent a complex straight line, and the complex points satisfying 
an equation of the second degree a complex conic. If, in particular, both 
values x and y are real, the complex point (x, y) will be a real point, 
If moreover a, b, c are real, the straight line (4.17) will be a 
real straight line. Every real straight line contains complex points which 










are not real; for if (x, y` is a point of (4.17), — 


of (4.17). The set of all complex points is the complez plane, and the | 
subset of all real points in it is the real plane. 

The geometry of complex plane is in some respect of. — 
structure than the ordinary (real) plane geometry ; e, conics ar straigt 
lines always intersect in the complex plane. But it- has alto somo s 
— which seem to be muera iei eei h 
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LI The square of the "distance" between two points P,=(s,, y,) and 


P = (ta ¥,) is equal to | " 
| PiP: P = (z,— 2) +, y)" 4.18) 
This expression therefore will not change when P, and P, are interchanged. 
For real points, this definition agrees with the usual notion of distance. 
In any case, the square of the distance is uniquely defined by (4,18), 
but it may also be a negative or a non-real nomber, If the distance is 
equal to zero, the points P,, P, are not necessarily coincident. 
II. ‘The “angle” @ between two straight lings 


KATA y=mT +y YENE +A 
; I anc Bit _ aw | 


This 6 is not defined for every pair of lines (e.g., we shall notice shortly a 
case where it does not exist, and it is in no case uniquely defined, as 
an arbitrary multiple of z may be added. For real straight lines, (4.19) 


agrees with the usual notion. 
Now, the iocus of a point which is at a constant distance r from a 
fixed point (2,, y,) is given by 
(2-4)? +(y-y,)? =r? 
|» Ifr=0, the locus consists of two imaginary straight lines 
ue x (e-z)réy-y)-0 










E (r—23.) —id(y —- y,) —0 
These straight lines and their parallels arc called isotropic lines. The 
iso ropie lines are evidently lines without real trace in a real plane and 
" there a € es s lines through every point. There are therefore two 
duds of isotropic lines and they form two systems of parallel straight 


z+iy#a=0 x y-izt1-0 —— CN 
EN. yric+A=0 | 
where — a constants. The isotropio lines have the 


1) "The dista cett n any two points on an isotropic line is zero. 
—7 * ue. oints on the isotropic line y— iz +y=0, 


, - 
- 
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z—iytv-0 
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(2) The angle between two isotropic lines and that between an 
isotropic line and any other line is trigonometrically undefined, 
i , i; In the case of two isotropic lines of the same kind, 


y—ir-y,-20, y-irty,—0, 
" 
tan @=0/0 and therefore & is undefined, 
(ii) In the case of two isotropic lines of different. kinds, 


y+ir+y=0, y-ir+A=0, 


tan @=21/2=i i 
| * lea- ] e*—1 
TN ene t rapea du] 
. leat] N D * 
js a $4993] 
Therefore e? — 0.» Hence, & is undefined, 


(iñi) In the case of an isotropic line and any other line, 
y+inrt+y=0, y—-mr+A=0, 


à — l—im mj — 


We have here the same result as in (£i). E 
Now, the parabola 2*+2my=0 has the focus (0, —7/2; and tho  - 
directrix y—m/2-0. Consider the two isotropic lines 
a=i(y +m/2), z= —i(y+my) 2). 
These two lines intersect, one another at the point given by 
rmÜ,y-—-m/2; | 
that is, they intersect at the focus. Moreover, these lines are tangents to — 
the parabola and they touch the curve at the points given by 
y—mj;2, c=im and y=m/2, z= —im | 
_ respectively ; that is, they touch at the points where the direc 
the parabola. Thus, there are two isotropic tangents to a paral NaS as 
b they intersect at the focus and their points of contact lie on the directrix. — T 
tes Tho ellipse aja? y jb =l has two real foci. ur — 
two correspo real directrices xfaje=0, v the ecce | it 
4 ordi oh a oi n ti) an he —— — 
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As in the case of a parabola, it may be seen that the two isotropic 
lines y= i (2—ac), y= —i (r—ac) intersect one another at the focus (ae, 0) 
and touch the ellipse at the points where the corresponding directrix 
r-—ajlezü meets the curve. Similarly the two inotropic lines y= il» + ac), 
y-—-—i(r-ac) are tangents to the ellipse ; they intersect in the imaginary 
focus (0, iac) and their points of contact lie on the corresponding imaginary 
directrix yw=a(l—c")/ic. Thus, there are four isotropic tangenta lo 
an ellipse which form two pairs of parallel lines ; any two non-parallel 
isotropic tangents intersect in a focus and their points of contact lie on the 
corresponding directrix. The correspondence of focus, directrix and isot ropie 
tangents of the ellipse z*/a* + y 4 5*-—]1 is shown in the following table. 
























Directéix Pairs of isotropic tangents 


Eccontricit Focus. 
y cus through the focus, 





— — LL —Áv 


0 =a ^ Wo mg S 
ac e. T ale | y= —i(r-—ac) 














-6Gc, 0 z--—aujc ger. He tac) 
B {= — + ac) 
y=atl — c?) / ic y= i(r + ac) 


y= = ilz —ac) 





E À dej y (1-0) 


pr may be verified that the sum of the squares of the reciprocals of the 
D. ino eccentricities is equal to unity. : 

= Finaly, let P be a point on tho ellipse. Tben from the parametric 
zs 'qua a (4.15) of the ellipse it follows that the square of the length GP 
= =a? cos? + (b sin 6— iac)? = (b— iac sin 6)' ; 

r Sie | yof the length- "P is similarly (b--iac sin 6)*. Therefore the sum 


pP 
s 


A y 
EX » GP -G'Pz2b. 
e for a hyperbola is similar to that for an ellipse given above. 
guerr * le euer Let us take four straight lines p,, p,, 
ing th rough a point, say the origin, the first two being ordinary 
ght lin [the last two isotropic lines. Let the equations of the 
line — —— y= -—ir, *i⸗ respectively. Let an ordinary 
it line z= h m the. oux Minas fn Ve potnte-F Py Pi, Ps respec- 


MA = 


— beu 


DEEP AS [re a, —————— — — — 





E | 
= 
c 


(^ Thus, two straight lines are orthogonal to one another when they are — 
| point. ps 
JO 3 | — 
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Therefore the cross-ratio : | : 


| mew * py — Un d) (m, — i) 
(MPs Pip) 7 (P,P,, PrP) ——— 


= (1+m,m,)+i(m,—m,) _ 1 Dr i(m,—m)/0u s m,m;) — 
- = (1+m,m,)—ilm,—m, ) P-G4(m,—-m)/ü * mm) . 


Let 6 be the angle from p, to p, as defined by (4.17). Then 


tan 8 (m, —m,)/(1  m,m;) at; 

So — (pup Pips) = (1 +i tan )/(1—i tan 6) Epai = er ^ | 
! : 1 i z ^ Es Ne x 
Therefore "Dye 3; log (py Pa pip.) T J (4-21) — —* 


This is the definition of an angle p from a stealight Bid 2. Vb caps =. A» 

straight. line p, df the two straight lines p,, p, are orthogonal to one 

another, sin 262-0, cos 26= — 1, and therefore — aii 
(Pi Pa pipi) -1^ 5 = = x 







Rarmonically separated Dy Gia tao Teotropic lines passing through their common ewe 








If 8 vanishes, (p.p. pipi) 2l and therefore "tme as is to bo — 
Me 
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CHAPTER V 

x TRANSFORMATIONS OF SYMMETRY AND SIMILARITY 
P 15. Symmetry." Let a straight line g be defined by | 

2 r=x,+pp ( 

b ptg] 

Le Y=Yo + pg ` - 

Then an — point P= (s, y) of the plane is given by 
- *— ——.  Y=Y, + Pq +p 


-Tho point P' — (2, y) given by 

SEN atur, pp aq. y-Vy.tpg—cp 

— dssueh. that the segment joining the points . 
"SP. P" is bisected orthogonally by g. 

Since z'—r-2eq. y’— y= —2op » 

and (r— 7,9 —(y—u)p- -—e. 





ES € X 
(z -x)= —2(r—74 +2(y —y)m 
(i — y) 2 2(x — z,)pgq — 2(y — yop” 
hr -Or me x’ =(p* —q*)x + 2pqu + 24(q, — py.) 


y —2pqx — (p! — q*)y —2p(qr, — Py.) 


DR This is a linear tranaforniation of the coordinates (ry) to i. y). 
: (—— Yn order to write it in a suitable form, put ews 


Ec (4 p=cos 0, g=sin 6,- qr, — pii, 
: * So, the transformation can be written as 1 
i^. a’ =a cos 20 +y sin 26 4-2, sin 6 à 
(6. 


— ze ome shí 2 —y cos 26 — 2w cos 6 
aui at n of g as- 
| — a sin 6— y cos 0 à | 6.1) 


em mtr ralio in the line (5.1). 
‘onal reflexions 





By 





in She), azae of, m sid. yaro 








y 
E EMEN M ds 
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to F. That is, a repeated orthogonal line reflexion divos: van 
Now (5.1) is a special case of 
x =ax+by +e, 5 | 
a*-b*-] (5.2) 
y!-br-—ay-c, : 
The transformation (5.2) is called a symmetry. As a? c b*z1, wo may $ 
puta=cos 286, b=sin 28; anid therefore the necessary and sufficient 
condition for (5.2) being an orthogonal reflexion in a line is 


¢,=2w sin 6, c,= —2w cosé, 








where w is any real number. Hence, as a—1l= —2sin?ó, — f 
a—1 C, , 
=f hd 
b e 
is a necessary condition for it. If b 4E 0, this condition is also sufficient ; 


A vector o = (as, b) is transformed by the symmetry (5.2) into 
a’, = (aa, + bb, . ba, —aly,). Hence the scalar product i 


a'a — (aat, 4 bib.) (a* - b?) — (aa, 4 b 195) = 0: T ` 
remains unaltered by every symmetry, We shall now prove the converse, » 
namely the followihg theorem : K - | OE: | 

f by any linear transformation | T UL Lr " ET 
z'—-a,rcbae, - x. : i — C 

| yay eo 

tħe scalar product vippoeni peir — the transfora: ~ 
tion is either a rigid motionor a symmetry. Ei i Ge 
Proof. Let us consider the two orthogonal unit vectors eee TS 

a e,-(, 0), a= (0, 1) è e ES 
As in § 10.1, these are transformed into. ec 5 





Mie ae Seren b) | 
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e If a,+0, put b, /a,— A. 
1 Then > bi=Aa, b,=—Aa, ; 
hence l=b, +b, mA? 


« In this ease, the transformation is a symmetry for A=1 and isa rigid 
motion for A= —1. Hence the theorem holds in every case. 
| It follows from above that A= +1 is equal to the determinant a b, - bua, 
of the transformation. Therefore, the rigid motions are those linear trans. 
formations which do not alter the sealar product of two vectors and which 
have a positive determinant ; the symmetries have the same property but with a 
k negative determinant. To give à geometrical interpretation of the 
| determinant, let us consider the angle between two arbitrary vectors 


i ¥=(9,.9,) and 6=(d,. d,). 
Now dois 
t 5 cos (y, &)=(y.8)/ ify) 6.8) 
is 
2 


is a function of scalar products and will therefore be altered neither 
by rigid motions nor by symmetries ; and 


4 aget anmas e 
E . ! d, 
| 
f 


[tan 6, 


















f — where the denominator is not altered by rigid motions or symmetries while 
| the numerator takes the factor A- 41 only. Hence, by rigid motions 
Code angle remains unaltered, whereas by — i replaced by its 
We may extend the notion of the product of two rigid motions as 
introducea in § 11.1, to the notion of the product of two linear transforma- 
* P are rigid | motions or  symmetries. The product isa linear 
tram forma 1 which does not alter the scalar products and is therefore a 
: Rigid d moti x oF a symmetry. If both factors are rigid motions, or both are 
“symmetries, ewes en not be altered by the product, and the product is 
therefi - re a E. d motion. If one factor is a rigid motion and the other is a 
symmetry, the sign of | every angle will change, and the product is a 
ry. - * ak al, t » product of any number of rigid motions and of k 
ries is a rigid 1 pre —— Bao 





uu 
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As an illustration, consider a translation and an orthogonal reflexion 
in the x-axis given hy 





Y r-rC om om 
and = 
y=y y-—y 
respectively. The product is the paddle 
x motion 
Gor) z'-zr46, y'= -y 


It may be noted that the product of a translation and a reflexion in a 
line parallel to the line of translation is commutative. 


15.1. Existence of fixed points. If the transformation (5.2) leaves 
any point fixed, we must have 























(a — re by c, —0 
bx — (a & 1)y-- e, —0 | 
As the determinant of the coefficients | ! 
a—1 b 
= ]—(a*+5*) = 0, 
b —-(a+1) f 
vanishes identically, there is either no fixed point or an infinity of fixed. 
points. For an infinity of fixed points, we must have A -. 
b e, a—l c, 
| = lí) at. — 
-(a-1) c, — N d 
Put a=cos 29, — b-sin 26, Im Tc c. 
So a-lz -2sin' 6, a+1=2 cos, b=2sin 6 cons -— ae tas 
Therefore — 2 cos @ (e, cos 6+¢, sin 6) - 0, 2 sin 6 (e, cos 6-r c, & in 6 6-0 Ne. 
As sin 6 and cos 6 cannot both be zero, we must have Ea T , 


» [^i 

LJ e a [3 * 
^ m ——— & 
wed - 
t 
" i 

3 j = c LI b d i 
H - 


áj 


c, cos 0+c, sin 60, or e, [e - —sin LIN 
So, we may put 





i * 


ee 


.=2e sin 6, DRE eT — o * 


b ne * mS Vh 
z py 









wer = = om 
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So, we may put 
c, —2p sin +o cos 6, 6,2: —2p cos O 4 « sin 6 


The transformation (5.1) now reduces to 


zr'zxcos20--y sin 26+2p sin 9 +o cos 6 
5. 
y =< sin 26—y cos 26—2p cos 6 +o sin 6 Po 


This transformation can be resolved into J 


azur cos À = x’ = % cos 26+ y sin 2442p sin 6 
an 
y-—y-w sin 6 y'-— sin 26 — y cos 26 —2p cos 6 
The first isa translation and the second is an orthogonal line reflexion, 
their product being commutative. Therefore, the transformation (5.3) is 








a paddle motion. p 
wt a symmetry is either an orthogonal line rifezion or a paddle 
16. Similarity. Consider the transformation 

£ x’ mcr 4 
F. + c E 0 (5.4) 
E31 : 1 y =en 

The transformation (5.4) i is called a dilation. It may be of the following 

— kinds: — 





te Af c I, the transformation is an identity. 

| du) If c- —1, the transformation is called a reflexion in a point 
Bu. — (in the origin). In this case, if P'is the transform of a point 
E Tg, the segment PP” is bisected at the origin. 

p tte => 0 but. — 1; the transformation is called a radial trans- 
| — ara 













matio epera E E D aiin. 
ok upon the transformations (iis) and (iv) as effecting a 
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re 
Y 9 
K [Jj 
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The transformation (5.5) is called a homothetic transformation. A homothetic 
transformation is 
(i) a translation, ife=1, 
(4) a point reflexion (in the point (—c,, —c,)), ife=—1, 
a (id) a similitude, if c +1 (c,, c, may be both zero), 
(iv) a radial transformation (from (—c,, —c,)), ife > 0 but des] 
and (v) a product of a radial transformation (from (7€, —¢,)) and a 
point reflexion, if c < 0 but $4 — 1. 
The product of (5.4) and a rigid motion is a transformation of the 
form 
x= ax+by+e, | 
a? +6? zc, (5.6) 
y'= —be+ay+e, 
The transformation (5.6) is called a similarity. 
Rigid motion preserves both the shape and the size of a figure, —— 
whereas similarity preserves the shape, but not necessarily the size, Ag 
in the case of a rigid motion, there isa fixed point in a similarity unless 
it is a translation. 
The following are some of the properties of (5.6) and (5.2). If a, 8 are 
two vectors and 8 the angle between them, from one to the other, and if 
a^, 8’, #, are the transforms of a, 8, 6 then | 
(1) le | = | ca |, by (5.6); jo’ | = Ja], by(52) - 
(2) 6 —6, by (5.0) ; 6'— —6, by (5.2) Es. yoo 
(3) The product of two similarities is a similarity. This is not true of | 
(4) The inverse of a similarity is a similarity. This is true of 
a symmetry, | x PE - aO nee 
In (5.5) let c1, ie., let the homothetie transformatio 1 be ita —— 
^ E J > ) * “Fe! ay 
4 ii" Yn$3 "(s Ie) — — n 4 
rM ali^ S 3 ; 
y—Nyo | 


ul p 
^a 
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Corresponding straight lines remain parallel, and so the angle between 
them remains  unaltered by any  homothetie transformation. Any 


figure F will be transformed by (5.7) into a homothelic figure F', P, 


being the homothetic centre. On the other hand, figures which are similar 
to F and in which the distances are equal to the corresponding distances 
in F multiplied by a constant factor c > 0, are all congruent. We can 
construct such a figure by the help of the transformation (5.7), or by 


g= — 0f, = -Ons 
by choosing the homothetic centre (x,, y,) in an arbitrary manner. 


that it becomes homothetie to F. Therefore, homothetic figures are also said 
to be similar and similarly situated. 


After rotating any figure homothetic to F through the homothetic 
centro Pa, we get a figure F” which is said to be directly similar to F. 


i Tf P and P” are corresponding points of F and F’, <x PP,P is constant, 








Hence, . 
every figure similar to F can be carried by a rigid motion in such a position 





CHAPTER VI 
THE CIRCLE 


17. Power of a point with respect to a circle. A circle may be 

regarded as a special form of an ellipse. An ellipse was defined in 

$ 12 as a nondegenerate conic whose equation con be put in the 

normal form (4.4), and in § 14 as the locus ofa point the sum of whose 

focal distances is constant. We may also define an ellipse as follows ; 

Let A, A’ be two fixed points, P a variable point, M the foot of the | 

perpendicular drawn from P to AA’. Then the locus of P such that 

| PM | *=k AM.MA’, where k is a constant, is a conic, The conic is an 

ellipse or a hyperbola according as & is positive or negative and, in the 

limiting case when L—0, the conic is a parabola. There are here three 

definitions of a circle. In the first case, the ellipse isa circle if a*zb*; - - 

in the second case, a circle is the limiting form of an ellipse when its two. 

foci coincide and in the third, an ellipse reduces to a circle when k=1, 

We shall, however, consider here the properties of the circle Edo 

of any other second degree curve. bi 

Let a straight line through a given point P.wlas 9j bo piven he * 

the equations x 
v=% tpa i m 
Y=Y pb, P 

where p is à parameter. If 6 isthe angle between the positive z-axis and — 

the vector (a, b), ' | 


a= | V(a*+6*)|cos6, bzlwy(at-b)l sing 
So, the above parametric equations of the straight line can be wr t 
—— cos 8 
— X 2c 
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i Let the above equation be written as 


4 x* y? + lie, y) -0, (6,3) 


where Hx, y) is a linear function equal to c,rc,y-c,, siy. -Doea the 
equation (6.3) represent a circle? If it does, it must be possible to reduce 
this equation to the form (6.2). In this case 


| 

* 

* 

1 c,:-2x, ¢,=~—2y,, =r ty -n; 
į therefore ár* z c,* +¢,?—4¢,. 

i Sinco r* — 0, the required condition is Cte - 4e, > 0. 


For the points P”, P*of intersections of any straight line given by 
















v r-T, + pp 
p *q'-l, | 
y y-—,. pq 
* throngh a given point P,-—(xr, y,) and the circle (6.2), we must have 
* “| pP -—2Bp+C=0, 
where ! B-pí(zr, —7,) * q(y, —9,). 


C = (x, —2,)? + (y, ~y,)? — 

refore, for the points of intersection, the scalar product must satisfy 

TTE P,P’. P,P'- (z, - n)! + (y - wn 

$1 Thi E see 4 Kop es the point (zr, y,) and the circle are given. 

The quantity on the left-hand side is called the power of the point P, with 
* m. s — circle. The power is thus obtained by substituting the 
oe 8 of P, for æ, y in the expression on-the left-hand side of the 


m us the circle. Evidently, the power is positive, zero or 
g as. P, lies outside, on or inside the circle. 


! rik Seas A idis rough dit eme of the circle, then 
— 


zm|PP,]|-rn , 
pon P, and the — contact of a 
| circle, if the point: P, is outside the circle. 
aeien 
EN Mm -D20, E 
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18. Pole, polar. As a particular case of the equation (4.12), the 
the circle (6.2) 


equation of the polar of a point P, — (x,, y,) with respect to 
(when P, is not the centre of the circle) is 

(x —2z,)(2, —2,)-- (y — (y, 9) - r' - 0 
This shows that the polar of a point 
with respect to a circle is orthogonal to 
the line joining the point and the centre 
af the circle. 

Asin § 13, let the straight line 
through P, and the centre P, of 
the circle meet the circle in P", P" 
and the polar of P, in P,. Then 

(PIE,PP)s-lI 


Hence, by (2.3), P,P, P,P. rt 


Consider any circle passing through the points P,, P, and let the two 


circles intersect one another in à point P. 


Since, by (6.4). P,P, P.P,= | P,P }?, 


the power of P, with respect to the circle through P,, P, is | P,P |". 
Hence the straight line P,P is tangent to this circle. Thus, given the four — 
harmonic points, the circle with the segment P'P" (or P,P.) as a diameter 


cuts any circle through P,, P, (or P', P") orthogonally. 


Further, let P,L, P,M be two conjugate lines (§ 13) with respect to 
the circle having P, as centre, meeting the polar of P, in L, M. Then 
the triangle P,LM is a self-conjugate triangle with respect to this circle. 
P, L, M are 
orthogonal to the opposite sides of the triangle. Hence, P, is the ortho- 


Therefore, the straight lines joining P, with the vertices 





respect to a circle, the centre of the circle ia the orthocentre of the triang 
19. Coaxal system. Consider two circles with different costes 


K,=(x--2,) +y-y,—r teat + y+ he, ymo 


centre of the triangle P,LM. Thus, if a triangle i» self-conjugate with - 


K,z(r-zj)'*(y-9,* rua ey rb y) 0 
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be an arbitrary circle. If ita centre does not lie on the straight lin» joining 
the centres of K,—0, K,=0, the radical axes of K,—0, K ,220 and K,=0, 
K,-0 are nonparallel and are given by (demit: the linear funotions 
by tho lottera Ll, only) 

» 1,-L=0 and L-L=0 


respectively. This shows that the radical axes of three circles whose centres are 
noncollinear, taken in pairs, meet in a point, 


On the other hand, if any two (and therefore, the three) radical axea 
of the three circles K,=0, K,=0, K,=0, taken in pairs, coincide, we may 


write 
4 HL — 0, pl, -1,), 
. TM: L,— (1 — py, * pl, — d, AL, say 
| Therefore K,=yK, +AK,, where y+A=1 
r Accordingly, the equation of K,=0 can be written ns 
* . uv s 0. (6.6) 
u , The totality of circles given by the equations (6.6) for arbitrary values 


of p, v, satisfying p +v 4-0, is said to form a system of coaral circles. In a 

"t coaxal system the radical axis of each pair of circles is the same. — 
i y Since u--v «5 0, we may divide the equation (6.6) by p +» and write 
(0 the equation as 
$ "n z 0 4K,AK,-0, where y+\=1; 
A hat is, we make the oo-efficients of 2^, y* unity. Then 
x ———— * 4K, AK = lz — (yr, + Az) fy- — (yy, +Ay,)}* —r,* 
— of a system of coaxal circles lie on a straight line. 
If «+v=0, pK, +0K,=n(K, —4,); 
- 80, in this case pK, + eK, =0 is the radical axis (6.5) of the system of coaxal 
ee oe ore onicmsielo. 
; _ K,-K,=2(@,- a, ja + 2(y,—y,)y +a constant, 
(£as (£ y) pd (5,, y,) are the contres of K,: =0, K,=0. 
that that the radical axis is ortħogonal to the line joining the centres. 
atio }, let AB, BO, CD, DA, be the sides of a quadrilateral 
— E lines AB, CD meet in E ; BC, DA meet in F. The 
mw — l B, ©, D, E, F are said to be the vertices of a complete 
itor E remueemiBi (the properties 
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Let S, Sa» S, be the three circles described on the segments AC, BD, 
EF respectively as diameters, Let O,, O,, O,, O,, be the orthocentres of 
the triangles EBC, ABF, ADE, CFD respectively (that is, the triangles 
formed by every three of the four sides of the quadrilateral). Also let 
EO,, BO,, CO,, meet the opposite sides of the triangle EBC in E, BO, 
Then, from similar right-angled triangles, 


| 0,E || 0,E, | = | 0,B | | 0,B, | = 10,0 | 10,0, | 


But (C, C,), (B, B,), (E, E,) are pairs of points on the circles S,, 8, 8, 
respectively. Therefore, the powers of O with respect to the three circles 
are the same. Similarly the powers of each of the points O., O,, O, with 
respect to the three circles are equal. Hence, the circles S,, S,, S, are 
coaxal, their radical axis containing the points 0O,,0,.0,, O,. Moreover, 
the middle points of the segments AC, BD, EF, which are the centres 
of these coaxal circles, must lie on a straight line. Hence, we may state 
the following theorem : 
beh The circles described on the three diagonals of a complete quadrilateral as 
diameters are coaxal ; the middle points of these diagonals are collinear ; 
the orthocentre of the four triangles formed out of the four sides of the 
n quadrilateral are also collinear ; the last two lines are respectively the line 
of centres and the radical axis of the coaxal circles. 
A circle coaxal with two given circles may also be defined as the locus 
of à point which moves so that the ratio of its powers with respect to the 
two given circles is constant. For, if K,=0, K,=0 are the two given — — 
circles and c is the constant ratio, then the locus is - 


K,/K,=c, or K,-cK,— a 
19.1. Types of coaxal system. —— Let the line of = — 


centres of a system of coaxal circles be taken as the x-axis and the radical —— 

axis as the y-axis. If two arbitrary circles of the system be 
e+y't+2exe+e,=0, 2x +y?+2e,0+¢,=0, 

their radical axis is 3 

Ae iege (e, 6;) 0, — n —¢,=0 

7,—97, =e and — 





pat ] — EN EL 


—— T e Jis * 





THE CIRCLE 5t 


(1) ce-«—90. In this case c*—c2o^. Therefore, every circle of the 
system cuts the radical axis in two fixed points. The system is said to 
be elliptic. 


ORS 


2) e=0. In this case the radius is |o |. Therefore, all circles of 
the system touch the radical axis at the point of intersection of the radical 
axis and the line of centres. The system is said to be parabolic. 

(3) c0. In this case o*-c<c’*. Therefore, no circle of the 
system can cut the radical axis (in .real points). The system is said to 
be Ayperbolic. We notice here that if Yve=+o, we obtain two 
circles of the system of zero radius, or two point-circles. These point- 
circles are called the limiting points of the system. 

Let L, L’ be the two limiting points, O the point of intersection of the 
radical axis and the line of centres, Let C be the centre of an arbitrary 
circle of the system of radius r meeting the line of centres in A, B and P be 
the point of contact of the tangent drawn from O to this circle, as in the 
figure. 

Then, 

[OD |*= | OL | *= | OP | *= | OA | | OB | = OA.OB 
Therefore, applying (2.1), (2.3) and remembering that C is the middle point 
E AB, we get 





| (LL, AB)- -1, CL. CLD’ m r’ (6.8) 
Es arbitrary point of the radical axis of the system of coaxal circles (6.7) 
has the coordinates (0,—p). The power of this poiht with respect to 

















g” +p? —(c7? —c)=p* +e 

srefo y, the circle with centre (0,— p) and radius | (j^ c) | will cut 
es of the system orthogonally. The equation of the circle is 

x* + (y+ p)*—(p? +c) =0, (6.9) 
Comparing this equation with (6.7), we see that 
ond system. of coaxal circles. The two systems are 


TEES e (69). Aie, comeapeing the 
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system (6.7) being elliptic, parabolic, hyperbolic, the system (06.9 is 
hyperbolic, parabolic, elliptic. This follows from the fact that the quantity 
c has different signs prefixed to it in the two equations. 


20. Centres of similitude of two circles. Consider a transformation 
(5.5) of similitude 
z-6x-C, 
c#0, +1 
y cy + 6, 
The fixed point of tho transformation is given by 


z-ec,[(l-e) y=c,/(1—c) 


The fixed point is called the centre of similitude and c is called the ratio of 
similitude. A straight line posing through the centre of similitude is 
transformed into itself, and any other straight line is transformed into 
a parallel straight line. 

Suppose it is required to transform the circle (2—2z,)? + (y—y,)? —r,—0 
with centre C, into another circle. (z—2,)*--(y—-y;) —7,*—0 with centre C, 
by transformations of similitude. ‘Then there are two such transformations : 


3 z-i,= ++! (z'— x) 
f3 


y-y,- t (y'—.), 


according as we take M pt a 2 signs. ‘The 
transformations have respectively r,/r, and —r,jr, as the ratios of 
similitude. The two centres of similitude corresponding to. the two 
transformations are the points 


B(OH, DA-I ) and gp e (nest, ntn ) 
L Pg 


Fi i F3 ryt r a = Tier 
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C,.C, E,l aro collinear, and that (C,C, E j= -1 The maudinates 
of the vectors C, E and C,E are 


(Cea, nyay) and (ACSA -z) rs 


c) 
respectively. L^ 
F -F FT, — r, — ct ery. 


O,E = 
C.E 





Therefore 





hl e 
- 


fg ol Fr, 


Hence, the centres of similitude E, I are respectively the points of intersections 
of the direct common tangents and of the inverse common tangents Lo the two 

s circles. The points E and Z are respectively called the external and the inter- 
nal contres of similitude., The circle on the segment EI as a diameter ia 
called the circle of similitude. à 





: It is geometrically evident that when the two circles are mutually 
] external, we obtain the four real and distinct common tangents. When 
the circles touch, one pair of common tangents coincide and one centre 
| of similitude is the point of contact of the two circles. When the circles 


al have equal radii, c= +41; for the homothetic transformation with c= +1, 
E there is no centre of similitude ; if c= — 1, the external centre of similitude 
| | does not exist. When the circles are concentric, we cannot have any 
| centre of similitude, 

hd Let P,, P, be the points of contact of a common tangent drawn from 


ND Uo two given cielos of radii r, s respectively ; similarly let Q, Q- 
be the points of contact of a common tangent drawn from/ to these two 


circles respectively, as in the figure. Then 


ae i * 


Therefore by what has boon said at the end of § 19, a circle drawn throug 
— ius the two im circles must poss through J and must have 
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coordinates of two of the points (namely, E, I) having been given above. 
Since the determinant 


Pitam Pi: FVV, i-r; 
Fata m lats € FOy.—F.y. Y.—TF, 


vanishes (as may be seen by multiplying the rows by r,, r,, r, respectively 
and adding), it follows that the three external centres of similitude are 
collinear, Similarly, the external centre of similitude of one pair of circles 
is collinear with the two internal centres of similitude of the remaining 
pairs of circles, Thus, the six centres of similitude We by threes on four 
straight lines. These straight lines are known as the axes of similitude of 
the three circles. 


21. Inversion. Let O be a fixed point and $’ a given constant. If 
on the straight line joining O to a point P, a point P" iz taken such that 
OP.OP =k, then P' is called the inverse of P with respect to O and O 
the centre of inversion. We shall suppose that AK? is positive; we shall 
then have a circle with centre O and radius | k |. This circle is called the 
circle of inversion and | k | the radius of inversion. Denoting this circle 
by (O), we say that P” is the inverse of P with respect to the circle (0) or 
in the circle (O). The relation between P and P" is symmetrical, so that 
P is also the inverse of P'. The points P and P’ lie on the same side 
of O, one inside and the other outside (O), and each point of (O) is 


transformed by inversion jnto itself. Any circle concentric with (0) is 


transformed into a concentric cirole, 





Let the centre of inversion O be taken as the origin of the ecordina ite n 
system. If P, P' have the coordinates (x, y), (z', y"), "ic 
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T he inverse of straight lines and circles. We know that 
d(x? +y’) + 2ar+2by+ec=0, a? +b*>de, (6.11) 


represents a cirole if dO, and a straight line ifd=0. In particular, the 

O eurve passes through. the origin if c=0. .The quantities a, b, c, d, may 
be considered as the coordinates of the curve. ; these coordinates may 
have a common arbitrary factor other than zero.. Multiplying (6.11) 
by k*/(x* -- ?), we get from (6.10) 


ek7? (x'*? + 4/7) + Jax’ + 2by* + dl? =0 (6.11°) 


Thus, the curve (6.11) is transformed into a curve (6.11') of the 
same type, the coordinates a, b, c, d, being transformed into a, b, dk*, ck-*. 
Hence, circles and straight lines are transformed by inversion into circles 
or straight lines, the image being a straight line if and only if the original 
curve passes through the centre of inversion. 


Conformal properties of inversion. 


A point transformation is said to be a conformal transformation if it 
preserves the magnitude of every angle ; it is said to be directly conformal 
if the sense of the angle is also preserved, and inversely conformal if the 
sense is reversed. For example, rigid motion is directly conformal and 
symmetry is inversely conformal, as seen at the end of the last chapter. 


Let (2, y) be a point of (6.11). If d0, the equation 


(d£ + ay & (d, 4 b)y a£ bs -c-0 . (6.12) 


represents the tangent to the circle (6.11); ifd=0, the equations (6.11) 
and (6.12) represent the same straight line. To avoid an unnecessary 
distinction of different cases, we shall consider every straight iine as its 
own ''tangent" at each of its points, It is therefore admissible to define 
the angle between two curves of the type (6.11), as the angle between the 
corresponding tangents (6.12); of course, this definition is quite natural, 
because if we consider a curve to be generated by a moving point, its 
Sos has the direction of the tangent. The angles between two circles 
intersec z in two diferent points form two opposite angles. Thus, the 
e * ve. LE not the sine, of the angle is uniquely determined for two circles, 

"or calculat ing $ e angle, we therefore expect that the sine may be expressed 
| the coo ordin. ates of the curves and those of the point of intersection. 

Let idw yaur oe * e m ns coordinates 
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intersect in (£, 5). Then, by (6.11) and (6.12), 
d,(£* +?) + 2a,£ 25,5 c, 0 
dE?) 22,6 35, 0,0 
and the two tangents are 
(d,£ +a, )x + (d,7, +b, y= const. 
dura + (dyn + b,)y= const. 
For the angle » botween the tangents, we have 
cosg=A/B, sing=C/B, (6.13) 
where A — (d,£ -a,)(d,£ +a,) + (dy +b, (diyt 5.) 
B - [fd £ a, + (d, HDV} IdE +a) + (deg + bE E 
d,£ a, dn b, 
d,Q*a, — db, Yr A 
Tho quantities A, B, C may bo expressed as follows : 
A= [d (E + 57) + 2a,€ + 25,4) + M, [d.(E* +n") + 22,£ + 35,4] c a,a, e bib. 
—a,0,-t bb, — Mcd, +de) 











B* =(a,? +b, —e,d,) (a; +b, —e,d;) s 
C-t d, e a, d, A a, b, | i 
d, b a, d,| la, b, 





The last formula can be written in another form. For this purpose, we —— 
2 and d, in terms of £, 4, G,, Gy, 5, b, c, c; and obtain 


Du 5 | 2a,£2b,s-c, b, * 
2a,£ + 2b. +¢, b, 4 : 
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€ Ti ay, b,, Cis d,, a,, b,, €, d, 
respectively by <E , En b, Kdi, k-*c,, a, b, kd. kte, 





4 +r, 2’ e 4- n" ai, 


This transformation does not alter A and B; but C in ita first representation 
will be transformed to —C in its second representation. Hence, the angle 
formed by the inverse curves is equal to —5. The transformation of the 
plane by inversion is therefore conformal, because the absolute value of the 
angle is not altered; and, as the sign is changed, the transformation is, in 
particular, inversely conformal. v^ 

Applications, (1) Every circle C intersecting the circle of inversion 
(O) at P and Q is inverted into a circle C" intersecting (O) at P and Q, 
the angle between the tangents to C and C’ at P (and at Q) being bisected 
by the tangent of (O) at P (and at Q). * 

Every point of (O) is a fixed point of the inversion : thus, the pro- 
position is a direct consequence of the fact that the inversion is inversely 
conformal. 

If P is different from Q, the circle € C" is uniquely given by P, Q and 
the two tangents. Hence : 

(1°) Every circle orthogonal to the circle of inversion ia inverted into 
itself. (The reader may give an alternative proof based directly on the 
| definition of inversion.) 

(2) Ifan inversion carries a circle C and two points P, Q into a circle 
— er a straight line C' and two points P', Q' and if P, Q are inverse points 
— with respect to C, then P’, Q' are inverse points with respect to C". 
Since P, Q are inverse points with respect to C, any circle S passing 
through P, Q is orthogonal to C.. The circle S is inverted into a circle S 
passing through P, Q'. Since inversion is conformal, C” and S are 
orthogonal. But as S is any circle, so by (1) above, P", Q' are inverse 
. points with respeot to C". 
ic (3) The limiting points of a system of coaxal circles are inverse points 
with re es of the system. This follows from (0.8). 
2. ation with respect to a circle. In : 13, a corres- 
1 the points and the straight lines of the plane has been 
he help of a a nondegenerate conic. In this article we shall 
ar detailed manner, the case where this conic is a 

y, is supposed to be given. by | 
5 — | (6.14) 
(é, 4) respec — — 
e last article, the coordinates 
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of the polar are therefore proportional to £, »,—1. Conversely, the pole 
of any straight line uwe+evy+w=0 is the point with coordinates 
(—u[w, —v/w). Hence, every point of the plane, except the centre (0, 0) 
of the cirole (6.14), has a polar and every straight line not passing through 
the centre has a pole. This result agrees with the ideas of $ 13. As the 
tangent to any circle 

(r—a)*--(y—-5)* —7*-0 (0.15) 
at a point (z,, y,) satisfies the equation 

(r,—a)r-(y,—b)y — (ax, + by, +r? -a* —67)=0 

it follows that the pole, with respect to (6.14), of this tangent has the 
coordinates (£, 5) given by 


£z (r,—a)/(ax, * by, * 1* -a* - b?) 
7 (y, — 5b)/ (az, + by, ^ —a* — b*) : 
Hence 1 -a£— bs 2 r* | (az, by,  ' a? —b!) 
Therefore z—astr/(1—a£-—bz), y -b= nr (1-a — br) 
By putting these values in (6.15), the equation of the loowk of the pole 
comes out (writing x, y for £, n) as 
(r* —a*) x* + (r? — 5?) y? —2abry + 2ax + 2by - 1-0 (6.16) 


The locus is therefore a conic, Itis of the elliptic, the parabolic or the 
hyperbolie type according as | 


(r* —a*)(r? -ab Z 0, or rap 


Thus we get the following result : 

The locus (0.16) of the poles, with respect to the . eirele (6.14), í the 
tangents to any circle (6.15) is a conic which is elliptic, rab wvperbol 
according as the centre of (6.14) is inside, on or outside 

To discuss the properties of the conic (6.16), it ie nà 
choose the coordinate system in such a manner that the joi 
of (6.14) and (6.15) is the z-axis. That means — | 
a a 
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and in the other cases, 


(52) 


Thus, the conic is nondegenerate ; its main axis is the join of the centres 
of the circles. If the two centres coincide, the conic is a concentric circle 
with radius l/r. In every other case, the centre of (6.14) is a focus of 
(6.16). On the other hand, every parabola, ellipse or hyperbola, of which 
the origin is the focus and r-axis is the main axis, can be expressed by 
the above formulae and is therefore the locus of the poles of the tangents 
of a suitably chosen circle, 

As before, let P,=(x,,y,) be œ point of (6.15) and (£, +) a point of 
(6.16). When the point P, slides on the circle (6.15), the coordinates 


¥,=a+roos 6, y,=b+r sin 8 
are continuous functions of 6. As long as 
ar,by,-r-—a —b 40, 


the coordinates £ and y, are continuous functions of x, and y, and are 
therefore continuous functions of 6. When 
* r =a? + b, 

the circle (6.15) passes through the centre O of the circle (6.14) ; the tangent 
mm this point has therefore no pole. There are zero, one or two tangents 
V. Li ‘through O according 4s the circle (6.15) includes, passes through or 
2 Le seh | excludes the point O. ‘This consideration agrees with the previously 
A, hé. obtained result that the locus of the pole is a closed carve (ellipse), an open 
E — with one branch (parabola), or an open curve with two branches 


LI pss "oy FE 





a) +y’ =a’) l 


è 
ê 
r 
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Rios qd P, and P, the dion with respect toe. 14) 
so tang nts; P, and P, are therefore points of the curve (6.16). The 
dine P, AIA polar of the point P in which p, and p, intersect. We 

- o that no tangent at any point of the are AB of (6.15) passes 
thr ui 0, the centre of (6.14). If B approaches A along this are, 
"OA — m n Hag As the coordinates of P, are continuous 

ms of 6, the point P, approaches P, and the line P,P, approaches 
anat Py Let 
















— PA has the coordi- 
P sentem v/w 
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are continuously altered; for the polar of A with respect to (6.14), they 
take therefore the limit of the values that they have for the line P,P;. 
Hence, the polar of A is the tangent of the conie (6.16) at P. 

Thus, there exists a reciprocal connection between the curves (6.15) 
and (6.16) ; the polar of every point of one of these curves is the tangent 
at the corresponding point of the other curve. 

Applications. (1) A system of nonintersecling coaxal circles can be 
reciprocated into confocal conics. 

The asymptotes of a hyperbola (4.5) are given by (4.3). We define 
the asymptotes of an ellipse (4.4) as the pair of intersecting straight lines 
without real trace (i.¢., the null ellipse) given by (4.2). Both pairs of asymp- 
totes satisfy the analytical condition of being tangents to the respective 
curves through their centres ($ 13). 

Let L, L'be the limiting points of a system of coaxal circles, and 
let us reciprocate the circles with respect to a circle (L) having one of the 
limiting points L as centre. Then the circles will reciprocate into non. 
degenerate conics having a common focus at D. If these conics are 
confocal, they must have also a common centre. Let an arbitrary cirele C 
of the system reciprocate into a conie 5. Since the asymptotes of 5 are 
tangents to S, the poles of the asymptotes with respect to (L) [must lie 
on C and also on the perpendiculars drawn through L to the asymptotes. 
Therefore, to the centre of S (i.¢., the point of intersection of the asymptotes) 
corresponds the straight line joining the points of contact of tangents from 
L to €, namely, the polar of L with respect to C. Thus, all the conics will 
have the same centre if the polar of L with respect to all the circles of the 
system be the same. But this is true, because the polar of L with respect 


to any circle of the system is the straight line through £' perpendicular 





to the line of centres. 
(2  Reciprocate with respect to a circle the theorem that the angle 
in a semi-circle is a right angle. — 


Reciprocation of properties involving angle is based on the — | 
theorem that one of the angles between two straight lines is equal to the 
angle which their poles, with respect to a circle, subtend at the centre of » 
the circle. wr 
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; ‘Thus, the reciprocal theorem in that the intercept on any langeni lo a conic 


| between two other tangents which intersect in a point on a directrix subtends a 
| right angle at the corresponding focus. 








CHAPTER VII 
AFFINITY 


23. Affine transformations. Let the points A, B,.... of the plane 
be put in correspondence with the points A’, B, .... of the plane in such 
a manner that to every (original) point A corresponds one and only one 
point, its "image", A’; and that every point of the plane is also the 
image of one and only one point of the plane. Every correspondence or 
representation of this kind is said to be a transformation of the plane. 
Rigid motions, symmetries, similarities are instances of such transforma- 
tions. In general, every permutation of the points of the plane is a transfor- 
mation. We shall consider here a special class of transformations which 
includes rigid motions, symmetries and similarities as special cases. In 
what follows, the image of any point will be denoted by affixing a dash. 

Suppose that a transformation is such that to every vector there 
corresponds à vector. That means : 


If A,A,=B, B= .... =a, 
then A’ A’,= BB ,= ....=0'; 


that is to say, different pairs of points defining the same vector « are 
transformed into pairs of points defining the same vector a’. It follows 
that if 4,B,=8, then A’,B’,=6", and the vector A,B,=a+6 is trans- 
formed into A’, B’,=a°+f8. This formula holds for arbitrary vectors 
e and 8. Hence, if by a transformation of the plane vectors are transformed 
into vectors, the sum of two vectors is transformed into the sum of the 
corresponding vectors. 

From «= it follows that 2« is transformed into 2a'. The reader 
may prove that in consequence of these suppositions, ra is transformec 
into ra’, where r is any rational number. We shall urther that for 
every real number A, the vector Aa is transformed. into da’. Every 
tenancies eullely ie Shoes oxen ices fe glaa ex M NE mation 







or an affinity. X á pe 
Every vector of the plane is the affine. image « ROT nd only me 
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any affine transformation satisfies the conditions which are characteristic 
of an affine transformation and is therefore an affine transformation too. 
Moreover, two affinities, effected one after the other, furnish a transforma- 
tion of the plane by which vectors are transformed into vectors and the 
product of a real number and a vector is transformed into the product 
of the same number and the corresponding vector. Hence the result is 
an affinity. 

i Analytical expression of affinities. 

W^ - Consider a coordinate system of axes with O as the origin and let the 

points P, Pa, P, have the coordinates (x, y), (x, 0), (0, y) respectively. 
Let the points O, P, P., P, and the two unit vectors Zis a, in the 

. directions of OP,, OP, be transformed by an affinity into 0’, P’, P'a 

. Ee «&,, & respectively. Finally, let the coordinates of O', P’, a’, 
a’, be (ao, Da), (z', y'), (a,, b,), (a3, b,) respectively. 


aE P 















© 
P 
2 i - gaint gn — 
| "Be us. coordinates of O'P” are (x'—a,, y/ —b,). Hence 
| v= Tay + | 
| "A d OT + a, uL +0 (7.1) 
« y =bx+by +b, LC 





T ie determinant ER (dido [s hob zero, because the vectors a,, a, 
‘i are not — This condition ensures that the transformation has its 
inverse. —— an affinity is given by (7.1), Obviously, an affinity 
transforms a st i Tino Hp — 

y given by the linear transformation (7.1), the trans- 
veotors is given by the corresponding homogeneous 
as if the vector (¥,—%1, y,-y,) is. dransformed into” 
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We shall hereafter use shorter notations for determinants whenever 
there is no occasion for ambiguity ; for example, 
a, | 
b, $,| 
|*, Y, l 
(= y lLljor|z, y, l|wilstandfor|x, — y; l 
Xs y, 1^ a 
* 


[a 5]|or]|a, b, | will stand for 





Now, there are six constants in. (7.1) and so six conditions may be 
expected to determine them. Let three points P;=(«,, w;) be transformed 
by (7.1) into the three points P';— (ax, y), i1, 2,3, Then 

a^ mm m, a.i d, 
yim 6.2; tby + b, 
Solutions for (a,, Os, a,,) and (b,, b,, b.) of the above two systems of 
equations exist if the determinant |x y 1]| + 0, ie. if the three points 
P,, P,, P, are noncollinear. 
Again if |a b | = 0, then since 
* m^; — a, zm 0 UH Oy; 
N= b, zb Ka B tje, 
we must have | 
p(x’; — My) * oly’; - b,) zu, ps m +0 
.* 


Or, the three equations 
prockeoy-(pa,tob,)—-0, i=1, 2, 3, - id 
in the unknowns p, o, must hold — — APA 4— 
| "a 


M^ 
j 


c west, 1 











AFFINITY 13 


As before, let the three points (z,, y,) be transformed by (7.1) into the 
three points (z'; y'i) and A, A’ be the areas of triangles formed by the 
two triads of 2g Then 

cme [er y 1] 
-]|ax-agya, bar+by+b, 1| 
=lasaz+ay bar+by 1| 
| ny Sete etUm lee leet 
Therefore =|ab/A 

"Two RU ‘are said to be affine (or “equivalent” in the sense of affinity) 
if there exists an affinity transforming one into the other. Hence, all 
triangles are affine. The length of a vector and the angles between 
vectors will, in general, be altered by affinity. In § 15 we have obtained 
a result which can be expressed in the following manner : 

Rigid motions and symmetries are those affinities by which the scalar 
product of two vectors is not altered. 

. 28.1 Partfeular cases. Consider the transformation 


tex 


y’ = by 

By (7.2), every point of the x-axis is transformed into itself ; an my line 
|. parallel to the x-axis is transformed into a parallel line and any parallel 

=  — to the y-axis is transfomed into itself. In general, any line inte 
ui ar the z-axis in a point is transformed into a line passing through the same 

|| Pointon the z-axis. > 

. To understand this transformation in an intuitive manner when 5 
eu. positive and greater then 1, imagine the plane to be stretched, like an 
elastio membrane, directly away from the axis of x on both sides of 
E that each point is'carried along a line parallel to the axis of y. A 
o poi Eos by). Therefore, a figure will be 
. elo away from the axis of x, When 6 is positive and less than 1, we 


Ss a 


bt 0 O (1.9) 















pre sio towards the axis of x. ‘Similarly, we might have 
chon or EE. towards moy When 6 ia 
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By (7.3), the origin is transformed into itself and any line parallel to a co- 
ordinate axis is transformed into a parallel line. The transformation may 
be factorised into 


x=az r'—ax 
and 


y=by y= y 


both of the form (7.2). The transformation (7.3) is called a strain. 
Consider the transformation 
x'=x + ay 
at). (7.4) 
y-y 


As by (7.4) every point of the x-axis is transformed into itself, so any line 
intersecting the z-axis is transformed into a line passing through the same 
point on the axis. 

As before, consider a rectangle with its centre at the origin and its 
sides parallel to the coordinate axes. Draw lines parallel to-the x-axis. 
Twist the rectangle in such a way that every point of the z-axis is left 
fixed, the parallels are transformed into themselves and any point (z, y), 
not on the z-axis, is carried along a parallel to the point (x+ay, y), so that 
the rectangle is twisted in the form of a parallelogram, as shown in the 


disgram. 





eee) 
ee ^ E 
- - 







If a is positive, any point not on the z-axis — aliel 
through a distance ay towards the right or the left according as the pe nt 
is above or below the axis of x. If a is negative, the “right” and the "left" — 
are to be interchanged. If the whole plane is twisted in this manner, we 
get the above transformation. The transformation (7.4) is called a simpl 
shear. E ceps rS a aa I | — VY NP 








(a T É k * "dy | 
AFFINITY 15 
If a, =b,=0, the factors may be taken as 
gag i sea —— z= —d,x,] , , 
V . y, mE, y, y. by, $ Y my, b, 


23.2 Some invariants. As parallel vectors are transformed by* affinity 
into parallel vectors, a parallelogram is transformed into a parallelogram. 
Let A,A; A,A, and B,B,B,B, be two arbitrary parallelograms. There 
oxists an affinity transforming A,A, and A, to B,B, and B, By this 
affinity A, is transformed into B,. Hence, every parallelogram is affine 
to every other parallelogram. In particular, every parallelogram is affine 
to a square. 
Let P,, P, P be three collinear points and, by an affinity, let them be 
transformed into three collinear points P’,, P’,, P". 


If P\P=pP,P, then P’,P’=pP;P’ 

Hence _ BPP P = PP’ PP 

Thus, the ratio in which a point divides a line segment remains invariant by 
affine mations. For example, the centroid of a triangle is trans- 
formed into the centroid of the transformed triangle. Also, cross-ratio is 
unaltered by affinity. 


Now consider an angle 5/2 between two vectors (a, b) and ( — 5, a). 
Let the vectors be transformed by (7.1) into the vectors (a', b) and (a”, b") 
respectively. So we have z i 
. a' zz aa a,b a= —a,b--a,a 
| =: - ~ and rs 
Aba + b,b b= —b,6+b6 
! In general the angle between the transformed vectors will not be 7/2. 
— But if it is 7/2, we must have | 









a'a + b'b* «0 

a*(a,a; + 6,b,) +ab(a*, + b*,—a*, —b?,)—6%(a,a,+6,b,)=0. (7.5) 
E ypose that the affinity (7.1) is given (that is, the coefficients a; b, 

are knc n) while tbe vector (a, b) is unknown. Then the equation (7.5) 
may be considered as a quadratic equation in a/b. The discriminant of the 


| transforming every pair 
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direction is obtained from the other by a rotation through 42/2. Thus, 
there ix one and only one pair of pencils of parallel. lines orthogonal to one 
another which is transformed by a given affinity, which ts not similarity, into 
another pair of pencils of parallel lines orthogonal to one another. 
Further if we suppose that all right angles are transformed into right 
angles, then (7.5) must be satisfied identically. So 
a,a,+6,6,=0 
+o, -u*, -b* =@ 
From the first of these relations, 
b,/a,= —a,/b,=p (say); or b,— pa, a, — pb, 
Substituting in the second, : 
(p* — 1)(a*, -5*,)20, Therefore p= +1; hence b= Fan b= xa, 
The affinity now becomes 
“=a t+ dy +a, 
y'= + àa x- ay) tbn ` 
the upper and the lower signs corresponding to p= £1 and p=-1 
respectively. These are transformations of similarity, or products of them 
and orthogonal line reflexions and so all angles are preserved. The above 
transformations may be factorised into a rigid motion . - 


` 


fe yay tt aay +a) 


j^ Tar sry (ee tow she 
‘and a dilation or a dilation with an orthogonal reflexion — — 
z' | (aea) |Z o i 
y=+ż | vla, +07) | y - 
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AFFINITY 


Thon a'=ap*, + 2bp.q, + eq", 
b= ap, Pa +P i+ qup.) * eqq. 
c =ap*; +2bp.q, eg, 
a 0! (oe. Pf La b 
velle elis ci 
So, a hyperbola, à parabola or an ellipse is transformed into a hyperbola, 
a parabola or an ellipse respectively. Moreover, a parabola 


By calculation, 


| + 2my= 1 
can, by the affine transformation x =2, y'=my, be transformed into a 
parabola E 
l r"-2zy:-0 
And a central conic 
A | Ax’ + By’? =1 
«an, by the affine transformation 
. 
"m" a= f\ Ax, y =y | B y, 
be transformed into — 
i x"4.'"7.-1, z"7- y'"—l or atte yt -l 


according as A, B are both positive, A positive and B negative or A, B 


both negative. 
Thus, the equations of the normal forms of a parabola, an ellipse, a 
la and a second degree curve without real trace are respectively 
(7.6) 


wy’ =l, +y =l 


. æ +2y=0, yel, 


it follows from what was stated at the end of $ 23 that all parabolaa 


all ellipses are affine, and all hyperbolas are affine. Accordingly 
the parabola, 


Hegge: 
are affine, 
there are four nondegenerate conics in affine geometry : 
de ele. the hyperbola and the conic without real trace. A circle is 
re ì as a particular form of an ellipse. Circles, however, are not only 
but they are similar, since any two circles are equivalent with 
ao. Also, all parabolas are similar. 
ty oints A, B of a circle be joined by lines to other points 
Tut Uie olrole. We then obtain two peneils of lines with 
t A and B in which there is a one-to-one correspondence 
of the pencils such that two corresponding rays 
he circle If the pencils are denoted by (4) and (B), 
: Euer (A) is equal to the angle 
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between the corresponding rays BP,, BP, of (B). Therefore the cross- 
ratio of any four rays of (A) is equal to the cross-ratio of the corresponding 
four rays of (B). Now, let the circle be transformed by an affinity into 
an ellipse. Then the pencils (A’), (B’) into which (A), (B) are transformed 
by the same affinity have also the property that the crovs-ratio of any four 
rays of (A!) is equal to the cross-ratio of the four corresponding rays of 
(B), two rays being corresponding when they intersect on the ellipse. 
But it does not, however, follow that the angle between two rays of (A’) 
is equal to the angle between the corresponding rays of (B^). 
This property of equi-cross-ratio is not characteristic of an ellipse 
alone, As an example, consider the four lines 
L= x+y+1=0, l=xr—y+1=0, 
l.=-a2-y+1=0, l,zr—y-1-20 


and the two pencils of lines 
yh + M. — 0, yl, + AL, =0, 


whose centres are the points of intersections of l, =0, 1,20 and | —0, L,=0. 
We put the rays of the two pencils in a one-to-one correspondence by 
giving the same pair of values to y, A in the two pencils, By this corres- 
pondence, the cross-ratio of ;any four rays of one pencil is made equal to 
the cross-ratio of the four corresponding rays of the other. Now the locus 
of the points of intersection of the corresponding rays of the two pencils is 
obtained by eliminating y, A between the equations of the two — 
Thus the locus is 


r+y+l r—y-l. 





= 
"e -rz—y*1 r-y-l 
Or - r*—:—120, 
which i8 à hyperbola. Ib is easily acen that the coptres of the 
lie on the hyperbola. 


24.13 Conjugate diameters. By a diameter of a central conic we shall 
mewn era ln parsing oon th cn oh oni the mg | 
of this line intercepted by the conic. In the latter case, the length of tho — * 
segment is called the length of the diameter. By a diameter of a. para D 
we shall mean any line parallel to the axis of the parabola. MIN. 
Consider two orthogonal radii OA, OB of the circle z* «yl — 
Shenton ain PE. ‘Be (£y. v) Canon dat the oi 
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Then the vectors (z,,y,), (—¥Y..%,) are transformed into (ax,. by,), 
( —ay,, bx,); or, putting ar, —£, by, =n, OA, OB are transformed into the 
vectors 


E n) Cp 


respectively. Therefore, the orthogonal lines OA, OB are transformed 
into the lines 


vx’ — fy’ =0, 2 ge += ny =0 


Thatis to say, if the circle +*+y*?=1 be transformed into the ellipse 
x? [a? y? [D =I, 

then two arbitrary orthogonal diameters of the circle are transformed into 

the two diameters 


nr -—Éy-9, P dz $y =0 (7.7) 


of the ellipse, where £, ; are arbitrary. Two orthogonal diameters of the 
circle are called conjugate diameters of the cirele and it is evident that each 
of two conjugate diameters of a circle contains the middle points of a 
system of chords parallel to the other. We can see that this property also 
holds among the diameters (7.7) of the ellipse, because parallel lines are 
_ transformed into parallel lines and middle points of segments into middle 
points of segments by an affinity. We shall, however, prove this important 
result directly as follows : 

Let P,-—(r,, Ya) be any point of the ellipse. The coordinates of ay 
point P, of the line passing through P, and parallel to the vector (£, » 
it., parallel to the first of the lines (7. 7) are (x, + pË, Ua T pr). The coor- 
. dinates of the middle point P of the segment P, P, are given by 


ema, +E, y=, + fr 


CORE 


— is zero, since P, is on the ellipse. Therefore 


RM 
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Substituting the value of p/2 in the coordinates of P, we have 
x= a"n (na, — £y, )/ (7 E + an?) 
y= —b°E(nx, — Ey,)/ (P £* + a*n") 
Therefore the locus of P, obtained by eliminating z,, Va, is 


bfx+a*ny=0, or P ta Tum 0 


Henoe, the second of the two diameters of (7.7) contains the middlu 
points of chords parallel to the first. It can be seen similarly that this 
property remains true if we interchange the diameters. Two diameters . 
of an ellipse, each of which contains the middle points of the system of — 
chords parallel to the other, are called conjugate diameters of the ellipse. 
Thus, two conjugate diameters of a circle are tronsformed into two 
conjugate diameters of the ellipse into which the circle is gear as by 


an affinity. 
The first of the — diameters (7.7) meets the ellipse in the 
points | . à € 


T GS. 5 where C=a"y? bg bs | j 


It may easily be verified that the tangents to the ellipse at these points 
are parallel to the second of the conjugate diameters. Thus, the tangent ^" 
al any ectremity of one of two conjugate diameters of an ellipse is parallel — 
to the other. 

As an application, suppose, as before, that the given circle is trans- 
formed into the ellipse by the given affinity. Any square inscribed in the 
circle is transformed into n parallelogram inseribed in the ellipse. T As the >, 
diagonals of the square are conjugate diameters of the circle, so diag a 
of the parallelogram are also conjugate diameters of the ellips 
the area of the parallelogram is ab times the area of the square i ne 
of the given transformation. Since all squares inscribed | in the * given 
circle have the same area and ab is constant, therefore all p arallelograms 
insoribed in a given ellipse whose diagonals are ¢ nju liameters has 
the same area. - E 
.— The slopes ($4) A, A’ of the two conju 
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The axes of an ellipse are the only pair of conjugate diameters which are 
orthogonal, unless the ellipse is a circle. For, if there exists a pair of 
orthogonal conjugate diameters, other than the axes, we must have 
AA'z —1; therefore b*=a*, Further, if there exists a pair of conjugate 
diameters of the ellipse which are equally inclined to the axes, we must have 
A= =À”. So, 

M=6'/a*, or A=+b/a 
The equations of this pair of conjugate diameters are 

bx—ay=0, bx + ay=0 


| Therefore, they are the diagonals of the rectangle circumscribed about 

| the ellipse. 
In the case of a hyperbola 2*;a* — y*/b? z 1, takea diameter »2—fy=0. 
Then, as in the case of an ellipse, it may be seen that each of the two 


3 | nz — £y 0, P ta- £ yy=0 (7.8) 


of the hyperbola contains the middle points of the system of chords parallel 
to the other. Two diameters ofa hyperbola possessing this property are 
= called conjugate diametera of the hyperbola. As in the case of an ellipse, 
e. the tangent at any extremity of one of two conjugate diameters of a hyperbola 
(48 parallel to the other. 
i The slopes A, A’ of the two conjugate diameters (7.8), other than the 
* axes, are 
M "6 -and b'f/a'y 
ae _ Therefore, for any pair of conjugate diameters of the hyperbola, 
hs «t AA AM zB? ja? (1.87) 
PEN Ed bove that two conjugate diameters are equally inclined to each 
e and are separated by it. If there exists a pair of conjugate 
ameter of which has the same inclination to one axis as the other 
has to MN o sus arh aD, ao toat ithe hyperbola is 
' net ia y — are then «+y=0, z—y-0 and a pair of 
| ate diamoters are | 
el ps is hage 
ERU de duph inf c 
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If two conjugate diameters of a hyperbola coincide, it follows from 








(7.8) that 
x £ 
LT a 3-9 
or Cy! za*jb*, Therefore £/5- +a/b. 


That is to say, a diameter which is its own conjugate is either be — ay —0, or 
bx+ay=0. But these are the asymptotes of the hyperbola. Thus, each 
of the two asymploles is a self-conjugate diameter of a hyperbola. Strictly 
speaking, however, an asymptote has no conjugate, because there is no 
chord parallel to it. 

In the case of a parabole, y*—2pz, take a vector (Ê. n) not parallel 
to the axis of the parabola. Then, as in the case of an ellipse or a hyper- 
bola, it may be seen that the middle points of & system of chords parallel 
to (£, 5) lie on the line 


Bei and (js e samen he a give ssn OE RE 

- given parabola. Therefore, the middle points of a system of parallel c M Diara 
of a parabola lie on a line parallel to the axis of the parabola, that is, ona, a 
diameter of the parabola. As in the case of an ellipse and a hyperbola, the , 
jtiano 


of chords bisected by the diameter. X 
Consider four diameters of an ellipse (or of a hyperbola) "d 
mz—Ey=0,  »,r-f,-0, M 
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24.2 Transformatlon of conjugate diameters by simple strain, 


(1) Elipse. Consider » flat rectangular bar ABCD of any 
elastio uniform material on one face of which lines and a circle are 
drawn, as in the figure. We A $ 8 + n B 
imagine that the bar i» sub. G 
jected to pressures on the two 
ends AB, DC orthogonally 
while their lengths nre kept 
unchanged, and that there is 
no bulging of the faces due to D ^4 F T c 
pressure. All segments EF parallel to AD will then remain fixed in position 
but their lengths will be shortened to E’ F” in the same ratio r=| E'F’j/ EF ;, 
say. All segments GH parallel to AB will be carried into parallel segments, 
with the exception of one segment PQ which will remain fixed, and their 
lengths will remain constant. 

Let the line PQ be taken as the axis of x. A line p drawn on the 
face with a slope tano will be carried into a line p’ with a slope r tan e. 
The transformation of the kind considered here is a simple strain or 
compression ($ 23.1). For the sake of simplicity, let the equation of the 
circle be x° +y* =a? and let d be a diameter of the circle with slope tan 9. 


Then the conjugate diameter d has the 
slope tan (2/2 $9) or —cot o. Since a 
point R=(x,y) of the circle is carried 
9 into the point R’=(x, ry), the equation 
CN of the circle is transformed into 
E | xja’ +y?/b7=1, where b ra. 
L Thus, the circle is transformed into an 


ellipse; and d',d'into which d,d are 
~ carried have slopes rtan e$, —r cot ọ 
y. Therefore, the product of 


ve slopes of d', iis equal to 
e =r = —/*/a* 


3 Hence, s by. Eo diameters of the ellipse, as is to 
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called the eccentric angle for the point R’ of the ellipse, The coordinates 
of R' are therefore 

(a cos e, b sin 4) 
in terms of the parameter e. Thus the parametric equations of an ellipse 
are the same as given by (4.15). The coordinates of the extremities KR’ 
and ,S' of two conjugate diameters of the ellipse are 


(a cos Q, ; sino) and (—asin ¢, b cos e) 


Therefore, the sum.of the squares of half the lengths of any two conjugate 
diameters is equal to 


OF "- lOS P=a*+b* 


and is therefore equal to the sum of the squares of half the lengths of 
the axes. 
' (2) Hyperbola : Considera square lamina ABCD of any uniform 


RE 4 g Clastic material. On the lamina draw the 





diagonals ¢,c, two lines d, d through the 
centre O equally inclined to the diagonals, the 
line PQ through the centre O parallel to AB 


P m Q and the portion of the rectangular hyperbola 
Z/ of which the lines c, c are the asymptctes, 
We imagine that the lamina is subjected to 


B M y ut tensions at the two ends AB, DO while the 
lengths of segments parallel to AB are kept constant, the line PQ is 
kept fixed in position and that there is no bulging. The lamina will then 
be elongated into a rectangle; lines parallel to AB, other than PQ, will 
move parallel to themselves ; lines parallel to AD will remain fixed in 
position but their lengths will be increased to A'D in the same ee 


r=| A'D'/AD\, say. The diagonals c, € will be carried into the diagonals 


c', œ of the rectangle. Let the line PQ be taken bs the axis of x. Then 
any line p on the lamina with a slope A will be carried into a line p’ with ji x 
—— Seeman of ts Tiat v : 


F. v 
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the equation of the rectangular hyperbola jis transformed into 
z'[a* —y?*[b? —1, where b «ra. 
If the slope of d is tang, then 


that of d is tan (2/2—6) or cot; 


therefore, the slopes of d', d' are 
r tan $ and r cot o and their product 
is equal to 
9? mb*/a*. 
Hanes, by (7.8'), d', d' are conju- * 
gate diameters of the transformed — as is to be expected. 
Similarly, the nsymptotes are transformed into asymptotes. 
As in the figure, the circle described on the axis EF of a hyperbola 

4s a diameter is the auxiliary circle of the hyperbola. If R is à point of 

the hyperbola, N the foot of the perpendicular from R to EF and NT 2 = 
the tangent to the auxiliary circle touching it at T, then the angle o | 
between the positive x-axis and OT is called the eccentric angle for the © 
point R. The coordinates of A', the point corresponding to R, are then 

(«sec o, 6 tan @) 
in terms of the parameter ¢ as given in (4.16). The two hyperbolas have 








the same auxiliary circle and we have the same eccentric angle for the 
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CHAPTER VIII 
INVOLUTION 


25. Projective pencils of lines. Let the equations of two concurrent 
lines g, and g, be L(x, y)=0 and l(r.y)-0 respectively. It has been 
shown in $ 7 that these two lines determine a pencil, and that if g, p 
beany two lives. of the pencil, their equations can he written as yl, 4 AZ, — 0, 
YT, +A'1, = ond that the cross-ratio of the four has the following aE 


~ (Iz 99") - Ay | yr’. 
We give below the formula for the — of any four lines of the 
pencil. Let the equation of a line g} be j41l,- vl, 0; similarly for _ 
„three other lines gw, gi gj. Suppose we represent the equations of gi, Gw 
by new symbols f, —0, f,=0 respectively, i.e., 
m pal, 4 val, = fis Bal, vul. f, s 
If we solve these equations for 1, and l, in terms of f, and f,, then 


pl, — vf, — vif. Pli= pif:— Pmfi where P= PV 77 Vim 
Substituting these values of J, and l, in the equations of ge, gy and 
remembering that the equations involved are linear which, when equat 
to zero, represent lines, the equations of gp. gm, gi gy can now be written 
. respectively as 





J, =0, f,=9, 
(nive — vitm), — (eve — via)f 0, (urn = Wall, a » r - 
Hence applying the above result, we have a 
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lines of one pencil is equal to the cross-ratio of the corresponding four 
—. lines of the other pencil, this cross-ratio being determined by (8.1). 

$: In two projective pencils, let the three different lines g,,9g,.g, with 
equations [,=0, 1,—0, l,+l,=0 of one pencil correspond respectively to 
the three lines g’,, Q's 9°, with equations l, —0, V,=0, l', -P,-0 of the 
other pencil As 7, and /, may take arbitrary factors, we can always so 


r 9 
> * 


h arrange that the lines g,, g, g, are represented in this manner. Sis 
$ the lines g and g' of the two pencils whose equations are A es * vl: = 
: ul", Vw, =0 are corresponding lines, hecause J `: 
E /08.9.. 0,0) = w/v = (9.9. 0.9 )- E, 
If any two corresponding lines have a point in common, that point must 
_ Satisfy the equation | 
3 L O h 


+ 


D, VU, 


| | Since the l's and l's are linear funotions, this equation is generally of the 
. second degree in x,y and so represents a conic. We shall however take 
up this question of projective generation of conics in a subsequent 
| chapter. 
- "Two pencils of lines which have the same centre are called concentric 
7 pencils. If two nonconcentric projective pencils are such that their 
corre 1 ig lines intersect on & line, then the pencils are said to be 
(0 perspective has been shown in § 7.1, perspectivity is a special case 
of jare t, because cross-ratio is unaltered by projection. Two 
Y ng ‘nonconcentric projective pencils are perspective if and only if the line 
posse centres corresponds to itself. 
` Consider two concentrie pencils, Each lino through the common 
oan now be regarded as belonging to either pencil. Let there be 
projeeti cen the pencils in which auge. Ja Jas g! considered 
z to one pencil correspond r to the lines gr, gm: Q6 9 
lered as | | to the a - 


E 
LE ati ns E ache: we have by (8.1) 
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» the equations of ge, Qe» gi are known. The above equation can. then be 
written as 
pp’ sa, + ayy ! 
(8.2) 
pv bu byv, 
where p is an arbitrary constant, other than zero, and the a's, the b'a 
known constants. The equations (8.2) constitute a linear — 
g — g', between the lines of the two pencils. As thisis a one-to-one corres. 
pondence, we must have 
| a,b, —b,a, $Ô. 
So, the inverse, g' — g, is given by 
^. epum —b,u' e a,v 
av bp’ —a,v L 


Eliminating p between the equations (8.2), 

bap’ + bavu’ —a,uv' — avv =0 (8.3) 
Equations of the form (8.2) or (8.3), where the a's and the b's are constante, 
are known as the bilincar or homographic t transformations. 


26. “Involution of lines. In a projectivity between two concentric 
pencils, a line g considered as belonging to one pencil corresponds to 
a line g' belonging to the other. But we can alsó consider g and g as 
belonging to the second and the first pencils respectively. When this - 
is so, it follows from (8.2) and its inverse that, in general, and. r — 
not corresponding lines in the projectivity. In the sp 
g and g’ correspond to one another doubly, ie, g e> 9’, 
is known as an involution. 
Suppose that the projectivity considered above is an i 
Then, interchanging p, p’ and v, v’, we have, from (8.3), the two « 


bpp * b,vu* — Gui. tvy” -0 | * 
by p+ by (ha aypv—ayiv—0 : 
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paired off in a definite way. Two corresponding lines of an involution are 
also called conjugate lines. 

Since the condition b, 4- a, —0 holds, the equation of an involution ean 
be written, by (8.3), as 


c,np! + Cy (ny va) ee, =0 where c,0,—62 +0 (8.4) 


From (8.4) it follows that two such equations are necessary to determine 
the ratio e, :6,:c,. That is to say, an involution is determined by two 
pairs of corresponding lines. This can also be seen as follows : 

Suppose (ga, g'a) and (gs, g's) are to be two pairs of corresponding lines 
of an involution. Since a projectivity can be established by three pairs of 
corresponding lines, we determine the projectivity in whieh the three lines 
Ja, Go, J'a correspond to the three lines g's g^, gq respectively. This 

|. projectivity is the required involution, because ga <-— g^, 
T Let us now enquire whether there is any line which corresponds to 
itself in the involution. If the two corresponding lines g, g' coincide, we 
can write 


* ppp, wempv 

' Bo, from (8.4), c,n* + 2e ayt cs? =O (8.5) 
The discriminant of this equation is —4 (c ie 7 62). There are two possi- 
bilities : 
Ki 3* 32. EN < 0, the discriminant is positive ; and so there are two 
: lines which are called the double lines of the involution 
rO! ition is + alled a hyperbolic involution. 
(2) 1f ee, - e > 0, the discriminant is negative ; and so there is no 
double line and the Ínvolution is called an elliptic involution, 
— ospite (gy. g,) and (g, g) be two pairs of corresponding 
es whose equations are, as before, _ 
| — 1,20, l, «0 pl, + v0, pl, -v1,20 
Since ( pris antes by the constanté (1,0), (0,1) in the equations 
of g,, 9 ye must have c,—0. Thus tlie^normal form of the equation of an 
involut ic on i 
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therefore the involution is hyperbolic or elliptic according as pp'/w> 0; 
but up'[v»' has the same sign as (up /vv)(v?/u°)=vp' / nv' = (g, 9,99). Bo, 
the involution is hyperbolic or elliptic according as the cross-ratio 
(9, 9» 9 9°) =O, where (g,, g,) and (g. g') are any two pairs of corresponding 
lines. Thus it follows that in an elliptic involution any pair of corresponding 
lines are separated by any other pair of corresponding lines, but in a 
hyperbolic involution pairs of corresponding lines are not so separated. 

In a hyperbolic involution, let the double lines be chosen as the 
fundamental lines g,,g, with equations l =0, 4 =0 and let the lines g, g* 
with equations 

ul, 1,20, p'l,+vl=0 

be a pair of corresponding lines. Since the constants in the equation of 
each of the double lines must statisfy (8.5), we have c,=c,=0. Therefore, 
the normal form of the equation of a hyperbolic involution is, by (8.4), 

pv + u'vzzt, (8.7) 

vu fp =l, or (9, 93, gg) —1 

Thus, the double lines of a hyperbolic involution are harmonically separated 
by every pair of corresponding lines. If, in particular, the double lines are 
orthogonal to one another, then any two corresponding lines are equally 
inclined to the double lines. 

Now, suppose that two involutions have a pair of corresponding lines 
in common. If the equation of one of these involutions be in the general 
form (8.4), the equation of the other can be thrown into the normal form 


(8.6). Let the equations of the involutions be x 
aup’ +a lav + vy") ta — 0 ; 
and bap’ +byvv=0 - 
Put u/v—£. Then, from the second equation, 
Kv m — bulb 


Substituting this value of 1'/»' in the first equation, — 
agral- — C Rs 


bia gs 4 (ui Pas arai 
» ^T i ti ' " 5 " ui I- w T 
Bu NL Ls r 
a xz^ - B ovi. ^ A) 
j b XT .- = —E E © "a. kd , 4 AS = 
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this is positive if b,/b, — 0; and 6,/b,>0 implies that the second 
involution is elliptic. Thus, two concentric involutions of lines, of which 
at least one is elliptic, have a common pair of corresponding lines, 

Every hyperbolic involution contains just one pair of corresponding 
lines which are orthogonal, namely, the bisectors of the angles between 
the double lines. If at least two pairs of corresponding lines of an involu- 
tion are orthog nal, then any other pair of corresponding lines are also 
orthogonal. For, let the equations of two pairs of corresponding lines be 


[, 20, 1, 0 and litih = 0, ul, v1, — 0 
Then the equation of the involution is given by (8.6), namely, 
cpp + cvv! = 0 
But then if the two lines /, = 0, L — 0 as well as the two lines 


altel, = 0, — al, v0, — 0 are orthogonal, we must have c, = c,. 
Therefore the equation of the involution becomes 


pau vv = 0 
which shows that any two corresponding lines are orthogonal. 

This kind of involution is called an orthogonal involution or a circular 
involution, and evidently it is elliptic. 

If two pencils with different centres are projective or, in particular, 
perspective, an involution in one pencil gives rise to a corresponding involu- 
tion in the other. Every involution perspective to a hyperbolic (elliptic) 
involution is hyperbolic (elliptic). 
|. Every elliptic involution can be put in perspective to an orthogonal 

+ involution. For, let two pairs of 
corresponding lines of a given 
elliptic involution cut n trans- 

ie = veral in the points (A, A’) 

: (B , B’). Describe two circles on 

Aa’ and BB’ as diameters. If 

| > be one of the points of intersec- 
ior APA) two circles, the lines 

P and (PB, PB’) are 


vil of corresponding lines 
hog gonal involution perspective to the given elliptic involution. 
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G. of one row to correspond to any three points G'a, Gy, G', of the other. 
Two points G, G' of the two rows correspond to one another in this 
projectivity if 

(Ga Gy Ge G) = (C'a Gy, G', o) 
There is however one exceptional case as has been noticed in $ 7.1. Ina 
given projectivity, there are, in general, two particular points, one of each 
row, for which the corresponding points do not exist. 

Two rows which have the same base are called cabasal rows. If two 
projective rows with different bases are such that the lines joining the 
corresponding points are concurrent, the rows are said to be perspective. 
Perspective rows are special projective rows. Two projective rows whose 
bases intersect are perspective if and only if the point of intersection corres. 
ponds to itself, 

If the projectivity between two cobasal rows are such that a point A, 
other than one of the particular points in the exceptional case mentioned 
above, has the same corresponding point A’, whether A is regarded as 
belonging to the one or the other row, i.e., if two corresponding points 
correspond to one another doubly, A <-> A’, then the points of every 
pair correspond doubly and the projectivity is called an involution of 
points on a line. In an involution of points, the points are paired off 
in a definite way. There is, however, the exception that in an involu- 
tion there is, a particular point whose corresponding point does 
not exist. This particular point is called the centre of the involution. 
Consider an involution of lines in which (a, a), (b, b’),......are pairs of 
corresponding lines and let a transversal p meet a, a’, b,b',......in A, A’, 
B,B',...... Then (A, A’), (B, B'),......are pairs of corresponding points 
of on involution of points, ‘There is, in the involution of lines, a line g^ 
parallel to p ; if the line g of the pencil corresponding to g' meets p in G, 
then G is the centre of the involution of points. 
























! An involution of points is determined by two pairs of corresponding — 

" points, Also, as in the last article, an involution of pointe is of two kinds : dms 

hyperbolic and elliptic. Hyperbolic involutions have two double - points * 

which separate every pair of corresponding points harmonically. Elliptic — 
| involutions have no (real) double points and any pair of corre Dot ding — — 
Ls ] points are separated by any other. — 
Let A, A’, B, B', Oi bo nix drei points of «oe dX owo 

other points of the same line, Let the coordinates. — from — 


LED e e pee d line ($1). — — es | 
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(AB, CX) = (A'B', C'X'*) 


= (a—c) (6-2) m (e) b -r 
(b-c)(a—-z) | (W—e) (@’— x) 
As the quantities a, a', b, b, c, c are constants, the above equation can 
be written as 
g pre +ge+rz +s = 0, (8.8) 
where, p,q, r, $ nre constants, This isa projective or homographic trans- 
formation of points on a line provided that the left-hand side is not 
resoluble into factors, the condition for which is ps- gr Æ 0. 
If the projectivity is an involution, then, as in the last article, q—r. 
So, the equation of an involution of points is 


3 prr'-4qí(r-z)tsz0 (8.9) 
The double points of a hyperbolic involution are given by the roots of 
the equation 

pe + 2qxr+a = 0, (8.07) 


a provided that the roota are real, Equation (8.9) can be written as 


(2+2) (v+2)-£-<, po 


if the coordinate of one of the points X, X’ is —4/ p, the other point 
 eannot be determined, Therefore if O be the point whose coordinate is 
oP, then [n is the centre of the involution. Changing the origin to O, 
thee | 














d rr’ = k, (8.10) 
P- | ERU Rico octutent, Thus, the centre O of an involution has the property 
"C: È 

4 


OA. OA’ =OB. ÓB'— OC. OC’ =...... (8.11) 
eee tA; ER (B. B'), (C, C’), are pairs of WOO MENSURA of the 
eoa ut The converse is also true, namely that if (8.11) holds then 
A, A’), (B, J+... -aro pairs of corresponding points of an involution. 

iis — 


ved by retracing the steps. 
ositive constant, there are two double points given by 
j | — or æ= tvk, 
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If k is a negative constant, there is no (real) double point and the involution 
is elliptic. The centre of the involution lies between any two correspon ding 
points. 

Applications. (1) To find by construction an involution when two 
pairs of corresponding points are given. 

Let (4, A’), (BH, B’) be two pairs of given points on a line g and P 
a point outside g. Draw two circles threujh A, A’, P and B, B', P and 





let the circles intersect in a second point Q. Let tbe line PQ meet g - 
inO. Ifan arbitrary circle of the pencil of circles drawn through the 
points P, Q meet gin C, C", then 
OP. OQ = OA. OA’ = OB. OF = OC. OC" 

Hence, by (8.11), (A, A’), (B, B"), (C, €") are pairs of corresponding points 
of an involution of which O is the centre. If O lies outside the segment PQ, 
then there are two circles in the pencil which touch g in the points E, F. 
The involution is then hyperbolic and E, F are the double points. 
Otherwise the involution is elliptic. 

(2) Since the power of » point on the radical axis is the same for 
all circles of a coaxal system, any transversal is cut by a system of coaxal 
circles in paira of points of an involution. g 

EY. oc —9 te 17 

274 Involution of Sone points and lines with respect to a 
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where the l's are linear functions. This shows that the polars 
current, Moreover, if 


A" = (4/2, Aus YY HAY), yt =I, 
is any other collinear point, the equation of the polar of A’ is «T, + A'L, = 0. 
Therefore if a,,a,,a,a' are the polars of A, A,, A, A' with respect 
to the conic, then the cross-ratio 4 
(A, A, AA’) = (a,a,, aa’) = Ay’ [A t 

Clearly, if the collinear points lie on a line g, their polars pass through the 
pole of g. Now, let (A, A^, (B, B’) be paira of conjugate points of a 
line g with respect to a conie and let @ be the pole of g. If the lines 
a, a^, b, b^ are the polara of A, A’, B, H' respectively, then a, a', b, ly 


are cores 



















are the lines GA’, GA, GB', GB. We then have ° 
| (AA’, BB’) = (aa', bb’) and (aa, bb’) = (A'A, B' B) 
J Hence (AA’, BB’) = (A'A, B' B) 


In this projectivity, the corresponding points correspond to one another 
doubly. Since this is true for any pair of conjugate points we conclude 
that the pairs of conjugate points with respect to a conic on a line, which is 
not a tangent to the conic, are pairs of corresponding points of an involution. 
If the line g meets the conic in two points E, F, every pair of 
conjugate points are harmonically separated by E, F. So, E, F are the 
double points and the involution is hyperbolic. Ifthe lineg does not 
meet the conic, there are no (real) double points and the involution is 
5 elliptic. 
I In a similar manner, since (aa’, bb’) = (a'a, b/b), the pairs of conjugate 
lines with respect to a conic, through a point not on the conic, are pairs of 
corresponding lines of an involution. If the point is outside the conic, the 
two tangents to the conic drawn from the point are the double lines of the 
involution and the involution is hyperbolic. If the point lies inside the 
— conio, the involution is elliptic. 








CHAPTER IX 
GEOMETRY IN THE EXTENDED CARTESIAN PLANE 


28. Points and line at Infinity. We have up till now been dealing 
with geometry in the ordinary Euclidean plane where there is the basic 
axiom of Euclidean parallelism. In 5 § 7.1 and 9 we have noticed that if 
in the eross-ratio (AB, CD) = a; b three of the four collinear points and 
the ratio a : ò are arbitrarily given, then, with the exception of n special case, 
the remaining point can be determined. In § 13 it has been noticed that 
the polar of a point with respect to a central conic exists, unless the point. 
is the centre of the conic. Andin § 27 it has been seen that in a given 
projectivity hetween two rows, the point corresponding to a given point 


can be determined, unless the given point is one of the icd — | 


considered there or the centre of an involution. 

In order to avoid these exceptional cases and to make our geometry 
more consistent and useful, we extend the Euclidean plane by introducing 
new elements which are merely our assumptions. These new elements 
are points and a straight line, and they are called the points al infinity 
(or, the ideal points) and the line at infinity (or, the ideal line), We 


extend every row of points by one point at infinity, the points at infinity . 


of different rows being identical if and only if the bases of these rows are 
parallel lines. Furthermore, we assume that the lino at infinity passes 


through every point at infinity and through no other point. "The plane ~ | 


thus extended shall be called the extended Cartesian plane, or simply, the - 
extended plane. In future, the points and lines of the nonextended’ 
Euclidean plane shall be called ordinary points and lines. Thus ‘point’ and 
‘line’ in the extended plane may be either ordinary or at infinity. — 
The pencil of lines passing through a point at infinity P consists 
therefore of a pencil of ordinary parallel lines together with the line at 
infinity. Thus there exists a one-to-one correspondence between ir 
pencils IT of ordinary parallel lines and the points at infinity P. 
line joining an ordinary point P, with P is the line of the pencil IL ps 
through P, and obviously shines exists one and only one such line, Two 
ordi, noiniá am janati tbe extended plane by a lino in the same 
manner as they are joined in the —— — nd Np OE 





* 
* 
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T'wo distinct points are joined by one and only one line. 

Two distinct lines intersect in one and only one point, 

For, if the two lines are intersecting in the Euclidean plane, they 
intersect in no other ordinary point and in no point at infinity, aa 
the points of infinity of these lines are different ; if the lines are parallel, 
they intersect in one point at infinity and in no ordinary point ; and 
if one of the lines is the line at infinity, they intersect in the only point at 
infinity of the other line. 

r The above pair of properties have their implications that we have to 
expect by making the extension we have made. Certain notions of the 

Euclidean plane cease to be applicable unreservedly in the extended 
è plane. As for example, the distance between two points exists only if 
4 both the points are ordinary; the angle between two lines exists only 
^N if both the lines are ordinary. There is no possibility, for example, of 
= drawing a perpendicular from an ordinary point to the line at infinity, 

i As in $ 7.1, consider a pencil of lines with centre S and a line g 
e meeting the lines a, 5b,......of the pencil in the points A, £,...... If 
k the line - p of the pencil is 

i parallel to g, then p and g 

- meet in a point at infinity P. 

. In order to understand the 
structure of the line, suppose 
„that n line r of the pencil (S) 
NU oig from any definite 
. position. rotates about S in 
any sense through an angle 
ms ‘thus describing the whole of the pencil) What happens to the 
ing point Rong?! It moveson gin a certain direction —— 
oup. different positions until it coincides with the point at infinity P 
— . and then it appears.on the other side of the starting position and, moving 
DP in the same direction as before, comes back to the original position, "Thus, 
F as the line r describes the whole pencil, the point R describes the whole 
lineg, So, a line is to be regarded as a closed figure. To assist the idea, 
| circle be drawn through S and let the lines a, b, p... .of the pencil 
meet the circle in A’, BY, P'...... If the tangent fto the circle at S 
mee bg in CO oda gra the letter 7". So, to every point 

e nc — OF We aingie; Sud converenly. It can now 
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determined as stated. In the above chain, bei eve d 
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in a point at infinity, the line at infinity being a line of this pencil. So, 
every pencil has a centre, The set of all points (including the point at 
infinity) on a line shall now form a row. So, every line (including the 
line at infinity) can now be taken as the base of a row. Hence, a row 
ean be obtained as the section of a pencil by a line and a pencil can be 
obtained as a projection of a row from an external point. The rows 
which are the sections of one and the same pencil are perspective and two 
perspective rows have a self-corresponding point, namely the point where 
their bases meet. Two pencils whith are the projections of one and the 
same row are perspective and two perspective pencils have a self. corres. 

ponding line, namely the line joining their centres. Conversely, if two rows 
or two pencils have a self-corresponding element, they are perspective. A 


row and a pencil are perspective when the pencil is a projection of the row 


or the row isa section of the pencil. In this case, a point of the row and 
a line of the pencil are corresponding elements if they are conjoint, ic, if 
the point lies on the line, 


Let (4,BjC,......) or (s) denote rows whose points are A, Ba 
Gana. sae on bases s; i21,2,3,.. ....Similarly, Let (ade;......) or (S). 
denote pencils whose lihes are a, b, c...... through centres Sj. The 


rows and the pencils are obtained as follows: Project the row (A,B8,C,....) 
50 as to obtain the pencil (a,b,¢,....) ; take the section of (335,065...) 


so as to obtain the row (4,B,C,....); again project —— L3 


as to obtain the pencil (a,b,c... A and so on. In this way, wes 
sequence of alternate rows and — 


(4,), (S): (e), (S J (s,), (8,). a ws RYAN , 
any two consecutive forms being perspective, In this chain of obda 
and sections, to any element of one form corresponds a definite element 
of another form. For example, to the point A, of (s,) corresponds the 


line a, of (S,) and also the point A, of (s,). Since cross-ratio remains - 
invariant by projection or section (§ 7.1), any two forms in the above 


chain are projective (§ 25) and the corresponding elements in them are 


lines 4; need not be all different. That is, we may have - 
Laden me Reed i 
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Take two points U, U’ on the line joining any pair of the given 


s” corresponding points, say A, A’; let the lines U B, U’ B' mect in p” and 
e . UC, U'C' meet in C" ; join B", O" by a line 4” to meet the line UU’ in A". 
Then the rows (A BC....)j and (A'B'C'....) are each perspective to the row 

| (A" B*C"....) and are —— — to one another. To find the point 
iie < DY of (4) — corresponds to a point D of (a), we join U and D to meet a" 
> " in D"; then D' is the point of intersection of the lines U'D* and s. If D 
* is the — at infinity on s, we have to draw the parallel to s through U to 

. ! i A 







=+ 


— 


Hip Df end then obtain D” as before, To the point Q= E' in which 
A anda’ meet corresponds the points Q’ and R obtained by the 
e" | samo construction 
MIn the porspectivity between the rows (a) and (a*), iridis | point P of 
| (5) be such that the line UP is parallel to s", then the point P", which 
. corresponds to P, is the point at infinity on s”. In any perspectivity 
“between two rows thar ar, in genera two such points P, one belonging 


— to each 

COTES three lines a, b, c through a point S to correspond 
(o res] ec ud Ne tpe own, b’, c' through a point S^, S and S being 
.-. dist In what follows it will be convenient to denote the point of 
— n of two lines, p and q say, by the notation pg. 

EN Take eo line wo throng hs pla uten of any pa ft 
given e respondi, Fr a’ ; let the points bu and 5'u' lie on the 
D coge pim th s cu and Bs dorsal let b^, c" meet in S" 
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is the line joining S” and u'd^. The line S&S” belongs to both (S) and (87) ; 
when this line is* regarded as belonging to óne, the corresponding 
line in the other pencil ís also 
found by the aboxe construc. 


c tion. The above construction 
also holds if either S or S' ar 

F both are points at infinity, If 
"JEN S, for example, is & point at 

— infinity, a, b, c, d are parallel, 

| fe = (3) Given two triads of 
points A, B, C, and A’, B', c 

on the same line 5. | 
— In this case we project one 
Ege of the triads A’, B', C' from an 
| = external point so as to obtain a 
‘triad of lines a’, b’, c' and take. 

the section of these lines by a 
transversal s' so as to obtain 

~ © another triad of points A", Br, 
F 2-0) €", Then (A'B'C'....) and 

(A"B"C*. ...)are perspective... Now (ABC. .. .)and (A"B"C".....) on the 
bases s and s' can be made projective by construction (1) given before. 
Therefore, we óbtain a construction for the projectivity between (ABC...) 

. v * 





















and (A’B‘C’....). ZU LXNMOT QU ce | 
(4) Given two triads of lines a, b, c and a’,b’, c* concurring in the - 
same pointS: © LOT Dow. 

— S 1 — — a D> on 

-a Ab in (3), we construct a pencil (a"5^c", +++) wi jective 

~ to (a'l'e....). "Then, by the construction: (2), « ) and 
| $fa"b"c*.,..) pro constrüetion fór the projectivity 
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29.1. Complete quadrangle and complete quadrilateral. Four points 
P,Q, R, S, no three of which are collinear, generate a figure called a 
complete quadrangle. 
The four points are 
called the vertices and 
the six lines PQ, 
PR, PS, QR, QS, RS 
joining the vertices in 
pairs are the sides of 
the complete quadra- 
ngle. Two sides which 
do not  méct in a 
vertex are said to be opposite; accordingly, there are three pairs of opposite 
sides PQ, RS; PS, QR ; PR, QS. The three points E, F, Gin which the 
opposite sides intersect in pairs are called the diagonal points and the 
triangle EFG is cslled the diagonal triangle of the complete quadrangle. 


Before deducing the properties of a complete quadrangle we first 
notice that if (AB, CD)=(CB, AD), then (AC, BD)z —1. For, the 
equality of the cross-ratios gives ~ — 





CA DB ACDB — AB ]DÀ 
—— DA- AB Dc T CB po^ (AC, BD)z —1 


Now, let the lines PR, QS meet the lino EF in the points M, N. 
Projecting from R on the line QS we obtain (EM, FN)=(SG@, QN) ; 
and projecting from P on the line EF, (SG, QN) - (FM, EN). Accordingly, 
(UEM, FN)-(FM, EN). Therefore (EF, MN)--—1; that is, the 





geometrical construction for determining the 
yen. To fpa N such that (EF, MA)» — 1, we, 
nes EP and ER and through M we draw any 
P and R respectively ; join FP and FR to meet 
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Of the three given points E, M, Flet M lie midway between E, F. 
We can take any triangle PEF and take tho points Q, S ns the middle 
points of the segmenta PE, PF. So, the remaining point A of tho 
complete quadrangle is the median-point of the triangle PEF. Then, 
since the lines QS and EF are parallel, the point N is the point at infinity 
on EF. Thus, the middle point of a segment EF is the harmonic conjugate 
of the point at infinity of the line EF with respect fo E, F. In this case, 
since the cross-ratio 


(EF, MN)=-1, so NEJNF 21 


Thus, if E, F are two ordinary points and N the point at infinity of the line 
EF, then 


NE'NF =] | (9.0) 

Again, it is obvious that the lines GM and GN are harmonically separa- 

ted by the lines GE and GF. Similarly, there are four harmonic lines 

through each of the other two diagonal points Æ, F.. Thus, in a complete 

quadrangle, if E, F, G are the diagonal points, the two sides of the quadrangle 

passing through any one of the diagonal points E are harmonically separated 
by the line EF, EG. | - 

.. Four lines p,q, r, &, no three of which are concurrent, generate a figure 
called a complete quadrilateral. The four lines are called the sides and the 
six points pq, pr, ps, gr, q8, ra, 
which are the intersections 
of the sides in pairs are 
called the vertices of the 



















vertices which do not lie ón a 

-sido are said to be opposite. 

ay - N o pairs of opposite vertices pg, 

s; pa, qr; pr, gs. The three lines e, f, g which joim pairs of opposite 
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Again, in a complete quadrilateral, if e, f, g are the diagonals, then the two 
vertices of the quadrilateral lying on any one of the diagonals e are harmoni. 
cally separated by the points «f, eg. 
" Consider again the complete quadrangle PQRS (See Fig). Let the 
y pairs of opposite sides PQ, RS; QR, PS; PR, QS be cut by a transversal 
" in pairs of points (A, A’), (B, B, (C, ©’). Projecting from R on 
F the line QS, we obtain the cross-ratios (A’C, BO’) = (8G, QC'); and 
—. ` projecting from P on the line AA’, (SG, QC’) — (BC, AC’). But 
(BC, AC") = (AC’, BC). Therefore (A'C, BC") = (AC', BC). In this 
projective correspondence of points, the points C, C' correspond to one 
T7 another doubly. Hence, by § 27, (A, A’), (B, B, (C, C") are pairs of 
“corresponding points of an involution. 


Thus, a transversal cuts the three pairs of opposite sides of a complete 
quadrangle in three pairs of points of an involution. 

C From this property we obtain a geometrical construction for 
determining the point C* which corresponds to a point C in an 
involution defined by two puirs of corresponding points (A, A’), (B, B’) 

|... [one construction has been given in application (1) § 27] For, 

draw any two lines through A, A’ and draw any line through C to 

- — meet them in P and R; lot BR and B'P meet AP and A'R in Q and 
S respectively. Then the point C" is given as the intersection of the 

r lines QS and AB. It may be of interest to seo how by taking different 
positions of the transversal AB we obtain hyperbolic and elliptic involutions 


_ “when the complete quadrangle is given. Let AB be parallel to QS. Then 
with the same letters as before, we have from similar triangles, 


* (np. gs uU n CBR _ GS 
OP. GP. GR - GP 














F —— Gk OP 
- He BS UNEL ausim. But since AB is parallel to 


IS, C corre vond; to the point at infinity of AB. Thus, the centre of an 
"elution sf ponts om Tne coreponds to the point at infinity of the line 

We can umen similar involutory properties of «a complete 
lrilateral : T'he lines which join any point with the three pairs of 
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30. Homogeneous coordinates of a point. In order to take advantage 
of the points at infinity analytically, we introduce a new system of 
coordinates, A pair of numbers (x, y) has already been used to represent 
the (orthogonal) Cartesian coordinates of an ordinary point P. Let 
(t;s Zz 2,) be any three real numbers such that 


X: ym, (9.1) 
T. T, 
un A AD E E EA E 


We shall then say that the ordered triad of numbérs (r, *, z,) are the 
homogeneous Cartesian coordinates of P. We say homogeneous, because 
it transforms any integral algebraic equation in x, y into a homogeneous 
integral algebraic equation in z,, x, z, the degree of the equation 
remaining unchanged ; for example, a linear equation in nonhomogeneous 
coordinates ax+by+c = 0 is transformed in hom: geneous coordinates into 

az, + br, + er, = 0 (9.2) 


Thus an ordinary point is represented by three coordinates (2, $,,:54); 

provided that the last coordinate x, does not vanish. It also follows from 

(9.1) that we require only the ratio of these coordinates ; that is to say, 

(7,, Tas 7,) and (pz,, px,, pr,), where pis any arbitrary constant not equal 

to zero, represent the same point. We shall express this by writing 
(r, Za 2%,) = p(r, z, z,) We shall also, for the sake of brevity, denote the 
coordinates (x,, Ta x,) by (x), $ = 1,3,3. 

Now, a point lies on a line if its coordinates satisfy the equation 
ofthe line. If p(r, z,, x,) satisfies (9.2), then three cases have to be — 
considered : 

(0) z,—^2,-—27,-— 0. This solution is common to all the linear 
homogeneous equations and has therefore no geometrical importance, | 

(2) 2,0. These solutions furnish, by (9.1), ordinary poin rel) 
situated on the ordinary line a,z 4 b,y c = 0. LA 

(3) p(b,—a, 0). This solution is independent of c, and is therefore 
a common solution of the pencil of lines parallel to (9.2). On the other + 
hand, this pencil is determined by the ratio a: b. Hence we define ! 
p(b, —a, 0) as the homogeneous coordinates of the point at infinity in which pum 
the parallel lines of the pencil az 4 by +e = 0 (c arbitrary) meet, poe 
nt infinity satisfy therefore the condition x, = 0. Hence (9.2) de Sa 

- line of the extended plane also if a=b=0,c#0. Asevery po 


a AS a 
























_ the extended plane has coordinates and every play, yy z,) denotes. ax int, H 
hoped — — ive in ie eph piger : 
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point, then either a, + O and the point is the ordinary point x = a, : a,, 
y = 03,:0,0r à, = 0 and the point is the point at infinity of the pencil 
of parallel lines Z for which 
coa (x, 1) = +a4,/ (a,* +a,*) 
cos (y, I) = Fa,/ y (a +a’) 
Let (a,, a,. 4,), (b,, b;, Da) be two distinct points. If the equation of 
the line joining the two points is (9.2), we must have 
aa,+ba,+ea, = 0, ab, bb, e cb, — 0 
Hence, the equation of the line, obtained by eliminating a,b,c between 
the three equations is 


ll 


| Fi T, Wu | 

* | a) 4G. a, = {), 
| 
| b, b, b. 


As adopted in $ 23, let the determinant on the left-hand side be denoted 
by|xab]|. If (c, ĉc) is a third point collinear with the two given 
points, we must have | a b e| = 0. Similarly, if three distinct linea 
| az, +ba,+¢7,.,, $21.2,3 

are concurrent, we must have | «b c | = 0. 

30.1 Linear dependence of points and lines. In nonhomogeneous 
coordinates, if (a, a^), (b, 6’) are two points, then the row of points on the 
line joining the two points is given by ( 6) 


! x = ya + Ab 
| yt =l 
s y = ya’ € Ab 
er Now, from (9.1), €$,:32,:x,9- 2:y :1 
(Asi aia: i =a, : aia B: lm B. 5r, 


n putting. yay, Aib, =)’ 
uen (va^ 4- Ab!) : (y +A) = (y'a, Ab.) : (y'a, +A'b,) : (y'a, +4b,) 
*» the homogeneous representation of the row joining the two 
(@,,a,, a,) and (b, by» jn ia given by 
= pa, 4 vb, 
* = wa, + vb, | (9.3) 


l — ph bu, 
s athe an " v) 00, 0). The 
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Thus, we may say that any point (rj, of a row can be expressed as a 
linear combination of two other points (a;), (b;) of the row. 

Let Q, = (a). Q, = (b), Q = (pj), Q' = (qì be four collinear points. 
So we can write 


Pi = pait yban gy = wart vb 
Then, às in * 6, the cross-ratio 
(Q,Q,, OQ") = vu'[v'n. 
Let m, n be any two of the numbers 1, 2, 3, mæn. Then 








| Pm P. | Pam + vb, pit a + vb, | in 0, 

ba i | b, b. i ji bm ba 
Therefore M = (pubs — On Pa) | (Ann — Yuta) 
Similarly ‘= (Ps, — Fn Pa)! (Ope — Oy «) 


oj. = (Guba — Onda) | (Gina —b,a,), H = (q,a, anga) (bua, - a,b.) 
| Hence, as in 5 7, the cross-ratio 


: = vp” 2 (Pala — i — efe) E 
(S:S. 99) vn 7 (peb.— Palmas — 0,4) 


This also shows that the cross-ratio is independent of m, n. 





. A number of points (aj) (b), (c)),........ ..are said to be linearly 

|. dependent if there exist quantities p,g,r,........ , not all zero, such that 
the three equations | 

pa,;+qb;+re;+......=0, f= 1, 2,3, (9.4) 


are satisfied, If the number of points be more than three, the points. are 
always linearly dependent; for, we shall have three equations (9.4) in 
more than three unknowns p,q, r,-......., and so solutions, other than. 
(0, 0,......, 0) exist. — 
Consider the row (9.3). The equations can be written as - 
pte b-zx = 0, 1 = 1,2, 3. es 

Go; $f (4) In a pol’ of tbe row, we have 


eý » J au" ^ nj t * y * 
i DT 7 
pas + — =O iy 
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are satisfied. The condition for this is that the determinant | a b c | = 0. 
So, by the previous article, the three points are collinear, It can be 
easily seen that if two points are linearly dependent, they are identical. 


If three points (a,), (5), (cù are noncolinear, it is possible, for every 
triplet d;, to solve the equations 
Pa; qb, tro; = d; 
by suitable p, g, r- But (d; can be taken as the coordinates of a point. 
Thus, any arbitrary point of the plane can be expressed asa linear combina- 
tion of three noncollinear points. 
Consider two lines «zac, gr. ar, = 0 
and Bzgb,r,-b,r, +b, = 0 
A linear combination of the two lines is a line 
um pna,vb)r, + (pa, + »b,)x, + (pa,  vb,)r, = 0 
passing through the common point of x = 0, 8 = 0. By giving all pairs 
of values to u, », other than (u, v) = (0, 0), in 
pat v8 = 0 (9.5) 


** 


we obtain a pencil of lines. 
A number of lines a = 0, 3 — 0, y - 0,....are said to be linearly 
dependent if there exist quantities p,q, r,...., not all zero, such that 


n pat+qBht+re+....=0 (9.6) 


vanishes identically, i.e., vanishes for all sets of values of x,,2,,x,. So, 
the coefficients of x, zr, x, must separately vanish; in other words if 
Y= DERE c,7, = 0,...., then the three equations 


LL. b 98; übr E ror 4. 6c. <0, i is l, 2. 3, 


aci must be satisfied. It follows that if the number of lines be more than 

— three, the lines are always linearly dependent. 

i A Three lines are linearly dependent if and only if they are concurrent, For, 
if the lines a = 0, 8 = 0, y = O are linearly dependent, the three equations 


DER Et purqutr m0 
i must be — — d for values of Pid r other than all Taro. The condition 
l for this is th at tho determinant [abc| =0. So, by the last article, the , 
thre — ort The converse is also true. 

f |] y dependent, they are ídentical. Also, as 
Td SELMA IAM 
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As applications in the ordinary geometry, consider a triangle ABO. 
Let the origin be taken inside the triangle and let the equations of the 
lines BC, CA, AB in Hossian normal forms be 

a zo d,rtag,ya,— O0, jm brebyeb,—0, 4m ox+eyee, = 0 
Then the perpendicular distances of a point (x, y) on the sides 
a=, B=, y= Ó area, B, y rospectively. 

(1) The equations of the lines bisecting the angles of tho triangle are 
B-y=0, y-a =0, a-8=0. Since these lines are linearly dependent 
(as the sum of these functions vanishes identically), the bisector of the 
angles of a triangle are concurrent, 

(2) Let D, E, F be the middle points of the sides BC, CA, AB 
respectively, The equation of the line AD is of the form p8- vy = 0, 
or Bjy = vj». The perpendicular distances of D from the sides CA, AB 
are halves of c sin C, c sin B respectively, where ¢ is the length of the 
side BC. 

Therefore sin C/sin B = vja 
Hence the equation of line AD is 
B sin B—«4sinC —0 
Similarly the equations of BE, CF arc 
YsinC—asin 4 —0, asin A-fsin B-0 
respectively. Since these lines are linearly dependent, the medians of a 
triangle are concurrent. 

31. Homogeneous line coordinates. In the geometry whieh -we have 
been studying, we have, up till now, regarded the point as the fundamen- 
tal element. The line and the curves have been considered as the loci of 
points. So, we have begun with the coordinates of the point. On tho 
other hand, there is no reason why the line should not be considered às 
the fundamental element. The point may then be defined as the 
intersection of lines and the curves as the envelopes of lines. For this | 
purpose, we have to introduce the coordinates of the line; We have scen 
ee homogeneous equation in x,, £., z, ig ME 
l eje, MR ey m 0, - —— — — 
ia * mw s inn y CRM IE zèro, d conversely. Ifo 
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then be considered as an equation in the variables w,. wa W, Every 
solution of this equation, other than (0, 0, 0), may then be taken to represent 
a line which passes through the fixed point. Accordingly (u,. w, u,) 
where w,,w,.w, are not all zero, shall be regarded as the homogeneous 
Cartesian coordinates of a line. Thus, when x,, x., x, are the variables, the 
equation (9.7) is the equation of the line (u,, u, u,) in point coordinates 
(Eis Eas £a) ; and when u,,u,,u, are the variables, then (9.7) ia the equation 
of the point (x, T, X) im line coordinates (u,, u, u,,). It im evident that, 
as in the case of point coordinates, we are concerned only with the ratio 
of the line coordinates, so that (u,, w,, u,) and (pu,, pu,. pu ) represent 
the same line. We express this by writing (w,, u., u,) = p(w,, w,, i). 
Wo shall also denote the coordinates (w,. w., u,) of a line by the shorter 
notation (uy). 


s From the definition of line coordinates it follows that the condition 
that a point (x,,z,,2,) and a line (u,, v,, u,) are conjoint (i,¢., the point 
lies on the line or the line passes through the point) is u,x, ur, + u,r, = 0. 


Consider the equation (9.7) as the equation of a line (w,, w,, v,) in 
' point coordinates, The equation reduces tó x, = 0 if (u,. u., w,) = (0. 0, 1). 
So, the line at infinity has the 
t coordinates (0, 0, 1). Similarly, th 
lowers 0. and x, =0 have the 
! coordinates (0, 1,0) and (1,0, 0) 
i : Again, if we regard 
(9) ‘eka ths equation of a point 
(yy Zp Ze) in line coordinates, the 
4. equation reduces to w,=0 if 
i P ri (r,Qz,2x,) = (0,0, 1), reduces to 
n -0 if (x,, #5; 2,) = = (0, 1, 0), and 
tou, = 0 if (x, 2,,z,) = (1.0, 0). Evidently, we get back the ordinary 
* plane if wo tako away the line (0 0, 1) or all pointe (x,, x,, 0). 


‘Lot (w), (v) be two distinct lines. The point (x; common to the 


(x= (04,0) 


3 d 









4,2, +40, +u,x, = 0 
UE, +02, rum, = 0 











equations, we have, as coordinates, 
E asinum 
N^ «s denk dem 
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This common point is a point at infinity if the last coordinate is Zoro, 
i.e., if — we, V.) = (0, 0, u,), or if (v, v, v,) = (0,0, v,), 

or if u, :u, = v, :v,. So the two lines meet in a point at infinity if either 
one of the lines is the line at infinity or the two lines are parallel. 


Similarly, let (x, (y) be two distinct points. The line (uw, joining 
the points satisfies 


“0, +r + ur, = 0 
“oY, + Mays HUY = 0 
Therefore. as before, 
(ys 5, W3) = (E Ys- Jur, TAY) — YT XN. — 9,72) 
Suppose that one of the given points is a point at infinity, y, = 0 SAY. 
Then 


(tts u., ws) = (£z TM. Y. Y;a) 
or (w,, wu, u,) = (v. Hi» zanta) 


So, the coordinates of the line depend on the coordinates of the point 
at infinity. 

Again, from (9.5), we see that if g,, g, are two lines with coordinates 
(a,), (6), then the coordinates of any line g passing through the common - 
point of g, g, are (pa; »b,. So, take four concurrent lines g,. 9a 9. 9° 
whose coordinates are respectively 


(az), (be (na; vb), (n a+ vb) $ 
Then, as in * 7, the cross-ratio | 
(9,9: 09) = ve ivp NR or. 


As an application. of point and line coordinates, let us prove the th orem, 
already given in § 7.1, that the cross-ratio is unaltered by projection or 
 seotion. * | | 






= (a), P = (a. am "E I1 


eo. s 
, r f v t 1! 
o * P, witl i . 0*7] 
"ut th (2 E E a M a um c E bs 
or, s E SRM E — i: ^s 
Y "moe | Wwe J nem d Mp en 


— * 
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on prelate 
Mm tbu pua, e sb. Wam vbi. pa. + vb. 
where (m,n) are to be given the pairs of values (2,3°, (3,1), (2). Or, 
supposing the coordinates of p, p, to be (di). (ej) respectively, we mav 


Cm Co 











< write 

` p, = (di), p, = (ei, p = (ud; + ve;), p = (ud; v'e) 

1 Therefore (Pis Pas PP) = vu'[v'n 

p 32, Principle of duality. Let us, for the moment, make no distinction 
4 between an ordinary point and a point at infinity, between an ordinary 
è line and the line at infinity. That is to sav. we suppose that there is 


nothing special about the points and the line at infinity and that all points 
stand on the same footing, so do all lines. 


* 

A In the last article we have seen that we can regard either the point or 
m the line as the fundamentel element of geometry ; but we may also consider 
point and line as elements having equal right, these elements being 
,90nnected by à certain duality. It is worthwhile to repeat some of the 
ideas discussed in the last three articles in the following manner : 


To every point P there corresponds a triplet of numbers 
(Eis Za 2,) Æ (0, 0, 0) (9.8) 


determined up to a common arbitrary factor p #0, and conversely. To 
every straight line p there corresponds a triplet of numbers 


(tis Us, Uy) Æ (0, 0, 0) (9.9) 
diMertuised up to n common arbitrary factor o 3 0, and conversely. The 
last three numbers are the coefficients of the linear homogeneous equation 

LU HE+ ZU, = 0 (9.10) 
representing the line p. The equation itself ean be interpreted in this 
manner ; T'he point (x;) and the line (u;) are conjoint. Ifa particular triplet 

— (9.0) is given, the solutions (9.8) of (9.10) are the coordinates of the points 
— —— lying on p. If, on the other hand, a particular triplet (9.8) is given, the 
. solutions (9.9) of (9.10) are the coordinates of lines passing through p. 
— In the formulae (9.8) (9.9), (9.10) the notions of point and line 
» pla z the same role, and if we interchange these two notions (or 
y the letters z and u) the system of these formulae will not be 
— E. ———— there 
) Is another formula which we get by interchanging x and w. Such 
Mff form: > are. said to be dual ; and if the formulae are expressed 
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composed of (9.8), (9.9), (9.10) is self-dual. For every theorem derived 
from a system which is dual in itself, we can therefore find another 
theorem which needs no new proof. Thus the principle of duality halves 
our labour. Itis essential to know that the formulae of the ordinary 
(Euclidean) plane cannot be self-dual, because the coordinates of the points 
as well as of the lines are nonhomogeneous. It is only in the extended plane 
that the principle of duality can hold ; it cannot therefore be directly 
applied to theorems in which notions like '*distance'', "angle", "area", ete. 
occur, as these notions have a meaning only if we restrict our considerations 
to the nonextended plane. The cross-ratio, however, exists for every 
quadruplet of points of a row of the extended plane, the dual notion 
being the cross-ratios of four lines of a pencil. 


la: UG. G 
Let | 
DU. Og. By 


be a matrix of rank two; then there exists one and only one solution 
(z) of the homogeneous equations 


n a 
2, = 0, b;z; = 6. 
2s 2 im 

This algebraic result can be interpreted geometrically in two different 
ways: We may regard firstly (aj), (bj) as coordinates of two pointy and 
(z;) as coordinates of the line joining them and secondly (aj), (b) as 
coordinates of two lines and (z;) as coordinates of their point of intersection. 
Thus we get the two dual theorems (already stated in § 28) : 


Two different points are connected by one and only one line 


Two different lines intersect in one and only one point. 
In both cases the coordinates z, are the minors of the above matrix. 


Let now the three triplets (aj), (b), (c) form a matrix of rank 
three. The matrix formed by the cofactors is also of rank three, as its 
determinant is the square of the determinant of the first matrix and is 
therefore not equal to zero. Thus the coordinates satisfying the nbove 
condition give rise to the two dual theorema : 

If three points are noncollinear, the three lines joining them are non- 
concurrent. If three lines are nonconcurrent, the three pointa of their 
intersections are noncollinear. e 

For the "translation" of a theorem into ita dual t rer 
"vocabulary" is holpful. : 
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Point A Line a 
Line ARB Point ab 


Collinear (noncollinear) points Concurrent (nonconcurrent) lines 
Cross-ratio of four collinear Cross-ratio of four concurrent 
points, lines, 

33. Loci and envelopes. The above liat can be increased if we 
express geometrical entities of any kind by the help of homogene us 
coordinates, and interchange the (rj) and the (uy) coordinates, Thus, 
let any curve of order n be expressed by 

m 


fir, y) = 0 (9.11) 
where f(x, y) is a polynomial of degree n. Put 


“(2 Za) = F(z, 2, 2,); (9.12) 


. then (9.12) is a homogeneous polynomial of degree n. If we equate the 
polynomial to zero, namely 
F(r;,zr,)- 0, (8.13) 
then F(pr,, pr. pr,) = 0, and conversely. Hence the equation (9.13) is a 
condition to be satisfied by the points (z,, x,, z,) of the extended plane. 
It is therefore a locus of order n. If (x, y) satisfies (9.11), then plz, y, 1) 
satisfies (0.13) ; but there may be also some points at infinity (a, b, 0) 
which satisfy (9.13). Thus in deriving the homogeneous equation (9.13) 
from (9.11), some points at infinity may have been added to the curve 
(9.11) when it is changed to (9.13), These points cannot be expressed 
The dual entity of the locus (9.13) is the envelope of class n 


: Fiu, Uy, Uy) =U (9. 14) 
“formed by the lines (u,, N, u,) satisfying the condition (9.14). 















a 








- 


i 


f(z, y) zax* + Whey + cy?  2dz : 2ey +f = 0. 
| acd, C=a,,, f=, 
bea, =a, dmg, md, € = ay = 0, 


— homogencous coordinates ; then we obtain a locus of the 





» t - 
Phs e r,)z Sayra —0, 45j-—1,2,3 EL), 
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To this locus corresponds dually an envelope of the second class 





F(u,, u, u,) = Da ey = 0, i,j = 1,2,3 (9.16) 


The geometrical connection between loci of second order and envelopes 
of second class will bo discussed later on. In the meantime, suppose 
that (9.15) is a nondegenerate conic. Then it follows from (4.13), by 
introducing homogeneous coordinates, that the condition that two points 
(r;) and (4,) are conjugate with respect to (0.15) is 


> ure = 0 (9.17) 


and from (4.12) it follows that th» polar of a point (r;) with respect to 
(9.15) is given by 


Da; ra= 0 (9.18) 
hf 
The equation (9.18) represents also the tangent to the conie at (rj). These 
notions may be dualised : the condition for two conjugate lines and the 
equation of the pole of a line with respect to (9.16) are —— from ASA 
and (9.18) by replacing the point coordinates by the line —— —— 








= 
.* 


CHAPTER X 
COLLINEATION AND CORRELATION 


M 34. Transformation of collineation. The most general linear trans- 
-. formation of the homogeneous point coordinates ia given by 
pr, = 4,0, tA, +A, 
pr, = bor, +b, tbr, (10.1) 
pr, = C£, +¢2,7¢,2, 
where a,, bj, c, are nine arbitrary constante and pis an arbitrary factor 
of proportionality. Let |a h«c | stand for the determinant of the coefficients 


and let A,, B, C; be the cofactors of a; b, c, in [|a bc], i= 1,2,3. 
If}abc| =, solutions for r,. rz f, other than (0, 0,60), of the three 



















] Qu 0, b, r, = 0, >a r; = 0, 
=! p- 


(=? 
exist; so, there are points (x;) of which the transforms (x,') are situated 
on a lino um, tuz +u, = 0. We shall always suppose that 
Mtr so p # 0. 
Multiplying the three equations (10.1) by As Bi Ci we obtain the 
transformation 


pa, = Ayr, Bux Cun 

px, = A,x,' + Bz, +C 2,’ (10.1) 
px, = Ar, Box, Cyn, 
inant].4 BC «0, because |a be + 0. 
ide all points veges on a line cok Whee iae = Ô. 


E = BAG e BA. (10,2) 
u’ = — — CUP 









M LM 





116 PLANE GEOMETRY 


The transformation (10.M is a transformation of point coordinates which 
gives rise to the transformation (10.2) of line coordinates, We could have 
also started from (10.2) and obtained (10.1). A transformation of the 
type (10.1) or (10.2), for which the determinant of the coefficients is not 
zero, is called a collineation or a projective transformation. A collineation 
transforms, in genoral, à point at infinity into an ordinary point, the line 
at infinity into an ordinary line and vice versa, So, parallelism of lines 
is not, in general, preserved by collineation. Therefore, inà collineation, 

we do not recognise anything special about the points and the line at 
— There is duality in collineation, because we have here trans. 
formations for both point and line coordinates: collinear points are 
transformed into collinear points and concurrent lines into concurrent 
lines. Equations (10.1).and (10.2) represent the same collineation. The 
inverse of a collineation is also a collineation. 


Given the nine constants aç, b; c; the collineation (10.1) is unique, 
ie, each point is transformed into a definite point, whatever arbitrary 
value the constant of proportionally p may have. The quantity p cannot 
be zero, but it should be noticed that it may have different values for 
different pairs of pointe. Thus, when (p) — (q), we may write 

PH = Xape Pte = Xbps pds = Xp. 
and when (r;) — (s); P 
PA, = Nar, Ps = Tbr, pa, Ner, 
The product of two collineations is a collineation. For, a collineation (10.1) 
transforming (rj) — (x) followed; by a collineation 
or "-20/1/, ox) = Sbai, a vx,” = X ¢/2/, | a’ b c' |i 0, 
idintit aj T aaa e a a S C " 
ex = Xa), er) = OXb)r ox," = Xem co 7 


where — ———— — 





1D 





— 

2 -Ep S i 

> i ; 
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PT T2094. Properties of a collineation. Let us first prove &he important 
= property that the cross-ratio ia preserved by collineation. Suppore that the 


' four collinear points 

f P = (pà Q=) H-inpotiqd. & = (np, vq) 
are transformed a! (10.1) into the four points 

Es ue | =(p'), C=). R =r), 8-0) 


rospecti vely. os we must have 
MPi = Lap, Pup, Xbps,o PMPs Xp; 
Pl, = Zagi »q;ó—Xbq., pas’ = Lea: 
Therefore, ns X OQ(ppit'q,) = p Xp, +s Taq = up, Pp,” HP, + 
Pai = MPP HYPA; 
Paks = PPP 4 PAY 
" 2 Pals = PPPs + Pde 
| ‘Similarly for B, Gy", V 
"Therefore, the coordinates of the four transformed pointe P’, Q', R", S' are 






















. ; 
| "E € ; , P, ve Pa 23! ‘Ps rey Ps ° 
DM s (Po. (à. (^ fs zi Bf Ps = j (; Pa P P. T 
Hence, the crons-ratio 
y- " 





T (PQ, RS) = vp!jv'n = (PQ, RS). E 
E | vion H ‘2 the cross-ratio of four concurrent lines is also preserved. We 
‘thus state that 2 
cation vof the plane catabliehes d one-to-ont correspondence between 


* however, be carefully understood that a collineation does 


| EE dt ies jen le which 
Th he, transfor ormation of points into points or of lines into lines which 
s geometric. deed by the operations, projections and sections 
à eae — Hence a collineation 


ve exis a unique collincation by which four given pointe 
gle are — a into faur other given points forming 


i" 


E e E eric —— Suppose. that the four points 
0 49,9), AD. | 


o dag! * im 
p“ aw a>’ — 
^^. ym "v v 
T i 
- — b 






uU, * I 


n ` 


























190 - PLANE GEOMETRY 


between the lines of two pencils are called one-dimensional transformations. 
The transformations which establish n one-to-one correspondence between 
the points and between the lines of a plane field are called two-dimensional 
transformations, e.g.. the transformations (10.1), (10.2). 

If the coordinate system on a line, as given in § 1, be made homo- 
geneous by writing x = x, : z, then a one- dimensional collineation or 
projective transformation of points is given by 


px," GE, tasr; a, f 


. prj = bg + b,x, b, b, 
the points (z,, z,), (z, x,) being corresponding pointa of two rows, either ` 


distinct or cobasal, The point at infinity (1, 0) is transformed into the — 
point (a,, b,). In non-homogeneous coordinates the ahovo transformation 








is written as - =x 
x: ESTA — 
ai br +b, " T * ME E 
or bax -az +b, a, = 0 ~ * * C^ 
If the two rows are cobasal, this collineation is an. involution proved’ 
that b, — —a,. So the involution is given by E I — 
a a i ) — — 
sadi eui a i= 9, wo : cm ` " 
~ £ b L3 
5» €. a T D. 
^ E m hg | 
ay g'a i 
: catei 0:15 98 


Changing the origin to a,j6,, the equation of the votion e can bes J 
written äs - - ra | 

| ar =<, - ERN 

where the point with coordinate a,/b, is the centre — olution. — | 





"b 


(The resulta obtained here may be compared: with ho e 


| FETIP. 
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m. [C the two rows are cobasal, this affinity is an affine involution provided 


: that b, =—a,. So, the involution is given by 
i | zx = a/b, 

or ` (x —a,/25,) + (z' — a,[2b.) =- 
Clianging the origin to a,/25,, the equation of * affine involution takes 
the form ! 

: * t+r = 0 

KF Therefore, if C is the point with the coordinate a, (2b, and (P, P). à pair 

of corresponding points, 

: x. CP +EP = 0. 


n - Bé, C is the middle point of the segment PP’. Thus, the affine involution 
` of points is always hyperbolic, the double points being C and the point at 
7^ “infinity of the row. 

` In the equation of a pencil of lines pl, +:ł%, = 0, (a, v) may be 
regarded as the homogeneous coordinates of @ line of the pencil, because 
» they specify the line. So, a one-dimensional collineation of lines is given by 


C- 
»*. 


| OR 


b] 


a, @, 
b, b, 


35 here (m, sj (u^ Qv ^y. are the coordinates ‘of the corresponding lines of the 
we Lies Finally, we may state the obvious theorem that a projective 

^ » between tibo one-dimensional geometric forma is uniquely 
(determined Wi three distinct pairs of corresponding elements. 


Ja 36. Generalisation by collineation. A number of important generalisa- 
ns of theorems in the extended Cartesian plane can be obtained by 
* roje m —— or, as we say, by projection. 


ider the tr whose vertices 4,, 4,, 4, have the coordinates 
| cse 0, 1) and let A, be the point (l, 1, 1). Take a point 
B, no yi in wanae with coordinates (£Z, zr, z,). Let M, and 
B, à d | ' the lines os Oe rua d. 


— 
mu. 


+0, 








=. g^ * d pu’ = au Eav 
| * 


py’ — 


Mieres 


"e. 
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The equations of the sides A,A,, A,A,, 4,4, of the triangle are 
respectively x, = 0, z, = 0, z, = 0; the equations of the lines A,A,, 
4,4,. 4,4, are respectively 

Z.—T,— 0, z-z, = 0, z,-z, = 0. 
So, the coordinates of M, are (0, 1, 1) and the coordinates of B, 
are (0,7, z,) (for, the equation of the line A,B is Zz,- zx, = 0; 
therefore z,/x, = x,/x,; and B, lies on the lines A,B and x, = 0). 


Thus, if (pj, (g), (r), (s) denote the coordinates of A, A,, M, B, 
respectively, we have 


Pi = Pitgo So—É,potr,?Q, *=1,2,3 


Therefore the cross-ratio 
r (A,A,, M,B,) = 2, /%,. 
Similarly 
— (4,4, M,B,) = z,[r, and (4,4, M,B,) = z,/z, | 
"Aesciiadiy | 
A (4,4,, M,B,) (A, A, M,B) (4,4, M,B,) 2 1 _ (10.5) 
Again, by hypothesis, : 
(A,A,, M,N,) = (A,A,, M,N,) = (4,4, M,N,) — -1 < 
So, os ance d N.N, are respectively > 
ot- (-16,1, (,-1,0) ' "s 


(for, if (r;) denote the coordinates of N pr’; = p,—-q). Hence, the deni 
points N,, N,, N, are collinear and lie on the line x, +2, +2, = 0 - * 23 
But from (8.1) we have the relátions = UT ZU 


ess BM As da, MS) = (Ardy o 






- 
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Theorem I. Let P,, Pa, P, be the vertices of a triangle and Q any 
point not lying on any side of the triangle. Also, let P,Q, P.Q, P,Q meet 
the opposite sides of the triangle in Q,, Q,, Q, respectively. Then, if R is 
any other point not lying on any side of the triangle and W Pf, PR, PER 
mest the opposite sides of the triangle in R,, R, R, respectively, 

(FP; Q RP, P, Q,R.)(P,P,, Q, R) = 1, 
Conversely, if the product of the three cross-ratios is equal to unity, the linea 
P,R,, P,R,, P,R, are concurrent, 

By dualising the above theorem we obtain the following : 

Theorem I’, Let py, Pa p, be the sides of a triangle and q any line not 
passing through any vertex of the triangle. Also, let the lines joining the 
points p,q, p,q. p,q. with the opposite vertices of the triangle be q,, qu, qs 
respectively. Then, if r is any other line not passing through any vertex of 
the triangle and if r,, r,, r, are the lines joining the points p,r, p,r, p,r with 
the opposite vertices of the triangle, 

(PsP ae dar) psp» Tas PiP ay Mes) = 1; 
and conversely, tf the product of the cross-ratios is equal to unily, the points 
Pil is Pols: are collinear. 

Theorem IT, Let P,, Pa, P, be the vertices of a triangle and Q,, Q,. Q, 
me points on the sides P.P,, P.P,, P,P, respectively such that P,Q,, P.Q.. 
ty P,Q, are concurrent in a point not lying on any side of the triangle. Then, 

- e df a transversal not passing through any vertex of the triangle meets the sides 
oP Py. P,P,, P,P, is the points R,, R,,-R,, respectively, 
4 CS SP sim Q,R,\(P,P,, Q.R,)(P, Pi» Q,R,) = —1. 


rese if the product of the grass-ratios.is equal to —1, then the points 
Ry, Rs R, are collinear. ' ; 


^ SUB, — the theorem II we obtain the following : 


» Jr. Let Py, pa, p, be ‘the sides of a triangle and q,, Qas 4, be 
the lines p through the vertices p.p,, p,p,. Pp, respectively such that 
PW. P | Pits lie on a line not passing through any vertex of the triangle. 
Then ifa not lying on any side of the triangle be joined to the vertices 
qub ^b , — mer, rs, F, respectively, 
p^? — BrP: Pa: JT :)(P Pa» Q,)7-—1; 
y, if the product ef the erose-ratios is equal to —1, then the 
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In theorem J’, let P; be the vertex opposite to Po Q, the point pa 
and R; the point pyr, i = 1,2, 3. Then the result is 


(P,P,, OR (PSP, QR AP, P., Q,R,) = 1. 


Let us now suppose that one of the lines q, r, say r, is the line at infinit y, 
then since ($ 29) 





the above result becomes 


P.Q, PQ, PG, . 
P.O, PQ, Po ^ - 


We thus obtain the following theorem : 





Theorem of MENELAUS. If a line not passing through any vertex of ` " 
the triangle A BO meet the sides BC, CA, AB in A’, B.C’ respectively, then : 
BA’ CB AC’ E a 
OA åp Bc o = l Gnd conversely. ~~ a, 
Again, iniheorem IT, let us suppose that. the transversal is the line at Ch 
infinity, We have then the following theorem : * = 


Theorem of CEVA, If A', B', C* are points on the sides BC, CA, AB. 4 

of a triangle ABC such that-AA’, BRB’, CC’, meet in a point not lying on™ 

| any side of the triangle, then l Y 

x d CA’ AB’ Bor ^ — V. and conversely. > — — 

A number of theorems of the ordinary geometry are immediately seen to 

- be particular cases of the above-two theorems. Thus, the theorem that — 
a line drawn parallel to one. side -of a triangle cuts the other two sides _ 
proportionately is a particular care of Menelaus’ thedrem —— ino — 
is parallel to BC, BA’/C4‘ = 1). The theorems w he.medims of 9 ^ — — 
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collincar points, then the lines AAt, BRB’, CC" joining the three paira of 
corresponding vertices, are concurrent, 
Let the lines AA’, BB’, CC’ meet. in a point S, and let BC, BC’ 
moet in L; CA, C'A’ meet in M ; AB, A'B’ meet in N. 
 Buppose in the first place, that S is a point at infinity. If then two 
: pairs of corresponding sides are parallel, the remaining two sides are also 
parallel, Hence L, M, N lie on the line at infinity and the theorem holds, 
Secondly, suppose that S is an ordinary point. If now two pairs of 
- corresponding sides are parallel, the remaining two sides are also parallel, 
50 that L, M, N lie on the line at infinity and the theorem holds. 
Now, for the general case, we observe that parallelism of lines is not 
: conserved by collineation. Therefore, the general theorem follows 
applying a collineation. 


JE The converse theorem is easily proved by the indirect ——À Let 
| L; M, N be collinear and AA’, BB’ meet in S. Therrif CC’ does not 
E |. pass through S, SC will eut B'C’ in some point D’ distinet from C’. It 
| NE | fallows from the general theorem just proved that the two triangles A BC 
|. sand A'B'D' are such that the pairs of corresponding sides meet in three 
__. collinear points. This means that A'D', AC mect LN in tlie sáthe point ; 
| I. ^" but this is im ible unless D' coincides with.C’. 
~ The two triangles of Desargues' theorem are called two perspective 
triangles. The point S is called the centre and the line LMN the axis of 
_perspectivity. The theorem and its converse are dual in the plane. 
"X purely projective proof of the theorem will be given later. 
= c Theorem of PAPPUS. If A,, B,, C, and A,, B, C, are. two triads of 


~ points on two lines and if the lines B,C,, C,B, meet in A,; C,A,, AC, 
pa meet in B,; A,B,, B,A, meet in Q,, then the three points A,, B,, C, are 
d collinear. * - a 


* 
m... _ Let A, B,C, lie on a line s, aac B, C, lie on s,. We shall, 
*o r9 5 ider initially the particular*case where B,C, is parallel to 
4 | 8 FA = and OA, parallel to A,C,. First suppase J 

* —— C, parallel and C,A,, 4,0, are parallel, so B,4,. A,B, 
ar | parallel. Henco: A,; HB, O, lie on the line — ani the 
: theore n m holds Secondly, suppose that s,, #, meet in an ordinary point &. 
He [ere - 3 Aa B,, C, are, as before, collinear and the theorem holds. 
From th case the general theorem follows by collineation. — 













Let A,H nin A and “A,B, in Ps Then we are to show that P 
Lx E E ke meet sic in B, and C,B, — C, 


PLLA rp jj 
E aat — — 
* wr a ET 


by 





126 PLANE GEOMETRY 





C,BB,A, ^ C,A,CB,, projecting from C, 
and | C,A,CB, A AA,B,P, projecting from A, 
" nO C,BB,A,'A AA,B,P 
In this projectivity, B, is self-eorresponding ; so it must bo a ——— 
(529). Hencethe lines C,4, B4, A,P, joining corresponding points, 
must be concurrent. But C,4, BA, meet in B,; so P lies on 4,B,. 
Accordingly, P coincides with C,. 

Let us consider the configuration of Pappus formed by the nine 
points A, B; Ci, i= 1, 2, 3, and the nine lines each of which contains 
three of the points. The points on a line are either A; By C;or Aj, By, Cy 
i + j + k, and through each point pass three of the lines. All the triangles 
contained in the figure may be arranged in different scts, each set 
containing three triangles, in the following way : 

We first define inscribed and circumscribed triangles. A triangle A 
is said to be inscribed in a triangle A’ when the vertices of A lie on the 
sides of A’, one on each ; in this case we also say that A’ js 
to A. From this point of view, three triangles A,, ô, A, of the ippus | 
configuration form a set when A, is inscribed in A,, A, is inscribed in A, 
and 4, is inscribed in A,. Take, for example, the triangle A, B.C, 205 ip 
the sides A,B., B,C,, C,A, of this triangle lie respectively the > po JU 
“Os, A, B, forming another. triangle inscribed in — e. 
On the sides Ords - A,B, BC, of the second riangle lie the points B, 
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The proof of this theorem depends on the fact that it is possible to 
make an unlimited number of constructions of Pappus configuration with 
the six given vertices, For, let A and A' be A,B,C, and C,A,B, respec- 
tively. Through A, draw any line « and let A C. A,B, meet s in B, C, 
respectively. Ifnow C, B, and B,C, intersect in A,, then, by — 
theorem, A, is a point on B,C,. Hence B,C,A, is one of the required 
triangles, 

37. Correlation and Polarity. Consider a transformation of the form 

pu, P 2,2, RO Tr, a7, 
pu, = bx, +b2,+ bur, | abc | Æ 0, (10.7) 
pu, = 0,2, FOr, +C; 
transforming à point (z,, z, z, Pinto a line (w, w, u,) Since | alo | # 0, 
(10.7) has its inverse which transforma lines into points. By (10.7), 
. a point (pj is transformed into the line whose coordinates are (Sap, 
Zbp, Seyp;). Denote these line coordinates by (pi); similarly, denote 
the coordinates of the line, into which a point (q,) is transformed, by (gj). 
Then, as in 5 34.1, the point (up, vq;) is transformed into the line whose 
coordinates are 


- (Suns Wai) hlp, * vgy), Dolup; +Ygy) ) 
j j 


that is, into the line whose coordinates are (up;--vq/). This shows that 

a collinear points are transformed into concurrent lines, and that the cross- 
ess ratio of four points is equal to the cross-ratio of the four corresponding - 
ate ale the four points are transformed, and vice versa. 























8 cross:ratio. The inverse of a correlation is also a orieidiam. 
ha correlation (x, Ta, 2,) — (u,, w,, w,) is followed by a correlation 
Uy, Uy) -* (z^, x^. s , the product is a Sollinextion (Zi Zo z) > 
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e a point (£à on the line (wi). Then, dry im 0 and — 
1), where n3 - 
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matrices of the ooefficients in the two transformations are, in general, 
different. The transformation (10.7) would transform (£) into a line 
(w) which would be generally different from (vj. Now, suppose that 
the two transformations (10.7) and (10.8) are the same; that is, suppose 
that the two lines (rj and fw, coincide. The ondion for this is that 
the two matrices of the coefficients should differ only by a common factor. 
So we may put 


aja b, 8,6, 5, = c; (10.9) 
When this is satisfied, the transformation (10.7) is called a polarity. In 
à polarity, the corresponding point and line, ie. a point and the lint 
into which the point is transformed, are called the pole end the polar A 
respectively. Ard we have just seen that if a point (£j) lies on a line (uj), 
then the polar (vj) of (£j passes through the pole (x) of (uj). The points 
(£j) and (rj) are called conjugate points and the lines (wj), (v) ore called 
conjugate lines. These statements agree with what has been said in § 13. ji 
When (10.9) is satisfied, (10.7) gives a polarity even if | abc | 2 0. A * 





polarity may accordingly be written as l 

pu, = QZ ta T ta E 

pus = 04,2, + 04,74 + 4,7, 0,, = a,j, (10.10) - E 

pu, = 4,7, Harta tast uj P 

or, in the — form, : mi 
piti = 21% i= l, 2,3 . E 








The polarity is said to be degenerate or nondegenerate according as the — aa i 
determinant | ay | of the coefficiente does or does not vanish. Su that > 
the polarity is nondegenerate, so that | ay | #0. Then the Lodi BR 
(0. 10) is the polarity (cf. the inverses in § 34) 








3 ox = SAU, I= 1,2,3, ASA | - — | 
Perte mper If 
that the resultant of two polarities trai ning 
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p and g intersect in R ; then r, the polar of R, must be the line PQ. Thus 
PQR is a polar triangle. 

Let us now suppose that a point (z,) lies on its own polar (wj. So, 
Suez, — 0. Therefore, from (10.10), we have 

" 
> axe, = 0, (iy = Ay 
dise d jmi 

This equation is the same as (9.15). Hence the locus of (x, is a curve of 
the second degree or a conic. This conie is called the nucleus of 
the polarity (10.10). The nucleus is a conic locus or a conie envelope 
according as we consider the conie as the locus of the points conjoint with 
their polars or the envelope of lines conjoint with their poles. 


Conversely, suppose that we start with a nondegenerate conie 


Dayz, = 0, ay, = aj and let P = (£j) be any point. The polar of P 
with respect to the conic is, by (9.18). 


2^ £z; = 0 
m 
or (229). «(2st +( Deut) =0 
or vx, + UT. +¥,7, = 0, say, 
2o where prs = dats ag ay, i= k 2,3. 
! ; 
ra This is the polarity (10.10). Thus, the conic gives rise to a polarity. We 





fore speak of pole and polar with respect to a polarity transforma- 
tion or with respect to a conic and we say that a polarity generates a polar 
fed in the sense that to each point there corresponds a polar and to each 
| sa pole. We shall take up the discussion of polar 
a t chapter. E 
| Consider two triangles ABC. A'B'C such that polars of the vertices 
| one triangle are the sides B'C", C'A’, A' B' respectively of the 
follows that the polars of A’, B', C' are BC, CA, AB 
respectively. NIS triangles are called relative polar triangles. 
mox ‘eg pot es triangles of tat Ian article, we have the following 
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of one triangle are (1,0,0), (0,1,0), (0,0, 1) respectively. Then 
the coordinates of the sides B'O’, C'A', A'B’ of the other triangle are 


respectively 
(a,,, Gzy O54), (Aras Fyne 054), (Oiar 035; a,,) 


Therefore the coordinates of the vertices A’, B’, C' are respectively 
(Ay, Az A,,), (4,;. Ass Az) (A,,, Az» A,,) 


where, as above, Ay are the cofactors of ay in | ay |. Hence, the coordi- 
nates of the lines AA’, BB’, CC’ are respectively 


(0, A; - 411) (A 0, A1). (Aii -A,,, 0) 






Accordingly, since the determinant of the last set of coordinates t 
vanishes, i.e., 
0 =a =A; 0 1 -1 
-A,, 0 Ai = 4,4,4, | -1 0 1 =0, 
TEES CN e Q eno m E 


the three lines AA’, BB’, CC’ are concurrent and so the thr 
intersections of pairs of corresponding sides are collinear, rJ 


U-— gm 





CHAPTER XI 
GEOMETRY IN THE PROJECTIVE PLANE 


38. Projective coordinates. Tho homogeneous Cartesian system of 
coordinates (x,,z. r,) introduced in § 30 has been derived directly from 
the nonhomogeneous system  (r,y'.. The nonhomogeneous system on 
the other hand, depends directly on the notion of distance, and so in the 
homogeneous system thus derived there are special points and a special 
line. Now, we have seen in ¢ 34.1 that under projective transformation 
(i.e. collineation), the distance does not remain invariant and sọ there is 
nothing special about the pointe and the line at infinity, as has been 
noticed in §§ 32,36. But, under this transformation, although the ratio 
of distances does not remain invariant, the cross-ratio does. Therefore, 
in the projective geometry, it is natural to look for a system of coordinates 
which would depend not on the notion of distance directly but on the 
notion of eross-ratio. It may be remarked here that the cross-ratio, as 
defined in $ 6, depends, on the notion of distance but that it is possible to 
avoid this notion by introducing the p 
cross-ratio in a different manner. However 
we do not propose to do so here. 

Let P, P, P, be the vertices of a 

7. triangle and Q a point not lying on any 
T side of the triangle, Let P,Q, PQ, P,Q 
|. meet the opposite sides in the points Q,, 
|. Q, Q, respectively. Take any point R, 
+ P and let P,R, P,R, P,R meet the opposite P, Qi 
sides in the points R, Ra, R, respectively. 


















Ri FS 
" X now introduce three real numbers z,, z,, z, such that the cross-ratios 
we the values 





mum = YT, (PP Qf.) = 24/2, (P, Py Q, HR 3)- z,[z, (11.1) 


orde jd ig of numbers (rz, x, r,) are called the projective coordi- 
f the i R with reference to the traingle P,P,P, and the point 
| | that the projective coordinates are homogeneous coordi- 


nto be noted that the produet of the cross-ratios given 
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lind thro numbers z,, z,, z, for every point R of the plane, and conver. 
sely when the three numbers are given, R is determined uniquely. 


Firstly, suppose that A does not lie on any side of the triangle 
P,P,P, Then each of the cross-ratios (P,P, Q,R,), (P,P,, QR), 
(P, P., Q,H,) is defined and the product of them is equal to unity. 
Consequently, we can solve the three equations (11.1) for the unknowns 
Zis 7,7, none of which can be zero; the general solution is given by 
(px. px. pr.) pf 0. Conversely, if three numbers zr, Z; Z, none of 
which is zero, are given, then the eross-ratios are known ; that is, the 
points R, R, R, are known. And, since the product of the cross-ratios 
is equal to unity, the lines P,R,, P,R, P,R, are concurrent (Theo. I 
$ 36) in the required point R not lying on any side of the triangle. In 
particular, if R coincides with Q, each of the cross-ratios is equal to unity 
and the coordinates of Q are therefore (1, 1, 1). 

Secondly, suppose that R lies on one side of the triangle, say on P,P,, 
not coinciding with any vertex. Then A, coincides with R, R, with P, 
and R, with P.. So; 

fx, = (P.P,.Q,R), x,/z, = 1/0, r,/z, = 0/1 
Therefore, x, = 0, z, 4:0, x, + 0 wherez,/z,is defined by the cross-ratio. 
Thus A has the coordinates (0, x,,2,), where z,z,-:£ 0. Conversely, given 
three numbers (0,z., x,), z,z, + 0, the point R is determined on the side 
P.P.. Similarly, if R is a point of P,P, or of P,P, other than a vertex, 
its coordinates are (x,, 0, 2,), z,2, #0 or (z, x, 0), 2,2, + 0, respectively. 

Lastly, suppose that A coincides with a vertex, say with P,. Then 
R, is undetermined, R, and R, coincide with P,. So, 

x,/%, is undefined, ^ z,/r, = 0/1, «,/#, = 1/0. 


; 


These cquations are satisfied if wetakez, = 1, z,- 0, z, = 0. "Thus. 

the coordinates of P, are (1,0,0). Conversely, given three numbers - 

(p, 0, 0), p #0, the point R coincides with P,. Similarly, the coordinates: jJ 
of Pys Sa tm Fei40r9,/5) retpecu vem. Im 








GEOMETRY IN THE PROJECTIVE PLANE 133 


So the coordinates of the lines P,P,, P,P, P,P, are (1, 0, 0), (0, 1, 0), 
(0, 0, 1) respectively, and the equations in line coordinates of the points 
P, P, P, are u, ='0, uv, — 0, w, — O respectively. The points 
(0, 1, —1). (—-1, 0, 1), (Il, —1, 0) on the three sides P,P,, P,P., PA. 
respectively of the triangle lie on a line g (say) whose equation in point 
coordinates is 

s +2, +27, = 0. 
So, the coordinates of the line q are (1, 1, 1). 

The triangle P P,P, is called the triangle of reference or the 
fundamental triangle ; the point Q with coordinates (1, 1, 1) is spoken 
of as the unit point and the line q with coordinates (1, 1, 1) the unit Line. 

It follows from above that given four points forming a quadrangle, 

we can introduce a system of projective coordinates by taking the triangle 

f formed by three of the points as the triangle of reference and the remaining 
point as the unit point. We may build the theory of projective line 
coordinates independently by dualising the theory of projective point 
coordinates as follows : 

Let p,, Par p, be the three sides of a triangle and g a line not passing 
through any vertex of the triangle. Let g,,q.,q, be the lines joining 
the points p,q, p,q. p,q with the opposite vertices of the triangle. Take 

Wat any other line r and let r,, ra r, be the lines joining the points p,r, pr, pyr 
ire | with the opposite vertices. If now we take three numbers w,, u., a, 
¿a  — such that 









(PsPs, 9,7) wu (p.p, 97s) = ww, (pup qr) = W/m, 


o then (u, us w,) are called the projective coordinates of the line r with 
reference to the triangle p,p,p, and the line q. It follows from the 
pat tion that the projective coordinates of the lines Pi. Pa p,, 4 are 
1, TW (0, 1, 0), (0, 0, 1), (1, 1, 1) respectively. 

— Th us pae lines forming a quadrilateral, we can introduce a 






of the relation (10.5) in 8 36, it may be seen that the 
| coordinates are special projective coordinates, one 
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" » 
; J 





134 ' PLANE GEOMETRY 


The projective coordinates of the points of a row are obtained by 
taking three points Pe P., Q as the fundamental points of the row. If 
P is a point of the row and the cross-ratio 


(Pa P. Q P) = =,/2,, 
then (r, x,) are the projective coordinates of P. In particular, the 
projective coordinates of Pa, P., Q are (1, 0), (0, 1), (1, 1) respectively. 
Similarly, the projective coordinates of the lines of a pencil are 
obtained by taking three lines p,. Po, q as the fundamental lines of the 
pencil, The projective coordinates (v,, $,) of a line p of the pencil are 
then given by 


(psp, qp) = u,/u,. 
The projective coordinates of the points of a row or of the lincs of a 
pencil belong to one-dimensional projective geometry (5 35). 

38.1. Transformation of projective coordinates. Collineation. Let 
us take a triangle of reference P, P,P, and a unit point Q, and let the 
projective coordinates of a point R with reference to the triangle and the 
unit point be (z/). Also, let the homogencous Cartesian coordinates of 
P, P. P, Q and R be (aj, (b), (c), (d, and (x,) respectively. The 
coordinates of the lines P,Q and P,P, are then 

(a,d,—d,a,, ad, — d,a,, a,d,—d,a,) and (b,c, — e,b,, b,c, — eb. be, cb) 
respectively, Therefore, the coordinates of Q,, the point of intersection 
of these two lines, are 


(ub, ve,, pbt”, pb, +ve,), 


where | 
Cf 9, 9 Go = 4 P 
p=|a, a, a,| z|cad|, v= É b. b, = | abd. Ere Y "e 
d, d, d, ; o5 * : PR 






— * coordinates of R,, the point — of the lin line 
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o y uan, 2 Tjdes| ' [deRl 
; Similarly 
Sirzab|, |xbe] — ledel. TLLA 
s ~ [dab| ' idbec|' zy jdbc |deat 
Hence 


= 5c| — s sasn 


The transformation (11.2) is a transformation from homogeneons Cartesian 
to projective coordinates, Since the a's, b's, c'a, d's are constants, the 
i numerators are linear homogeneous functions of the z's and the 
denominators are constants, different from zero. Therefore (11 2) is a linear 
homogeneous transformation of the form (10.1) and is thus a collineation. 
It follows that the transformation from homogeneous Cartesian to projective 
is a collineation, and so is its inverse, Hence, the transformation from one 
system of projective coordinates to another is a collineation. 

Let the points P,, P, Pa, Q be transformed by a collineation into 
the points A, B, C, D respectively. Then any point with projective 
coordinates (r,, z,, 2,) = (a, b, c) is transformed into a point which has 

| the coordinates (a, b, c) with respect to A BC as the triangle of reference 
— and D as unit point. Therefore, every collineation represents a transforma- 
i bx tion of projective coordinates. 

di -Henee, a collineation of the projective plane is of the same form 
x | (4 (10.1), and can be written as 


pal = NXagz, $-51,2,9, | ag | #0 (11.3) 

B: “Tn point coordinates In line coordinates, (11.3) is 
" ous = SAyu, 121,2,3, | Ay | #0 (11.37) 
ir Reese tasters apto Tag]. The inverses are respectively 
" ph = SAt our = Sau (11.37) 
Hia useful to write these equations in the matrix form as in 
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In order to understand the nature of the projective plane, consider a 
figure formed by three nonconcurrent lines. If the plane were just 
the ordinary (Euclidean} plane, a 
triangle would divide the plane 
into seven regions, I, II, Il’, TIT, 
III, IV, IV* as indicated in the 
ligure. But in the projective plane, 
since a line is closed, the regions 
II and IL together make up a 
triangle and so constitute one 
region. So do IIT and IIT’, also IV 
and IV', Thus the three nonconcurrent lines divide the plane into four 
regions only. Further, since two lines æ, b in a projective plane always 
intersect in only one point, the intuitive conception of a projective plane 
may be assisted by a model of one-sided surface due to Möbius. The 
model is constructed by cutting out a rectangular strip of paper, giving it a 
half-twist and pasting together the two ends, as is shown in the diagram 








39. Classification of polarities and conics in the projective plane. Let 
us start with a point-to-line correspondence defined by the equations of 


the form (10.10), namely 
These equations may be written in the matrix form as E TRO 


(ui) = (esa) (a). 


(x) = (aa)x), (wv) = (Aa) 
and using the inverse, we obtain 
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and w is an arbitrary constant. But 
Cos = > A 6a, = > A ey A,, — Ons 


and the rank of (ca) = the rank of (c'e), since | Ay; #0. Thus we state ' 


The correspondence (11.4) is transformed by an arbitrary collineation 
into a correspondence of the same kind, the symmetric matriz (ca) being 
replaced bya symmetric matriz. (c'a). Further, the rank of the matriz of 
the correspondence is not altered by collineation, 

Corresponding to the notions of § 37, we shall call the correspondence 
(11.4) a polarity of the projective plane ; the point (z,, z,, x,) and the line 
(tti, ts, t) are the pole and the polar. 

Let the point (f£, £, £,) be situated on the polar of (r,, z., r,). 
Then 

O = D fats = E Cw bore = D Cn Eize 


From the symmetry of this equation, it follows that if a point Q is situated 
on the polar of a point P and if Q has à polar, then P is situated on the 
polar of Q. It may happen that @ has no polar when its coordinates 
substituted in (11.4) make u, = u, = u, = 0. This cannot occur indeed 
if [cal 0. Asin $ 37, the condition that the point (x,) is situated on 
its own polar is 


> caro = 0 (11.5) 


This condition is both necessary and sufficient for those points which 
have. polars. The equation (11.5) is a homogeneous equation of the 
| second degree and every such equation can be written in this form ; the 

cobfficients Cy = Cy are given by it uniquely (there being only a common 

arbitrary factor). Thus, the polarity (11.4) and its nucleus (11.5), ie., 

|. . the conic generated by the polarity, determine one another uniquely. 
=F Every invariant of one of them is an invariant of the other. Hence, 
| the rank of the matriz (cy) is an invariant of the conic (11.3) for every 
. eollineation. 
The above consideration leads us to classify the polarities and the 
— from the projective point of view as follows : 

(1) Rant of (ca) = 0. In this case every coefficient cy = 0 ; so, 

no point h s a polar and every point of the plane satisfies (11.5). This 


















a) — 1. In this case the homogeneous equations 


form a row of points, these points 
Be of (1149, we new eppiv. a collinea- 
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this row of points is the line x’, = 0, £e, the transformed polarity is such 
that for every point (z^,,2",, 0) we shall have u^, =u’, =w, = 0. Then 
. the coefficients of the first and the second rows of the transformed matrix 
(ca) shall be zero, as č’, = c’,,, Caa = Csa Therefore, only c’,, shall be 
different from zero ; and, without loss of generality, we may put &^, = 1. 
Dropping the Dabo the transformed polarity tokes the normal form 
u, — 0, wu, = 0, pu, =x, 

That the polarity can in this case be so transformed depends on the fact 
that the rank of the matrix remains unaltered. 

Hence, in this case there exists one line such that the points of this 
line have no polar, whereas every other point has this line as its polar. 
The equation of the nucleus conic is therefore transformed into the 
normal form 

z,* = () 

(3) Rank of (ca) — 2. In this case, the equations S car, = 0, 
i= 1,2,3, have only one solution other than (0, 0,0); that is, there 
existe only one point which has no polar. As before, we apply a suitable 
collineation so that this point is the point (0, 0, 1). So, the polarity can 
be written as 

pu, = €6,,8, + Cy, 


pu, = Cist, o Cirt; €,,€4, 7 0,4? F O. 

pu, = 0 
Hence, every polar passes through the point (0, 0, 1) and the points of 
every line passing through (0, 0, 1) have the same polar. Thus the 
polarity can be regarded às a correspondence between the lines of the 
pencil with centre (0, 0, 1). The nucleus (11.5) is, in this case, 


Cpa, + 2c, m m, 0,2! — 0, e,,0, 760, +0 
By a suitable transformation, not altering z, we can transform this 
ux — 
**42.20 or r-r = 0 
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intersecting in the point (0, 0, I) and the polarity is represented by the 
normal form 

pu, X. PMi =- pl, = 0 
This polarity generates hyperbolic involution in the | nes of the pencil 
with centre (0,0, 1); the double lines are the two lines of the nucleus. 
[See the two possibilities under (8.5)] 

(4) Rank of (ca) = 3. In this case there is no solution of the 
equations Seas, = 0, i= 1, 2, 3, other than (0,0, 0) ; so, every point 
hasa polar. We introduce a triangle which is self-polar with respect to 
this polarity [there is no such triangle in the cases (1), (2), (3) above]. 
Such a triangle exists, because the nucleus-conic is nondegenerate. If a 
solf-polar triangle is chosen as the triangle of reference, ie., with vertices 
(0, 0, 1), (0, 1, 0), (1, 0, 0), the equation of the nucleus is reduced to the 


| €, 2, 6x 6r, = 0 
i Put Cu = +a’, Cay = xb, Ci; = tc, 


and, without loss of generality, assume that at least two of the signs are 
positive and that they are the signs prefixed to a* and b^. Then putting 


ax, — X, bx,— x2 a, = X, 
n ue and dropping the dashes, we get the equations of the nuclei in the normal 


=- id 
= j 7" 


7° +2,°52,7=0 * 










q nc r z tr’ =r? = i) 
j EXC. pu, = x, pP X, pu, = x, 


pay = m,Q gu, X, pu, = —%, 


we er the nucleus is without real trace. All cases have 
re exist therefore the following classes of polarities 
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Conics 





— = 0 (11.0) 
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From (11.10) it follows that all nondegenerate (real) conics are equivalent in 
the projective geometry in the sense that one such conic can be transformed 
into any other by a suitable collineation, We may express this by 
saying that all circles, ellipses, hyperbolas and parabolas are projective 
fo cach other. Therefore, we do not discriminate between these curves, 

The equation of a nondegenerate (real) conic can be put into another 
form, Let 

S ag xy = 0, ai; = Gi, 
be the equation of a conic in projective coordinates. Take three pointa 
A,, A,, A, on the conic forming a trisngle. By a collineation, transform 
the coordinates (a,, x, ,) into (2’,, 27,,27,) so that A, A, A, becomes the 
triangle of reference ; so, the equation of the conic takes the form 
Sa't g. y 0, ay = a je. 

As the conic passes through the vertices of the triangle of reference 

whose coordinates are (1, 6, 0), (0, 1, 0), (0, 0, 1), we must have 
a^, = 055, = @’',, = 0 
So, the equation of the ccnic takes the form 
a^ ,,Z 37. 0^, 2" x^, 4 a^a x, = O 

None of the cofficients is «qual to zero es the ccnic is supyceed to Le 
nondegenerate. We can therefore apply the collineation 








» am L 
iode rn a pr^. 2 p.t 
213 , 12 


E 
a^, 
The equation of the conic reduces to the form (cropping tke durhcs) 
00,4 TT, Xx, = 0. (11.107). 

The equation (11.16^) is the required alternative form of (11.10). 
Dual polarities. Let us now corsider a lire-to-point correspondence | 
and discuss polarity and nuclets arising therefrom. For this purpose -/ 
we have only to interchange the x- and the u— coordinates in our D 
discussion of the point-to-line correspondence (11.4) given before. When we -— 
do so, we obtain, as above, vs noel cin of polaris ME E | 
the nuclei are here envelopes of the second class. — It must ben x 
that in the first three of the five cases, the - ta 
are different in the two dual cases. Eg, in the fimt c 
where iex rank of tho matrix: is one, án 
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polarities furnish the same correspondence between pointa and lines. The 
nuclous-envelope consists therefore of the polars which pasa through their 
poles, Thus, in the cases (11.9) and (11.10), where the rank of the matrix 
is three, the normal forms of the envelopes are u,” 4 u,” 4 u,” = 0 which 
contains no real line and u,” + u, =u," = 0 which consists of the tangents 
to z+ r =r = 0. 

When the equations are not given in the normal forms we have the 
following resulta : 


Let Cy be the cofactors of c, = c; in | c and let the rank of (cy) be 


three, Then 
Polarities Nuclei 
pui = E Cir Th > art, = 0 
ozi = 5 Ont S Ca uy uy = O. 


40. Quadratic dependence of points. Consider a conic given by tho 
general | equation > agra; = 0. The six products 
1 Wyn Dyar Lala, X,X.4, Tyr Tir; 
A depend on the three quantities z,, z,, x, and so they are not arbitrary, 
Let Q. with coordinates (Coir Cc, €,,) be six points for v = 1, 2, 4,4 
5, 6 (c,; is not necessarily equal to ci); and let | c.c | stand for the 
l n / | 911€. Cisa Cua. Ciis Oiar pars 


C;,C34. Üg,C33 Cass Ozn Cass, Cafn 








| T Caras Coaes CarPen Coser Coser 
jet hen Reni SIGN QE Ih on o conis, we ba have the six equations 


DS ancy = 0 v=1,2,....,6 


wer = 
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where Cy are the cofactors of ¢,; c,, in the determinant / 6, ey]. This is an 
equation of the second Cegree unless cach C, is zero, Hence, the five 
points 'Q,, Q- Q, Q,, Q, determine a conic uniquely if the rank of the 
following matrix is equal to five 


Cis: CiaC ago en t Oe, 


CaO ay ETUE T EE " © JM Ld 


C, €31C iae eee 055055 
A number of r points P, = (Tr Zra tr r = 1,2,3,.,., are snid 
to be quadratically dependent if the r rows 
° Leyte, Veh eq Erra Fey%ra T, QE,. rafya 

are linearly dependent, that is, if it is possible to find r constants +, k., 
2, &,, not all zero, such that the six equations 

k, zu + hy x2, + hy 2,0, eee e m um =O 

k, XZ t ki mum. tH, Xm b «0.00 e d mum 


Ll . B * » = " L2 » K s » * - D * » B 


LITTLE LU 


hold. In this case, we also say that any one of the r points is quadrati- 
cally dependent on the remaining r—1 points. Otherwise, the r points 
P, are quadratically independent, imjkereeee- shea S 
r points P, are quadratically dependent if the rank of the folle D 
is less than r 
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Ifr <6, it is always possible to find a point Q = (x, z,, z,) 
quadratically indspsn ent of the r points P,» For, in the matrix 


Piafi Piriste ese H.E. 


Sulis ~ Bp Loss see N YE 

* T WEM KR "PC WX 

it is always possible to choose zr, z,,z, such that there is at least one 
(r + 1)—rowed determinant which is not zero. 


If r = 5, the r points are quadratically dependent if the rank of the 
matrix (11.11) is less than five. We may therefore state the resnit, 
obtained before, as follows : 


Five quadratically independent points determine a conic uniquely. 


The geometrical meaning of a point Q quadratically dependent on 
(or independent of) five quadratically independent points P,, r NT CATE 
is that Q lies (or does not lie) on the conie through rp X en des 
Through four given points which are quadratically independent there pass 
a system of conics. These conics cover the projective plane in such a 
manner that through any point which is quadratically independent of the 
H four given points there passes just one of these conics. 


d AG E We now consider the significance of quadratic dependence, It should 
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bed i be noticed at the outset that, by a transformation of projective coordina- 
=y odes a quadratieally dependent system of points is transformed into a 
|| quadratically dependent system of points. 
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another be (a, a., à,). If the three points are quadratically dependent, 
the rank of the matrix i 
I 0 0 0 0 0 
0 0 I 0 0 0 
j) 4,4, a, ay, a, a, 
must be less than three. So, all third order determinants must be zero, 1.¢., 
G,d, = G,0, = da = a,* = 0. 
or a, — dd, = 0. 
So, either a,=a,=0 or a, a, = 0. 
Therefore the point (a;) must coincide with one of the given points. 

(3) A point quadratically dependent on three given points. 

(i) Let the three given points be noncollinear and, without Joss of 
generality, let their coordinates be (1,0, 0), (0, 1,0), (0,0, 1) and those 
of another point be (az, a, e,). If the four points are quadratically 
dependent, the rank of the matrix 

I 0 0 0 0 0 : 


0 U 1 0 0 0 
0 o 0 0 0 l 


a, aa, a, aa, aa, a, 
must be less than four. So, all fourth order determinants must be zero, 










ië., | DET. 

a,0, = 0,0, = aa, = 0. + Be? Bie ae 

So, a,=a,=0 or a, = 0,2 0 or a4,=a,= 0, Ene 
Therefore the point (a) must coincide with one of the given points. = 
(ii) Let the three given points be collinear. - x t TR E 
generality, let their coordinates be (1,0,0), (0, 1,0), (0,0, 1). Then the — — 
—— a ; "uy = dg 
yid 0 x0 .0 eu WE St a ee 
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Therefore the point (em) must lie on the line joining the three given 
points, In other words, all points of a line are quadratically dependent, 
(4) <A point quadratically dependent on four given pointa. 


(i) Let no three of the four given points be collinear and let their 
coordinates be (1, 0, 0), (0, 1, 0), (0,0, 1), (1, 1, 1). Then the rank of the 
D-rowed matrix, constructed in the same manner as in the previous cases, 
must be less than five. That is, the rank of the matrix 


( l l l ) 
L Ga, «,n, a.a, 


( must be less than two. Hence we must have 


| (eos Gd, = 0,0, — @,a, 
So, a, = a, =a, or a; =a,=0 or a, =a, -0 or a,—a,- 0. 
Therefore the point (a;) must coineide with one of the four iren pointa, 
| (d) Let three of the four given points be collinear and the coordina- 
i tes of the four points be (1, 0, 0), (0, 1,0), (1, L, 0), (0,0, 1), the first 
£M. three being collinear. Then, it may be seen as in the case (i) above that 
the rank of the matrix 


X | 0 ü 
4 
u 3 j f aa a ia "n Em 


ad, = af, = 0. 
cither a, — 0 or a, =a, = 0, 


: he point (a,) must either lie on the line of three of the given 
its or must coincide with the remaining given point. 


i y dependent on five given points. 

ts | are quadratically independent and the sixth 

» , then the rank of the matrix (11. 11) is equal to 

ie coc tes of the sixth point must satisfy a 

h ch every coefficient cannot be zero, ie., the 
uniquely — — given points. On 
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points are collinear, there exists one and only one conic passing through 
them. Ifthis conic is degenerate, three points must be collinear, and 
conversely. 

(4) If the five given points are quadratically dependent, the six 
points are also quadratically dependent, In this case, four points are 
collinear and there exist an infinity of (degenerate) conics passing 
through the five given points, at least one through every point of the 
plane. 


41. Projective theory of conics. (I) Projective generation of conics, 
Suppose that we are given any three rays a, ^, c of one pencil of lines 
(abe......) with centre 5 to correspond respectively to the three rays 
a’, b^, c' of another pencil (a'h'e'....) with centre S’, which is supposed to 
be different from S. We can then establish, by geometrical construction, a 
definite projectivity between the pencils in which (a,a*), (b.b') (e.c) are pairs 
of corresponding rays. The construction has already been given in (2) $ 29, 
and it need not be repeated here. The only thing we have to note 
is that there is here no distinction between an ordinary point and a point at 
infinity, an ordinary line and the line at infinity. 

Referring to the construction and the property of the eross-ratio in 
determining à projectivity, the two fundamental results which should be 
emphasised are first, any three distinct rays of one pencil may be related 
to any three distinét rays of the other pencil by at most two perapectivities 
and secondly, a projectivity between two pencils is uniquely determined 
when three pairs of corresponding rays are given. 

We now recall, what bas been shown at the end of ¢ 24, that the points 
of intersection of corresponding lines of particular projective pencils lie on 
certain conics. That idea sh: ll now be generalised. 

Consider ‘the Uie -poltta 14 which itia rte LM 
of two projective pencils intersect. If the two pencils are perspec 
ow ecd er SS 28 the Pee vn corresponds to the ray SS e the j pei 
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we get the rays d, b, c, represented respectively by 
liZ Taz) = O, Ult x. 2,) = O, AC gs By) tllt x, T) = 0. 
An arbitrary ray d of the pencil (S) is then represented by 


yl Gn, Zar 0.) + Mun, 3, ra) = O, and their cross ratio is (ab, ed) = X 


Let a',b',c' d', be the rays of (S'j which correspond to à, b, c, d ; then 
(ab^, cd’) = (ub, ed) = & . We can now represent the rays a’ b/ &' by 


L5, 2, a) = 0, Le, 2,75) = 0, L'Gr, 
where ls ere also linear functions ; then d’ must be represented by 
vt, (rm, 05) + Al, (2,6, X,) = 0 
The point of intersection of d and d' satisfies therefore the two equations 
R yl, lEs 24. T3) + Ale, 0, $,) = 0 
yl n, xu ,) AL (m, 0m, z,) = 0 
On the other hand, let (x,,x,, x,) be a point in which two corresponding 
lines of the pencils meet. Then there exist values of +,A for which the 
above equations hold, and this is possible if and only if 
br, v. 34,). T8, Tys Ze) 3 
l "CES Ts, ay) l a (2,5 Ti T.) 
| "This is an equation of the second degree. Hence the points of he 
n z. -locus must satisfy no equation of the second degree, and every soluticn 
[S Teraa) of this equation is a point of the locus. An equation of second 
E either represents a conic or is an identity, every coefficient being 
zero. . But since S and S' are supposed distinct, every point of the 
eis olive plane does not belong to the locus end the locus contains 
—* — five points which are not situated on a line. Hence the locus is a 
M il Pha da either nondegenerate or is a pair of distinct lines We 
e the following theorem : 
ivily connecting two nonconcentric pencils of lines, 
n - rd intersection of the corresponding lines is a conic 
| e or consists of a pair of lines. 
be: deed which are quadratically indeperddent 
bitrary manner by S, 8’, A, B, C. If there 
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are all distinct. Ifthe rays a,b e of the pencil (S) correspond to the 
rays a’, b, c' of (S), then the locus of the points in which corresponding 
rays meet is ^ conio which obviously passes through A, B,C. The conic 
passes also through S, 8’ since the line SS’ of the pencil 5S: meets tho 

corresponding line of the pencil (8°) in the point 5', and similarly for the 
point S. In the preceding article it has been proved that there exists only 
one such conic passing through these five points. Thus every nondegenerate 
come and every pair of distinct lines can be generated by two nonconcentric 
projective pencils. 

On the other hand, let S and 5° be two arbitrary different points of à 
nondegenerate conie which are the centres of two pencils of lines. If we 
set up a correspondence between those rays of S and S" which intersect 
on the conic, then quadruplets of corresponding rays have the same 
eross-ratios. For, if A, B, C, D are four points of the conic, different 
from Sand S, the locus generated by the pencils whose corresponding 
rays are SA, VA; SB, SB; SC, S'O is a conic passing through S, 8’, 
A, B, C and is therefore identical with the given conic. Hence SD 
corresponds to S'D and the following cross-ratios are equal, namely 


(SA SB, SC SD) = (S'A S'B, SC S' D) 


Suppose, for the moment, that the conic is a circle, Then ASB = 4 AS'B 
for every pair of points A, B of the circle, and the (wo pencils (8) and (S) 
are therefore congruent. Hence we may get an alternative proof of the 
projective generation ef à nondegenerate conie by “generalisation by 
collineation," as in 536. 

Consider dually two rows of points (A BC...) and (ABC...) on different 
lines s and s’ and establish a projectivity between the two rows, as in (1) 
;29. The lines joining corresponding points of the rows generate an 
envelope. To investigate the nature of this envelope, we need only repeat. 
the above investigation regarding two projective pencils, using always the 
dual terms, ñe., the coordinates (x,. x, x,) of a point have to be by 
the coordinates (u,, w., u,) of a line, and conversely. It would follow that 
—— —— e second ——— — — or co 1 
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nondegenerate. To the raya SS of (8) and (5°) correspond respectively 
the tangents at 5 and S. To the points sy of (*) and (s) correspond 
respectively the points of contact on s and s. 





(11) Theorema on conics and hexagons. Let A, B, C, D, E, F be six 
points, no thre of which are collinear. By ‘the hexagon ABCDEF” we 
shall mean the figure obtained by drawing the lines AB, BC CD, DE. 
EF, FA. These six lines are called the sides and the six points the 
vertices of the hexagon. Cyclical permutations of ABCDEF and 
FEDCBA (such as CDEFAB, CBAFED, etc.) represent the same 

% hexagon and any other permutation represents a different hexagon. 
Hence, from the six vertices we obtain sixty different hexagons. The 
sides of the hexagon ABCDEF are grouped into three pairs of opposite 

| sides: AB, DE; BC, EF; CD, FA, 
f We have just seen that five points, no three of which are collinear, 
determine a nondegenerate conic uniquely. The following theorem gives 
F the necessary and sufficient condition that six points should lie on the same 
| = PASCAL S theorem. If the six vertices of a hexagon ABCDEF lie 
E on a conic, the points of intersection of the three pairs of opposite «ides 
Lir AB, DE; BC, EF; CD, FA are collinear. Conversely, if the hexagon is 
| auch that the three pairs of opposite sides intersect in three collinear points, 
Proof. Let the points of intersection of AA, 
DE; BC, EF and CD, FA be P,Q and R res- 
ectively. Also, let HD and AF intersect in M, 
IF intersect in N. Suppose that the six 
its A, B,C, D, E, F are points of a conic. 
pencils A(EDBF....| and C(EDBF... 
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ED and EF respectively ore projective, But these two projective rows 
have the point Æ as the self-corresponding point and hence the rows are 
perspective (£ 29). Therefore the lines DN, PQ, MF are concurrent ; 
that is, the lines CD, PQ, AF are concurrent. So, the lines CD and AF 
intersect on the line PO ; that is, the point # lies on the line PO. 

Conversely, suppose that the points P, Q, R are collinear. Now the 
five points A, B. C, D, E determine a conio. If the point F does not 
lie on this conic, let E F intersect the conic in the point F’. Also, let CD 
intersect AF’ in FR. Since ABCDEF’ is a hexagon inscribed in the 
conic, the three points P, Q, H* arc, by whot has been proved above, 
collinear, But, by hypothesis, P, Q, R are collinear and so R and R’ 
lie on PQ. Also, by construction, they lie on CD. Therefore A" must 
coincide with Rand hence F” must coincide with F. Accordingly, the 
six points A. B, C, D. E, F lie on a conic, 


The line PQR is known as a Pascal's line. From six points on a 
conic we obtain sixty Pascal's lines. 

Let a, b, c, d, e, f be six lines, no three of which are concurrent. By 
‘the hexagon abedef! we shall mean the figure whose sides are the six lines 
and whose vertices are the six points ab, be, ed, de, ef, af. There are 
three pairs of opposite vertices : ab, de; be, ef and ed, fa. Cyclical 
permutations of abedef and fedeha represent the same hexagon and other 
permutations represent different hexagons. The dual of Pascal's theorem 
is then the following : 


BRIANCHON'S theorem, If the six. sides of a hexagon abedef are 
tangents to a conic, the lines joining the three pairs of opposite vertices ab, de 
be, «f ; ed, fa are concurrent, Conversely, if the hexagon is such that the lines 
joining the three pairs of opposite vertices are concurrent, the six sides of the 
hexagon touch a conic. x 

The proof of this theorem is obtained by dualising the proof of Esas 
theorem. The point of conem rence of the lines joining the opposite NT 

r. P AAE ao a conio is called a Brianchon’s po te 
s — e | Fee E ree conie we obtain. 
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of the tangent at A and CD ia collinear with the in ersections of AB, DE 
and HC, EA. (Suppose F = A), 


If a, b, c, d, e are five tangents to a eonie, the line joining the point 
of con act of a and ed is concurrent with the lines a5, de, and be, ea. 


(ii) If A, B. C, D are four points on a conic, the point of intersection 
| of the tangents at A and C is collinear with the intersections of AB, CD 
$5 and HC, DA. (Suppose the hexagon is A ABCO D). 


ro Ifa, b, c, d, are four tangents to a conie, the line joining the points 
of contact of a and e is concurrent with lines ab, ed and be, da, 


Eros (ii) If A, B, t, are three points on a conie and a, b,c are the 
tangents thereat, the points of intersection of a, BC; b, CA and e, 
AB are collinear and the lines joining A, be; B, ca and C, ab concurrent, 


‘Suppose the hexagon is 44 B BCC). 


| We have all along been supposing that the conic is nondegenerate. 
— — [n Pascal's theorem. let us suppose that the conie is degenerate and 
= consists of the two lines ACE and BDF. It is then immediately seen 
|. that Pappus theorem is a particular case of Pascal's theorem. 


1J 




























As an application of Pasos theorem, suppose it is required to 
. eon tract a conie through five given points, no three of which are 
collinear. The construction may be given as follows : 


- Let A. B, C, D, E, be the five points. Draw any line g through one 
| Be ; of the points, A say, not passing through any of the remaining pointe. 
: Let the | nt of intersection of AB, DE be P, of g, CD be R and of PR, 
BO be Q; finally, let EQ meet gin F. Thus ABCDEF is à hexagon such 
that the three pairs of opposite sides meet in three collinear points P, Q, 
. R. Th Therefore F must lie on the conic through the five given points. 
Ne ats taking different lines g through A we obtain different points F; 
and so, by constructing a sufficiently large number of points F, the 


F 


co mi sin be. constructed. 
AP | Similar . given four points and a tangent at one of them or three 
p ints TE 





| ane | the tangents at two of them, no three points being collinear and 
not int b» — yg situ uated on the tangent at a different given point, the conic 
ia an  construete« d by the Pe as iene 


and polar. Take à conic and a point 
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BC moot in R. Finally, let. the line QR be denoted by p. If the 

l lines AB, p meet in P”, then, 
from the complete quad- 
rangle GORD, the points P, 
P' are harmonically separated 
by A, B (: 20) Similarly, if 
CD, p meet in P", then P, P* 
are harmonically separated by 
C, D, Therefore the line p is 
the polar of the point P with 
respect to the conic. 


By Pascals theorem Cor. (8), the tangents to the conie at A and 
B intersect on p. Similarly, the tangents at C, D also intersect on p. 
Thus, if through P we draw any number of lines to meet the conic in 
distinct pairs of points (A, B), (C, D),...., the following points lie on 
the polar of P (points conjugate to P): (f) the meet of AC, BD and 
the meet of AD, BC, (ii) the point on every line AB which is harmoni- 
cally separated from P by the pair (A, B) and (i$) the meet of the 
tangents at every point pair (A, B). | 

It follows that the polar of Q is the line PR and the polar of R is 
the line PQ. "Therefore the triangle PQR is à polar triangle. But this 
triangle is the diagonal triangle of the complete quadrangle ABCD, 
Thus, the diagonal triangle of a complete quadrangle whose vertices lie on a 
conic is a polar triangle with respect. to the conic. Conversely, every 
triangle which is polar triangle with respect to a conic can be considered 
as a diagonal triangle of a complete quadrangle whose vertices lie on the 
conic. If follows that all conies which pass through the same four 
points, no three of which are collinear, have a common polar triangle. (Cr 

Applying the principle of duality, we take a line p which does | not 
touch the conie and draw distinct pairs of tangenta (a,b), (c, — from 








points on p. Then the following lines pass through the pole of p. (lines. — 
conjugate to p): fi) Be Ma hd and the — — vind 
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Proof. Let any line through S meet. AB, AC in P, Q respectively 


and let CP meet the conio again in D ; also, let BC and AD meet in R., 
Now, the four points A, 


B,C, D are on the 
conie; so, by Pascal's 
theorem or by the 
construction of pole and 
polar given above, the 
point of intersection of 
the tangents at B and 
C is collinear with the 
points of intersection of 
AB, DC and of BD, C A. 





in Q. Hence PQR is 
the diagonal triangle of the complete quadrangle BCAD and is therefore 
4 polar triangle with respect to the conic. Accordingly, P and Q are 
conjugate points. 
— Applications. We now establish a few theorems which follow from 
the projective properties of conics given so far. 
(1) The complete quadrangle formed by four points on a conic and the 
vem quadrilateral formed by four tangents thereat have the same diagonal 






4 3 X det A, B, €, D be four points on a conic and a, b, c, d the tangents 


(do the conic at these points respectively. Also, let the point of intersec- 
tion of AB, CD be P, of BD. AC be Q, of AD, BC be R; the line 
joining ab, ed be 6 ioiniog bd, ac be f and joining ad, be be g. Then, 
PQR is | the dia gonal triangle of the complete quadrangle ABCD and «fg 
onal trian; o of the complete quadrilateral abed. 
iow, Es Pascal's theorem cor. (ii), the points P, R lie on f. Also, 
Ion A, B, C, D are taken in different orders then, from 4 DC. 
)oin s P, Q Ws — ACBD, the points Q, R lie on v. 
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are harmonically separated by the points A’, B'. But PQR is a polar 
triangle of the conic T and A’ is a point on I’; ther fore B' must also 
be on P, Similarly C’, D' must also be on T. Hence the theorem, 


(3) Jf two conics are inscribed in the same quadrilateral, the eight points 
of contact lie on a conic, 

Let a, b, c,d be the four sides of the quadrilateral and A, A’ the 
points of contact on a; B, B'on b; ©, © on c; D, D'on d; the points 
A, B, C, D lie on one conic and A’, B,C’, J' lie on the other. 
Now by (1), the complete quadrilateral abed has the common diagonal 
triangle with both the complete quadrangles ABCD, 4'B'C'D'. Hence 
the complete quadrangles A BC D, 4'B'C'D' havo the same set of diagonal 
points. Therefore, by (2). the eight points A, B, C, D, A’, B', C", D' lie 
on & conic, 

The derived conica in (2) and (3) may be line pairs. The dual theorems 
of (2) and (3) may be stated and proved in the same way by dualising. 


(4) Jf two triangles are both self-polar with respect to a given conic, 
their six vertices lie on a conie and their six sides touch a conic. j 


Let ABC, POR be two triangles self-polar with respect to a conie. | 
Let BC meet PQ and PR in Q' and R'; QR meet AB and AC in. B' and | 







C'. Now, Q' is the meet of PQ and BC t 
whose poles are AK and A; therefore the PU 
polar of Q' is AR. Similarly, the polar of | 






R is AQ. -we have the cross-ratios 

A(BC, QR) = (CB, RY) 

(because, by ; 27.1, the eross-ratios of polara 
and corresponding poles are equal) 

= P(CB, R'Q ), by projection from P, 

| | (BC, QR) 











| = P(BO, YR) = P 
| t Bo, i — Ie 


k ER rr a | 
= ps T 










(BC, YR’) = A(CB, RQ) 
` * ' i " A E ; 


Ld 2 EÀ 








GEOMETRY IN 1HE CFROJECTIVE PLANE 155 


By the theory of pole and polar, a given conie I sets up a polar 
correlation (P, p) in the plane. To a line PQ corresponds the point pq 
and if P,q are conjoint, then p, Q are also conjoint. Thus the principle 
of duality may be justified in this way. 


Suppose a conie |’, is generated by two projective pencils. Then 
the polar reciprocal ( 22) of 1’, with respect to D is a conie 1’, generated 
by two projective rows, the bases of the two rows being the polars 
of the centres of the two pencils with respect to 1°. Let the polars of two 
points P, Q with respect to D be p, q. We then have the following 


properties : 


S — (i) If P,q are pole and polar-with respect to [°,, then p, Q are polar 
and pole with respect to I',. 


(i4) If P, Q are conjugate points with respect to ]',, then p.q are 
. conjugate lines with respect to I';. 


From these properties the following theorem may be deduced : 


.(5) Any two conics and the polar reciprocal of one with respect to the 
other have a common self-polar triangle. 


(IV) DESARGUES' theorem on involution. If K, L. M, N are four points 
omn a conic, any transversal cuts the conic and the pairs of opposite sides of 
the complete —— KLMN in pairs of conjugate points of an involution. 





v 

| Proof. Let transversal u moet the conic in P, P and the three pairs 
AF of opposite sides gts KN, LM ; KM. LN of the complete quadrangle 
7 KLMN in the — — of 






| + | points (A, A’), (B, B Js (C. €"). 
Now, since the six points K, L, 
M,N, P, Pare on the conie, 
K(LN, PP’) = M(LN, PP) 
uw or ue PE (B'A', PP’) 
| ay ec pu) = (A'B', P'P) 
B, PP) = (4m, rn 
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The dual theorem may be stated thus 


If k, l, m, n are four tangents to a comic, the feo tangents to the 
com from any point and the lines joining the same point to the thive 


pare oj opposite vertices of the cc plite quadrilateral kimn are paira of 
conjugale linsa of am imvolahos 


The proof of this theorem is obtained by dualining the proof given 
above 


The set of all conics passing through four points form a pencil of sonics 
and the set of all cnics touching four lines form a range of conics, 


Let A. L. M, N be four pointa forming a quadrangle and € a line not 
poss ng through any of these points. In the pencil of conies through K, b, 
A. N there are either two conics which touch w or none at all. For, tho 
pencil of conics determine an involution on w. If this involution is hyper- 
bolie, there are two double points P and Q, say ; then the conie of the 
pencil which touches « at P is one of the conics while that which touches w 
at Q is the other, Hf the involution i» elliptic, no conie of the pencil can 
touch u. Dually, in the range of conics touching four lines k, L m, n, form- 
ing a quadrilateral, there are either two conics which pass through a given 
point, not situated on any of the four lines, or none at all. Strictly speak- 


mg. a pencil of conics is a pencil of conic loci and a range of conics in a- 


pencil of conio envelopes. 
42. Pencil] of conics. Pencil of conic loci. The set of all conics 
defined by, 
T9, tAg, = O, (11.12) 
where $, » Daxa; = 0, e, = Xbox, = 0, ay ty = Oy, by = by 






Soa nes ad as 


in said to form a pencil of conic loci. Twe eb 6 M 
Te. * Ao, = O and ze, « Ae, = O nre. distinct if 1A — "4380. Hn 
of the pencil is on 9, = 0 and - fmi 16-9 
linearly dependent on any two distinct. conics a an 
she pata bao td a omy 
be called the base conics, rines on 
e telum eo Vno» conics. All conics o 
"a , reel or without real t 
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Be op, 09 Oe a, = py n O the given point i» a point of tatereetion 
of the eonjos ¢, = 0. p, = 0, and all conie of the pened pam through 
the given point, Ge, if the conics 9, = O, + U do not intersect in Any 
real point, there is juat one eonic of the pencil which passes through the 
given point. 

“Let two points (x), Gr; be conjugate with respect to both the 
"me eonies e, = 0,9, = 0. So 

Xa rr, (Hl o, hora, so U 
Each ef the two conics determines an involution of pointe formed by pairs 
| of conjugate points on any line. If the inwolutions determined by both 
Hm the eonics on a line, say x, = O, are the same, the two equations 
C» T a, FE +a, (2, ph tag I 
| | born, + balta, tr, ) tbtt = 
E fates b the sommo. So, the renk of the matrix 


* E @,, ie 
rA b 
"i b., bys —E 
+ must be one. Now, the rank of the matrix remains unaltered if we 


i nie by by yay Abe, Hence, if two conics of a penei! generate the same 
involution on a line, then every conic of the pencil generates the same inte lu- 




















2 +2," + dee, + enun + fn = 0 


| The involution generated by the circle on the line at infinity r, ~ 0i 
74» eddie san 


i | rr ray! -—, r.r = 


*—: af the constante d. «e, f. any otber circle will 
: te ame bon hee d liy Conversely, every 


à Boe this involution is a circle. For, in the equation of the 
ae —— of xx, and the 
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to two arbitrary conics of the pencil, then the lines S, P* and S,P" are the 
polars of P with respect to these two 
conics. ‘Therefore, the pencils of 
lines S (P) and SF) with centres 8, 
and §, are both projective to the row 
of points (P) on w (§ 27.1) and are 
therefore projective to one «another, 
Hence, by (1) of the last article, the 
locus of P is a conic, l' say,» passing 
through S, Sy.. T 





Let KL meet u in H and let H, be the harmonie conjugate of H with 
respect to A, L. So, the conic I° passes through the six such points H, 
on the six sides of the complete quadrangle KLMN. Again let E, F, G 
be the diagonal points of the complete quadrangle ALMWN and let (7 be 
the point of intersection of EF and u. Then, since EF is the poler of 
G with respect to all conics of the pencil, G, C” are conjugate points with 
respect to all these conics, So, D passes through the point @ and, for 


the same reason, through E, F. Finally, if the conics of the pencil meet | 


u in the pairs of points (A, A’), (B, B')...., then, by Desargues’ 


theorem of the last article, these pairs of points form an involution on t. 


If the involution is hyperbolic and U, V are the double points of this 
involution, I’ passes through the points U. V. Thus the conie D passes 
thrcugh the nine (eleven) fixed points, H; E. F, G, (U, V). E^ 


Let us, for the moment, suppose that the line u is the line at infinity. 
So, the points S,, S,....are the centres of the conics of the pencil. 


Hence D is the locus of these centres. Further, the point H, is now the 






middle point of the segment KL and, as before, E, F, G are the diagon: 
points of the complete quadrangle KLM N. The locus T', of the cent | 


which passes through these nine fixed points is accordingly called the — a 





= 
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through the four points K, L, M, N. The different degenerate cases that 
may arise are the following : 


(a) If the four points are distinct, there are three distinct degenerate 


conics, each consisting of a pair of opposite sides of the complete quadrangle 
KLM N, 


(b) If two of the points are coincident, say K, L coincident at K, all 
conics have simple contact at K. There are here two distinct degenerate 


conies, One consisting of the tangent to all the conics at K and the line 
MN, and the other consisting of the lines KM, KN. 


de) If two pairs of points are coincident, say K, L coinokdent at K 
and M, N coincident at M, all conica have two simple contacts, one at 
A and the other at M or, as we say, double contact at K and M. There 
are here also two distinct degenerate conics, one consisting of the tangents 
at K and M and the other consisting of the line KM counted twice, 


EO 


= (d) If three of the points are coincident, say K, L, M coincident at K, 
’ all conics have three-point contact at X. There is here one distinct 
i . degenerate conic consisting of the common tangent at K and the line KN. 


, (e) If the four points are coincident at K,the conics have four-point 
contact at K, "There is here also one distinct degenerate conic consisting 
of the common tangent at K counted twice. 













- Singular points. A point on a conic is said to be a singular point 
-  - ef the conio if every line determined by it and any other point of the 
—  eonieis contained in the conic. It is evident that only degenerate conics 
[^ have singular points. If the degenerate conic consists of two distinct 
P. lines, the point of intersection of these lines is the only singular point ; and 
— if the degenerate conic consists of two coincident lines, every point of the 
— lineis a singular point. 


| CU agis b acsi taney other point of a conic 
Seyxa; = 0. An arbitrary point (ur, r,) of the line joining the two 
jit a ia a point of the conic if 
n eure, + 20 eurer, * eum, = 0 
The and the last terms are, by hypothesis, zero; so the condition 
red; du uc —— ra, = 0, * as (rj) is any point on the conie, the 
| i " ta ofz, c, x, n | | be separately zero, ie. 





(11.13) 





x Exec 
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Now, we have seen that the degenerate conics of the pencil (11.12) = 
will be given by those values of y, A as satisfy 


| yay + Aby | = 0, 


where, as before, we suppose that | ay | 4 0. For such values of y, A, 
there must exist quantities r,, r,, r, satisfying the three equations , 


> (Yis + Aby ry = ü, p= E, 2. 4 . (1.13) 


It therefore follows from (11.13) that (r;) is a singular. point of a degenerate 
conie of the pencil. 


Further, for — values of y, A, the polar of a point (rj) with 
respect to the conics of the pencil are 


> (vay +My )ra, = 0) 
7 


These polars are the same for all conios of the pencil if y, A exist such that 
(11.137) is satisfied, that is, if (r;) is a singular point of a degenerate conie 
of the pencil. Hence, the singular points of the degenerate conics of a pencil 
are the only points whose polars with respect to all conics of the pencil are the 
same. Tt may be noted that the polar of a point with respect to a conic: 


is undetined only when the conic is degenerate and the point. is n singular Kim 
point of the conic. AA 


" a 


Equations of pencils, Consider a point and a line which are pole E > 
and polar with respect to all the conics of the pencil (11.12) ; ; the d P" s 
is therefore a singular point of a degenerate conic of the pencil, | 
polarity dater TANT te — 


mac = Dery Abg, —— 


"Wer d 
For pole and polar, two aiaa 0) the pole conjoin 
polar and (1I) the pole disjoint with ita polar. =. ve 
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4, discriminant are zero for the same value of 4/A and (2) there are two values 
AN Of y/A for each of which the discriminant is zero. 


(1) Here —y/A = b,,/a,, = 6,,/a,, = p (aay) 


^ . Since there is this one value for y/A, there is just one degenerate conic, 
and we take it as one of the base conics, As 


y = ts * bi, - b, = 0, bi, = Mis b. = das, 
the equation of the pencil (11.12) can be written as 
e 1G, x," + Za, TT, + 2a", rz x,  a',z*) + Alb, 2, + 2b, .2,2,) = 0 
‘Two sub-oases arise : 
(i) 6,,=0. The equation of the pencil now takes the normal form 


















y(ax,* + 2br,z, + 2ex,r, +dx,*)+Azx,? = 0; (11.14) 
and the equation of the degenerate conic is now x,” = 0, 
9, bys * 0. We apply the collineation 

Cf, =f, ox, = 6,2, +26,.2,, vz’, = F, 
Baar hea pencil now reduces to the normal form (dropping 
the dashes) | 

ylar’, + Zbr,z, -2cx,z, da^.) - Az, = 0; (11.15) 
and the equation of the degenerate conic is now z,z, = 0. 
Ll Ts Here. —y/A has two values b,,la,, and b,,/a,, Let 
: T biala, = pis bap, 


t ya rs hioen two values of 1/4, there are two degenerate conics, 
ce them as the base conics, As 


: E. E — = åp = baa = b= 0, bis = Pitian b. = Palan 
* Eres otis uet o zou MERE 









; ppl: oy dollinession * » 
B Xx. ez (b,5/8'ss) 2, +2 on’, Boso Sen t m 

The — å on then reduces to the form 
— o a dn ba^) = 0, ba Yn eo 
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The equation of the pencil now takes one of the three normal forme 
(dropping the dashes) | 

yam, + A(ex?, +2",) = 0, «c= 1,0, —1; (11.16) 
and the equations of the two degenerate conics are now zz, = 0 
and «x*, +27, = 0, « having the corresponding value. 

(II) Let the coordinates of the pole and the polar, which are now 
supposed to be disjoint, be (0, 0, 1), and (0,0, 1). Since this polarity is 
to be satisfied by an arbitrary conic of the pencil, we have 

a,,= b, = a,, = 6,, = 0. 
A degenerate conie of the pencil may be obtained by supposing b,, = 0, 
as this makes | b;; | = 0, and let us take this conic as a base conic. When 
ba = 0, we must have a, #0, as otherwise it would make the 
discriminant of the equation of the pencil zero. Without loss of generality 
we may assume a,, = —]. 

The equation of the pencil (11.12) can now be written as 

yla, ** + 2a,,r,, F G,,%," —2,") + A(b, tu * 2b, iT; * Orsta) = 0 

As before, the coefficient of A can, by the application of a suitable 
collineation, be reduced to z,7+er,7, e= 1, 0,— I. 

So, the equation reduces to the form : 7 

y(c,,z,? + 2c,,T,z, tCar —x,") Al +ez,") = 0 

There are three cases according as e = 1, 0,—1. Taking e = 1 and 
applying an orthogonal transformation in z,,z, (a particular case of 
collineation), the coefficient of r, r, may be made to vanish while z," +z, 


remains invariant. The equation of the pencil then takes the form | 
ylax,? + bz, —2,)-A(r,? +22) = 0 (11.17) | 
Similarly when « = 0, the equation takes the form ae: 
ylax,? br, —r,*) - Azm,? = 0 (11.18) 


When e =—1, the equation, by suitable change of coordinates, can i 
put in the form ; 
y(az,? + 2br,z, cr, -z,7)+ Arr, = 0 | (11.19) 
There are various subcases for each of the equations (11.17), qas 
(11. 19) and the equations ean be put in simpler normal forma, res 
From the point of view of singular points, peno of conics — 
of the following five types : (a) pencil having three singular points, when hen 
there are three degenerate conics, (b) pencil having two singular point 
when there are two degenerate conics each consisting of a pair 
ad as ee — Air C LEY: get 
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consisting of a pair of lines, (d) pencil having a row of singular points, 
when there is one degenerate conic consisting of two coincident lines and (e) 
pencil having one and a row of singular points, when there are two 
degenerate conics, one consisting of a pair of lines and the other consisting 
of two coincident lines. 


We have hitherto been dealing with conic loci. We may dualise all 
that we have said and obtain proporties of a pencil of conic envelopes. 
When a degenerate conie envelope consists of two distinct points, the 
(r line joining these points is the singular line of the conic and when it 
consists of two coincident points, every line passing through the point is 
a singular line. We state briefly some of the dual properties. 


Pencil of conic envelopes, The set of conics given by 


xv, £V, = 0, (11.20) 

which are linearly dependent on two distinct conics 

Y, = Xaguu = 0, Y, = Abou, = 0, 

is said to form a pencil of conic envelopes. Asin the case of a pencil of 
conic loci, a pencil of conic envelopes possesses the following properties : 
(1) Any two distinct conics of the pencil may bo taken as the base conics, 
(2) there is a unique conic of the pencil which is tangent to a given line 
(i.e. contains a given line as a line of envelope) other than the tangents 
common to all conics of the pencil, (3) if any two conies of a pencil 
- generate the same involution of lines through a point, every conic of the 
T . pencil generates the sams involution through the same point and (4) there 
: are not more than three and not less than one distinct degenerate conics 


l _ in the pencil. 
$0 Let the conics of the pencil (11.20) be tangents to four lines k, I, 
m, n (i.¢., the four lines are lines of envelope of all conics) and let the 








equations of the points kn, Im, kl, mn be a= 0, 8-0, y= 0, 820 
féspestively. 
(a) When the four lines are distinct, there are three distinct degenerate 
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conics, each consisting of a pair of opposite vertices of the complete quadri- 
lateral kimn, The equation of the pencil can be written as 


Xa + yñ = 0 
(^) When two of the lines are coincident, say k, n coincident with &, all 
conics have simple contact at the same point onk. If the equation of 


this point is a, = 0, the two distinct degenerate conics are a= 0 
and yi = 0. The equation of the pencil can therefore be written as 


Xa, 8+ £78 = 0 


(c) When two pairs of lines are coincident, sav k, n coincident with & 
and [, m coincident with Z, all conics have two simple contacta at two points 


QO 


AO k G;q 





on k and I, one on each. If the equations of this two points are a, = 0, 
and 8, = 0, the two distinct degenerate conics are a,8, = O and y= 0, 
The equation of the pencil can therefore be written as 
\a,8, + fy"? = 0 

(d) When three of the lines are coincident, say k, m, n coincident with 
k, all coincs have three-point contact at the same point onk. If the 
equation of this point is a, = 0, the one distinct degenerate conic is 
o,8=0, Ify = 0 be the equation of one of the nondegenerate conics 
of the pencil, the equation o” the pencil can be written as 


X¥+ £a,8 = 0 

(e) When all the four lines are coincident with k, all the conics have 

four-point contact at the same point on k. Vn rage om irae 

a, = 0, the one distinct degenerate conic is a, = 0. So, if the equation. 
of a nondegenerate conic of the pencil is y = 0, the equat on of 

pencil can be written as 
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the pencil of conic envelopes of the same type will be given by an equation 
of the form 

X(au ,? + — *f(u,' *u,) = 0 
or (au ,? + bu,’ * u,”) Pu piu,” + u,*) =0 


where p is an arbitriry constant. In point coordinates, this equation 
becomes 


0 m; Gy ty 
z, a—p 0 O 

» = 0 
* 0 b-p O0 


dr rt 


or — tyi s = {) 


' In nonhomogeneous ccordinates we get 

i g” y? 

J a . urb bop 1 = () (11.21) 
NT Im 

~ Let us interpret this equation geometrically. We have seen in § 14.1 that 


a focus of a conio is the point of intersection of two nonparallel isotropic 
tangents to the conic. In the case of a central conic we have four foci ; 
and so a system of confocal conics consists of the nondegenerate conics of 
a pencil of conie envelopes which touch four isotropic lines, two of each 
kind (i.e. the four isotropic lines are lines of envelope of all these conics). 
| Let the coordinates of two real foci F, F' be (+c, 0); then those of 
‘the two imaginary foci G, G'are (0, + ic), i — —1. Therefore the 
- equations of F, Fr, G, @ in nonhomogeneous line coordinates ore 
i «264-150, BP=cu-1=0 
y=te+1l=0, § = icv-1 =0 
í poe » the equation of the pencil in nonhomogeneous line coordinates is 


* paß—vyð = 0, or piou’ — 1)+ veu +1) = 0 
E] — 
EN ey ES QU md, ave?) #9, 
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Put cn — So, a AL ee es aA i a 
ym. ach o — p~e p (say) 

The above equation therefore becomes (11.21) where, since b. = a—c,a— b, 
Hence the equation of a pencil of confocal conics is (11.21). For values of 
p lying between a and b, the equation represents confocal hyperbolas ; for 
p < b, the equation represents confocal ellipses ; and for p > a, the equa- 
tion represents confocal conics without real trace. A system of confocal 
parabolas, in line coordinates, is a pencil of conic envelopes of the type (b) 
nbove. 

42.1. Invariants of two conics. As in the last article, consider the 
conica 

$ =E Sayta —0, 9,= byra = 0, 

¥, = LAgu = 9, 4, TRyum, = 0, 
and Tay + My) xir; = 0, 
where Ay, By are the cofactors of a, by in | ay |, | dy | respectively. 
The conic loci ¢, = 0, $6, = 0 are respectively — to the conic 
envelopes 4, = 0 and y, = 0. 

Expanding the discriminant of the last —* ag a cubic in yand À, 
it may be seen that 

Un = | ay | y 6:072 4 €, + 1 by | a, 
where = XA, 9. = TBiyy- . 

- Apclar conica. — that p = 0 and $, = 0 are quete 
^ conics and let us, without loss of generality, make a special choice of the 
coordinate system. Let the triangle of reference A,A,A, be so chosen 
that it is self-polar with respect to $, = 0 and that its two vertices A, 
A, lie one, = 0. Then , PF 

e$ = Xue and — "m 
So, ©, = A,,b,, - 3 i 
Since A,, +0, 8, = 0 if and only if 5,, = 0, Su VEND ' when 












- A, lies on 6, = 0. We have thus the following . 
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f The necessary and sufficient condition that there exista a triangle which 
da aufpilar with respect (o ons conic and inscribed in a second conic ia that 
^ there exists a triangle which is polar with respect to the second conic and 
circumscribed about the first, 
Two conics which are so related are said to be apolar. One or both of 
two apolar conics may be degenerate. The relation between two apolar 
conics remains unaltered by collineation. 


Harmonic conics. As before, let 9, = 0 and $,2 0 be two conics. 
Take as the triangle of reference the triangle which is self-polar with 
respect to both the conics. Then the equations of the conics can be 
reduced to the forms : 

9, = ax,’ + br, +e =0. 9, 2 2,'+2,°+2,7 = 0 
And so, in line coordinates, the first conie has the equation 

J | y, = bou,”  cau,* -cabu,? = 0 

Let us find the locus of a point P = (z,’, x,', x) such that the tangents 
from P to one of the conics 9, = 0, p, = 0 are harmonically separated by 
the tangents from P to the other conic The condition is the same as 
that the tangents from P to the conic ¢, = U is apolar tothe conic ¥, = 0. 
Now, the equation of the pair of tangents to ¢, = 0 is 
d (r,* + z+ wy") (x,"7 + 2,7 tT?) -(z,m, mz, mz, = 0 
or n Tl C Pa -2,*) F2," (z,'"* + 2,7) 2," (x, + 227) 

l —2(r,z,z,'z,'-^ r,z,z,z,'t T,z,r,'2,) = VO 















The condition that this degenerate conic should be apolar to y, = 0 is 
“= è belz,” + 2,7) + calx? +2,") -ab(x,* +2,") = 0 
Hence the locus of P is 





F = a(b +¢)z,7 + b(c + a)! efa + 5)x,* = 0 (11.22) 
. The locus is therefore a conic; it is called the harmonic conic locus of 


Eome 
ig sey, nee be shawi that the envelope of a line which is cut 
atimoni ica m by the two conics 9, = 0,9, = 0 is a conic envelope whose 


RENE TT 


(11.23) 





pon (6 Ey Tet Met atoy = 0 







J seon tha * £ St the tangents to $, —-0 and 9: = 0 at 
E to (11.23). Also, these four conics 
Tf d | creer — collineation 
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of tbe plane, then the conics into which F-conie and «-conic are trans- 
formed will remain respectively the harmonie conie locus and the harmonie 
conic envelope of the two conics into which $9, =0 and ¢, =0 are 
transformed. 


43. Affine transformations in projective geometry. Consider a 
collineation 


pz = > aata, i= l, 2,3, | an| #0 
k 


and let us suppose *hat this collineation leaves a particular line, say 
x, = 0, fixed. Then 


d,, = 05, — O, [a5 | = (a,,0,,—0,,0,,)04; 
Hence a,, = 0 and we may assume, without loss of generality, that 
a,, = l. The collineation therefore takes the form 
px,” = A, ta: d 2,2, 
Gy, 044 


px, = 4,44, 4,0, + 4,2, 34-0 (11.24) 








Gis Fs 
2 = Ty 

In PATa coordinates, this transformation may be written as 

x' m a+ ay +a 

y = 0,20, t0, 
These equations describe the transformation of all points which are not 
situated on the line z, = 0 and it has the form of an affinity (7.1). 
Hence the collineations (11.24) of the projective plane, for which a 
particular line remains invariant, are in a one-to-one correspondence with 
the affinities of the Euclidean plane and constitute the affine transforma- 
tions of the projective plane, We can therefore investigate affine geometry 
in the projective plane. For this purpose we distinguish one particular 
line and consider only those collineations for which this particular line 
— — This invariant line is usually called the line at infinity. 

Two figures have been called projective (affine) if there exists a 

eollineation (an affine transformation) which carries one figure into the 
other ; e.g., two real nondegenerate conics are projective. It follows that 
two affine figures are projective, but two projective figures are E 


line at infinity while the other does not, cannot be affine. In particular, 
| quen panes — pee 5 bus 
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Two affine conics are projective and the matrices of the corresponding 
polarities must therefore be of equal rank. We shall consider here only 
the cases where the rank is three and see how the two classes of projective 
conics are split up into classes of affine conics. 


Let the equation of a conic be 


Omm, =O, cg = cy, 
and that of the line at infinity be r, = 0. Two cases arise according as the 
line at infinity does not or does pass through its pole with respect to the 
polarity generated by the conic, 

(1) When the line at infinity does not pass through its pole, there 
exists a polar triangle A,A,A,, where the points A,, A, are situated on 
theline at infinity. If this polar triangle be taken as the triangle of 
reference, the equation of the conic is transformed as 


€,42,* + Casta - C,,xX,* = 0, 0 
Putting €, = +4", Ca rb On = +0” 
and applying the affine transformation 
Qe, - 27, Dx, x^, Oz, =z, 
and finally dropping the dashes, we obtain for the conie the equation 
tz tz = gt | (11.25) 
We may interchange z, and x, but not z, (or z,) and z,, asx, = 0 should 


remain invariant. It follows from (11.25) that the given conic is affine to 
one of the following conics : 


-- — 
P —— — | 


Intersections with Nonhomogeneous Types 
the line at infinity forms 





Projecti ve forms 
















nil |. z*+y? = 1 ellipze (circle) 
(1, 1, 0), (1, — 1, 0) a-y’ = 1 hyperbola 
nil | -zr-y'-—1 no real trace 












K  Obvi: oui aly noi two of these three types of conics are affine. 


did Ko ie the line at infinity passes through its pole, let tho 
-coordinate bs so chosen that the pole A, of the line at infinity z, = 0 
has the coordinate s (0, 1,0). As this pole is a real point of the nucleus, 
JS | h passes thro through this point, must intersect the conic 

ich we choose to be (0, 0, 1). Let the coordinates 
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of the pole A, of 2, = 0, which lies on z, = 0, be chosen as (1, 0, 0). 
Then 
Cis = €,, = Ci = Cy = Cy = €,, = 0 
Furthermore, let A be any point on the line at infinity ; its polar passes 
through A, and intersects the line AA, in a point B which we choose as 
the unit point (1,1, 1). Thus A is represented by (1, 1, 0) and its polar 
A,Bby(1,0,—1). So 
Css = Cis = —0,, 


The equation of the conic therefore reduces to the form 
— 2r.7, = 0 (11.26) 


Thus the given conio is affine to the following conic : 














Projective form | Intersection with | Nonhomogeneous 
the line at infinity | form 
f = 27,7, tangent x? = 2y parabola 





From these considerations it follows that 
(a) Nondegenerate conics without real trace are affine. 
(b) Real nondegenerate conics (which are projective) can be divided 


into three types of conics : ellipses (not intersecting the line at infinity), 
hyperbolas (intersecting the line at infinity in two points) and parabolas | 


(osculating the line at infinity). Conics of the same type are affine. 






It is seen from above that the affine classification of conica — 


on their relations with the line at infinity. We have seen in $ 29.1 that - 
the middle point of a line segment is the harmonic conjugate PE 


4 , = y n 1 y 
ni as t infinity ** — — A^ EE 
: > ro * — bios Dep can — fr TN ge 


TW a > aie of the 
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Two conjugate diameters of a central conic have been defined in 
6 24.1 as two diameters each of which contains the middle points of a 
system of chords parallel to the other. Let a, b be two conjugate 
diameters, All lines parallel to b meet in the point at infinity of b. So, 
the pole of a is the point at infinity of 6 and the pole of b is the point 
at infinity of a. Therefore two conjugate diameters are conjugate in the 
sense that each passes through the pole of the other. Hence, it follows 
from § 27.1 that the pairs of conjugate diameters form an involution of 
lines. This involution is hyperbolic in the case of a hyperbola, the 
asymptotes being the double lines ; and the involution is elliptic in the case 
- of an ellipse. In the case of a parabola, this involution does not exist. 
A diameter of a parabola (a line parallel to the axis) and a line parallel 
to a chord bisected by the diameter are conjugate lines, 


44, Metric properties in the projective plane. Consider a polarity 
transforming points into lines and its dual transforming lines into points. 
It has been seen in § 39 that, if the rank of the matrix of the polarity is 
three, the two polarities are not distinct. 


Consider the case where the rank is (wo. Obviously the transforma- 
tion of a matrix to à normal form does not depend upon the variables 
wbich are to be transformed by the matrix; they may be denoted by 
(x, x, *,) to represent points or by (uw, v, v,) to represent lines. We 
take the case of the polarity as a line-to-point transformation for which, 
by (11.7) and (11.8), there are two normal forms. We have for these forms 
the following scheme which is explained below it 





pr, = Uy, pr, = Uy, pr, = O pr, = up pr, = — Uy, pr, = 0 





wn, b uo, = O u,v, -—ur, = 0 













uu = 0 u?—w,? = 0 


Ig — Nr m0, z-0 


zr, -—xz,' — 0, Ti — 0 









NI o. a,- in (l, 1, 0}, a, -]. 0) 


Pas 
are * 


EX. — Ll 









s, in normal forms, the two polarities ; in both cases 
Eaman The second line gives the 


— — 
£o" 
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condition that the line (v,,,, v,) passes through the pole of (w,, u,, 1). 
The third line contains the equations of the lines conjoint with their poles ; 
they form a pair of pencils, The equations of the centres of these pencils 
are given in the next line and the coordinates of the centres are contained 
in the last line. 

We shall consider the scheme on the left side only. The equation 
#0, WU, = 0 can be interpreted in Euclidean plane geometry and in 
(orthogonal) Cartesian coordinates as the condition of orthogonality of 
the two lines 

“r+ruytu, = 0, ver-tyev, = 0 


Now take a collineation. By (11.3), (11.3^), the collineation and its dual 
can be expressed as = 
pf = Daath ou = Saun’, i= 1,2,3, |aa| #0 
Let the line x, = 0 be left fixed by the collineation and let this line be 
regarded as the line at infinity, So 
Az, =a,,= 0 

Further suppose that this collineation preserves the polarity which we are 
considering (on the left side of the scheme). Hence orthogonality is 
preserved. So, w,e,+u,0, = 0 is transformed into u,’v,’+u,'e,’ = 0. 


Comparing coefficients, 
d, 44," = a,,* & a,,, 4,,0,,+0,,0,, = 0 
Therefore we may put 
a,,= CC®, Ga = cain 6 


ü, = Fesin 6, à,, — £c cos 6 
Thus the collineation reduces to the form 

pr, = coosÓr,-csin6z,-e,m, 

pr, zm — — (11.27) 

pz, 
It can beso arranged that outside the line nt bitte the coordinates : 
x =2,/x,,y¥ = r,/r, are the (orthogonal) Cartesian coordinates. moe, x" 
nonhomogeneous coordinates, the transformation (11.27) is a s 
transformation (of the form (5.6)) 

x = c (cos 6x+sin 6 yd) 
y =+¢(—sin 62+ 008 9 y+d,) 

of the Euclidean plane. ‘Using complex coordinates (§ 14.1) wo 
oia Rr d | 
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isotropic line is transformed into an isotropic line, The angle between two 
(real) lines p,, p, has been represented, by (4.21), as log (p,pP,. prp,)/2i 
where p;,p, are the isotropic lines passing through the intersection of 
p.p, Hence, if the two kinds of isotropie lines (or alternatively, the 
two pointe (1, £, 0), (1, —#, 0)) are interchanged, then either the angle 
remains invariant or it changes its sign. The transformations (1.¢., the 
affinities) are therefore the similarities. 
Every conic can be represented by 
q (x,, z,) x, 1(r,,3,,7,) = 0 
where q (x, Za) = €,,2,? + 2e, m, ¢,,%," 
and l (x, £, 2,) = 2c,,%, + 2e,, 7, Cisa 
are a quadratic and a linear form respectively. Two points (a,, a, 0) and 
(b, b., 0) of the line z, = 0 are conjugate with respect to the polarity 
generated by the conie if 
e,40,b, * c,,(a b, t a,5,) e e,,a,b, = 0 
The involution generated by the polarity on the line x, — 0 therefore 
— depends only on the quadratic form q(x, x.) On the other hand, the 
quadratic form is determined, up to a factor #0, by that polarity, It 
therefore follows that the conics, which generate on the line at infinity 
z, = 0 the same involution as does the polarity which we are considering 
in the above scheme, are those that are given by the equations 
z +r +2, T(z, Zaz) = 0, 

where lis an arbitrary linear form. Going back to the system of non- 
o loge , it is seen that these conics are circles eo far as 
the y have real traces. Thus, all circles generate the same involution on the 
* line at infinity. 'This result has already been obtained before in $ 42. 

"» ‘The points of intersection of a circle and the line at infinity are 

E rn lines of the scheme, namely 

: zem. =0,2,=0, £e, (l, 5$90),(, — $, 0) (11.28) 


at 
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nts. at infinity. On the other hand, every comic which passes 
thre m fem o circular points at infinity is a circle. For, the points of 
sectio E conio — with the line at infinity are given by 
v Monast Sr =0, =.= 0 
— ilar p — 
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Therefore the conic is a circle. Also, it is evident that if a conic passes 
through ono of the circular points, it passes through the other. 

If the equations of rigid motions (3.1) are written in hcmogencous 
coordinates, then, for these transformations, the circular points will 
remain fixed. The metric properties of conics in the projective plane have 
therefore to do with the two circular points at infinity which are denoted 
by the letters 7, J. The two isotropic lines through an ordinary point 
P are the lines joining P to I and J. 

The equations of the tangents to a circle 

zx 2e,2,2,- 20,17,2, 4 C,2,* = 0 
nt the points J and J are 
(x, +¢,2,)+i(z,+¢2,) = 0, (z, +c) ilter) = 0 

These tangents evidently pass through the centre of the circle, The 
isotropic tangents to a circle are therefore sometimes called the asymptotes 
of the circle. 

The axis and the tangent at the vertex of a parabola are orthogonal. 
So, they are harmonically separated by the two isotropic lines through the 
vertex of the parabola. Hence the pole of the axis of a parabola is the 
harmonic conjugate of the point at infinity of the parabola with respect 
toI and J. Also, the lines joining J and J to the focus of a parabola are 
the isotropic tangents to the parabola. 

We have seen in § 14.1 that there are four isotropic tangents 
to a central conic and any two nonparallel isotropic tangents intersect in 
a focus, there being four foci, two 





real and two conjugate imaginaries. ---lr 

Let F, F’ be the real foci and G, G' A 

be the conjugate imaginary foci of G "sl : 
a central conic and let J and J be I. ^a: 


parallel isotropic tangents FG, F'G’ R Fue 
intersect in a girenler, poini I, the ~ =, 


-> m " ) ! LJ 
E i TJ 


FG, PO uleréci: in the other 
circular poi t J. - "The two lines FG, 
FG, ee dedi ii | zh ate i inn 












APPENDIX I 
TRILINEAR AND AREAL COORDINATES 


Consider an arbitrary but fixed triangle whose vertices are A,, A,, A, 
and whose sides opposite to them are, as usual, a, 4, a, ; the angles 
and the lengths of the sides of this triangle shall also be denoted by these 
same letters, as is usually done. Let the area of the triangle for a definite 
cyclic permutations of the vertices be denoted by A and, without loss 
of generality, we shall suppose that A is a positive quantity. Thus, the 
area is positive for a definite sense (say, counter-clockwise) of going round 
the triangle and negative for the opposite sense. 


Let P bea point in the plane and let the perpendicular distances of P 
from the sides a,,a,,a, be denoted by w,, o, o, respectively. Then the 
perpendicular w; shall be considered positive or 
negative according as the sense of going round 
the triangle PA,4, is the same or the opposite 
as that of going round the triangle A,A,A,, 
where ijk is an even permutation of 123; for 
example, «, is positive or negative according as 

d P and A, are on the same or opposite sides of a, / — 
p The quantities (w, wp» ©,) thus introduced are ^4 ^3 

f. called the trilinear coordinates of P with reference 

" to the triangle A,A,A,. Every point P of the plane has a unique ordered 
. triplet as its trilinear coordinates. 

. Whatever be the — of P, we have the identical relation 

x^ | 2,0, 0,94 d 9, = 2A (1) 


"Therefore, an ordered triplet satisfying the condition (1) represents a 
poin uniquely. - For the sake of simplicity, let the origin of the rectan- 
gular Cartesian coordinates be taken within the triangle 4,4,4,. Let 

thre 2 uite whose initial points are fixed at the origin ond which 

|. are pei Bur io the uides, à,,4, d, with directions away from these 
sides be resp: tively (cos 0,, sin 8,), (cos 6,, sin 6,), (cos @,, sin 6,) and let the 

equ "EN sis in H i normal forms, of a,,4,, a, be 


E ^ COE s 0, +3 ssnin = 0, æ cos 0, y sin 8, + p. = 0, 
ea c n 
ee o 0s 0, ry sin 0, + Pa = O 
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Then we have 

w, = X 608 6, +y sin 7, +p, 

A a Sh T (2) 

» = X cos 4, + y sin 6, p, 

It is evident from the linear relations (2) that if an equation in 
trilinear coordinates be transformed into an equation in Cartesian 
coordinates, the degree of the equation will remain unch: anged. More- 
over, it follows from (1) and (2) that any equation in trilinear coordinates 
can be made homogeneous by multiplying each term by the factor 
(aw, Haw + @,,)/24 raised to suitable power. Thus the equations 


2: Cju; = 0, 2 due, = O 


i 

represent, in trilinear coordinates, a gh and a conic respectively, The 
equations of the tangent and the polar of a point aré therefore of the same 
form as given by (9.18), 2 

Now, when we are dealing with homogeneous equations, we do not | 
require the actual coordinates w,, w, w, but we need only the ratios 
",iwlw, Hence any three quantities which are proportional to 
w wzw may be taken as the coordinates of the point. Thus the 
coordinates of A, A, A, may be taken as (1,0,0), (0, 1, 0), (0; 0, 1) 
respectively. It may be verified that the coordinates of the following 
points with respect to the triangle of reference may be chosen as follows ; _ 

In-centre : (1, 1, 1) ; ex-centre opposite 4, : (—1, 1, 1); 

cireumcentre : (cos A,, cos A,, cos A,) ; 

centroid : (sin A, sin A,, sin A, sin A,, sin A, sin A); 


orthocentre : (cos A, cos A,, cos A, cos A,, cos A, cos A,) Ma 
nine-point centre : (cost, —A,), cos(A,—A,), cos(A, -4 a e 

The equations of the sides @,,a,,a, are «e, — 0, w, =0, — Ear 
respectively and of the mediays of the triangle of reference are — — — 4 
wz Bin A, = w sin A,, w, Sin A, moss, sind, = osin A, 
The points for which the expression on the left-hand. side of (1 


 vanishes cannot be the ordinary points ; they | are taken as he points at 
— Bo, the equation of the line at infinity is 
4,0, * 0,0, ,u, n 


ugly, toli — lines. eee by 
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of the triargle of reference perpendiculars are drawn on the sides of the 
triangle, the feet of the perpendiculars are collinear. 
Therefore wsus sin A, -+ waw Bin 4 au, sin A, = Ü 
or (8 0305 + Ow, + (0,00,03 = 0 (4) 
Thie, therefore, is the equation of the circum-circle of the triangle of 
reference. Hence the equation of any circle can be written as 

(0,0, + 0,05:0, + Oye ws + (Cor, 6,0, C405) (0,0, 0,9, 0,9,) = O0, — (5) 
where c,, Ca, Cy, are arbitrary constants. 

Application, It may be verified that if the circle (5) passes through 
the feet of the perpendiculars drawn from the vertices to the opposite 
sides of the triangle of reference, then 

26, = con A,, 2c, = vos A,, 2c, = cos A, 
Hence the equation of the nine-point circle of the triangle of reference is 
D(a ww, + 0505, (150,0) 
a | (o, cos A, +m, cos A,+w, cos A.) o, + 4,0, * 0,0,) =O (6) 
Again, if the vertices A, = (1,0, 0), 4; = (0,1,0), A, = (0,0, 1) 















b . are the poles, with respect to the circle (5), of the opposite sides 
= 0, wo, = 0, w, = 0 respectively, it may be verified that 
* ¢,= c08 Á,, ©, = cos Ay, €, = cos A, 
| "Therefore. the equation of the circle with respect to which the triangle of 
i reference is a self-polar triangle is . 


* M" | 

E. os, aos, Hawwa 

2 m + (w, 008 A, + wa cos As +w, cos A.) (ao, + 4,05 F E CN) 
a = iioo, it follows from the equations (4), (6), (7) that the circum-circle, 
p* the nifne-point circle and the self-conjugate circle of a triangle are coaxial. 


poe system of coordinates which is often used is as follows : Take 
l angle of reference A, A,A, with the two senses, positive and nega- 
ig round the triangle as explained before. Let P be any point 
of thi is pl edm d let the areas (with proper signs) of the triangles PA,A,, 
PA,A,, PA,A — ra Ay A,, A, respectively, If three —— 
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E If (w,,,, w) are the trilinear coordinates of P, then the relation | 
betweon tho trilinear and areal coordinates is given by ! 
E. | P 
— E ERE. ! 
; Hence, it follows from (1) that the areal coordinates are connected by 9 
the identical relation : | 
2,+2,+2, = ] > (8) 
The equation of the line at infinity in areal coordinates is P 
z +z +54 — O : (9) = 5 
Also, asin the case of trilinear coordinates, it is seen that with areal ^ 
c : — T^ 
- = = 3 
—— d 





— pw d "y 





SPACE GEOMETRY 
CHAPTER XII 
i THE EUCLIDEAN SPACE 


45. Points and vectors. In space, there exists one and only one 
straight line passing through two distinct points and one and only ane 
plane through three distinot noncollinear points or through two distinct 
intersecting straight lines or through a straight line and a point outside 
it or through two parallel straight lines. Through a point outside a given 
plane, there exists one and only one plane parallel to the given plane ; 
and any straight line drawn on one of two parallel planes is parallel to the 
other. 

Lemma I. All straight lines perpendicular to a given straight line 
~ ^ ata given point of it form a pencil of lines and lie in a plane. 

The given straight line and the plane are said to be perpendicular or 
Co n normal to one another, 


| Lemma II. Through every point of space there exists one and only 
= — * one straight line normal to a given plane. 

— ^ Any plane passing through a normal to a plane is said to be normal 
Eo (^ to the given plane. 

~ By using the above two lemmas we can, through every point of space, 
] — in an infinite number of ways, three and only three straight 
| s which are mutually orthogonal The three planes passing through 
' three pairs of three such mutually orthogonal straight lines are 
atual, orthogonal and they divide the space into eight regions. 

— us take three | fixed mutually orthogonal straight lines, called 
my Me: y- and -the z- axes of coordinates, through a point O, called 
‘The origin divides each of the axes into two half.rays. We 
* choose, An an arbitrary but fixed manner, the positive (and therefore 
ve) half-rays of the axes. Having thus chosen the positive 
ve directions along the axes, let us view the £y, z)- plane 

the e positive a-axis and imagine the positive half-ray of 
ota cabout the origin in the (y, z)- plane in the positive 
M) sme Sov su AMA KR. We then say 
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left-handed, When the system is right-handed, the positive z-axis, af er 
rotating about the origin through + 7/2 in the (z, x)- plane coincides with 
the positive x-axis when viewed from a point of the positive y-axis; and 
similarly, the positive z-axis coincides with the positive y-axis when 
viewed from a point of the positive z-axis. We shall suppose that our 
coordinate system is right-handed. 

If now we choose three congruent unit segments on the three axes, it 
is seen, asin Chap. I, that to every point of an axis there corresponds a real 
number (the coordinate) and, conversely, to every real number there corres- 
ponds one point of each axis. Let P be any point of space and through P 
let three planes parallel to the (y, z)-, (z, x)- and (x, y)- planes be drawn 
to meet the z-, y- and z- axes in the points P,, P,, P, respectively. Then 
the position of the point P is uniquely 
determined by the coordinates x of P, 
y of P, z of P, of the axes. Thus, to 
every point P of space there corresponds 
a triplet of numbers (x, y, 2), called its 
coordinates, and  conversely. To denote 
a point by its coordinates, we shall write 

P = (x; y; 2) 
The distance between the two points 
P = ir, y, =) and O = (0, 0, 0) 


is given by 





| OP | = | v (x yh) | (23) — 
As in the plane geometry, we introduce directed segments and vectors — 
in space. If P, = (x, y, =) and Pa = (ry, 23) are. two points, then n 
the coordinates of the directed segment P,P, will be given by the coordi- 
nates of th> three directed segments which are the orthogonal projection 
of P,P, on the three axes, ʻe., they are given by (z,- -z,. N- 
£,—2,) ; ENT PN SR by (12.1), given by the distance — . 
v» pP, P, | =|¥ 2,7 «(70 + eaa) | | 
Directed segments with the same coordinates represent the same | 
and a vector has the same coordinates and the same length as tl of 
sany one of the directed segments — ups 'e we e may wr rite, 
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: . — we have, as vectors, 


| OP, = P,Q, = Q.P = PỌ, ; 
OP, = P,Q, = Q,P = P,Q, ; 
OP, = P,Q, = Q.P = PQ; 

Let Pi, P,,...., P, be any » points in space. We define addition of 

















vectors by 
n P,P, + P,P, = PP. (12.3) 
If PP, = (n «9, bi), i21,2,....5n—1, 
then 
ai n=] "-1 
i PP. = (3e Sw 3x) 
s Ter i1 jæi 
* Hence the addition of two vectors is commutative and obeys the parallelo- 
i || gram law. 
it - It follows that if P, = (z,, y,, =,), then 
= E Pu = (z, BEn Wt Su + 5%) 
y Let a vector v have coordinates (£, n, t). Then 
E: | Jolt = eere, 
ll X £-|v|cos(r, v), x = | v | cos (y, v), C = |v | cos (s, v), 
+ A INI] where |v| is'the length of the vector and (x, v), {y, v) (z, v) are the 
2135 - n ! between the positive axes of coordinates and the vector v. Squaring 
. and adding the last three relations, 
on M = |v f? f cos? (x, v) + cos? (y, v) + cos? (z, v) | 





. gos? (x, v)+ cos? (y, v) +008? (z, v) = 1 (12.4) 
The angles (x, v), (y, v), (s, ^) are called the direction-angles and cosines 
ES se angles the direction-cosines of the vector v. 
. — 46. Sealàr product of two vectors. Area of a triangle. Let P,. P, 
P, be BUM ats edens have the conditio 
| "T PP, = (fs wt PsP, = (fo t ba) 

— (67 6)* Qu 1)? + (5707 
= ( J (E + na? t 7) AUE Es mai Gl) 
n P.P, > p Ee mre SAP | EPI * = £^ + ns 34.0 
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Therefore | P,P, || P,P, | cos 6 = &6 + nina bs (12.5) 
The left-hand side of (12.5) is called the scalar product of the two 
vectors P,P, and P,P, and shall be denoted by P,P, PIP.. From 






(12.5) we get Y 

— cos 0 = = Gt un e 
A em te | v lE + 9,7 +E? ee * 53 +ga) | - 
le =" E] k 
So, in? @ = ( * 3 JJ -- 

TA AS + mh st GU + at t 6) 1 

The condition of orthogonality of the vectors P,P, and P,P, is therefore E. 

Gf t nun tuli, = 0 T x 

. and that of parallelism is * 

— (Gu uE S Um -EuP =O C E: 

Now let A denote, in absolute value, the area of the triangle P,P,P,. 3 


Then 
24 =|! P,P,|| P,P, | sine] 

Therefore 4A — (mia nata)" * (é: 86 E 

If P, = (£p Yoz) Ps = (£i Yar Bs), Pa = (Zp Ya 33) 

then, since 











Êi = X,—2, m= —95 id-2,—-2, 
E: = X,—3X,. hs = Ya-Yaw bs = 5-2 





we have 
- i% % 1 
LTEM T Yi Va 95-7", . _* 
"Sa fa = : = ae " ij; 
Tis. $s I-H ey Fy « y 
similarly for 





bG£,—hE£. and fya- E = T3 r 
d sis ina bed nianu a rca shinee x 1j UN 
oc : i j vi " 2n * E 
— or lagh In 1 — 


11 “a * 
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47. The straight line. Let (r,, y., =,) bea given point on a straight 
line g and (£, 5, ¢) be a vector parallel tog. A point (z, y, z) of g ia then 
given by . 


rere tp ye utp c= 2 +ph, (12.7) 


where p isa parameter, By giving different values to p we obtain different 
points of g and so the equations (12.7) constitute the parametric representa- 
tion of g. 


We can associate with every line g one of two directions along it, 
$e and speak of the "ns es a directed line, If the directed line g and the 
vector u = (£, 7, i) have the same direction, the quantities 
S t EDUC ee "sonia 
v | VQ xU Lv(£tu DU ee i 
| which are the direction-cosines of w, are also called the direction-cosines of 
the directed line g. Tho direction-cosines of an oppositely directed line 
are obtained from the above by changing the signs of £, », Ñ. 
à Eliminating p, the equations (12.7) reduce to 
iA (r-2,):(y—9):(2-2,)) = E2428 
73 Hence two straight lines which are parallel to the vectors (£,, 5,.5,) and 
(Ear na» D) are orthogonal if 
£i tnim tul, = 
. and parallel if 
e I ^ | &: moto. = £450: 
Ed AE (x4, Yo’, Zo) is a point of the straight line g, 
= (072) : (Yo-Yo) : (72) = E2428 
e TEN eliminating £, n, & between these equations, the equations of g 
EL prin às 
f — = A(z,"—z,), ¥—Yo My—9) :—2 = Alz z), — (28) 
| A in aniarbitrary constant. Therefore the equations of g may also 
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have a point in common. ‘Then for somo particular values of p and oe we 
must have 

x, +p, = T. o, . 

Vt m, = Vator, 

z, +P% = %,+0¢%, 
We can therefore eliminate p and e between these equations and obtain 
the condition of intersection of the two straight lines as 


Y,  § f| 
x=; É 6 —— 
Yı Ys M Na | =O, or — =9 (12.10) 
; = 2, & Ss à 
Z% § & 
L "Tc NUS 


Shortest distance between two skew lines. Given two skew lines p, and 
Pa there always exists a straight line which intersects the given lines 
orthogonally, For, through one of the given lines. say p,, construct the 
plane « parallel to p, and through p, construct the plane 8 perpendicular 
to « ; if 8 meets p, in M,, then the line through M, which is perpendicular 
to a (and therefore lies in 58) is the required line. If this common per- 
pendicular meets p, in M,, then | M,M, | is the shortest distance between 


p, and p,. A: 
Let P, = (x,, Lm zi) and P, = (5, Yar 21) be two points on P; and Ti: 

and let these skew lines be parallel res- R Mi 

pectively to the vectors 









(Eir m Sad (Ez nar $a). 


The shortest distance d is the orthogonal 
projection of the segment P,P, on tho 
line MyM, If (A, p, *) are the coordi- 
nates of the vector M,M,, 


Wo EP, MM, = (zzz sae 
| 4-|MM,|- l 
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48. The Plane. Asa plane x may uniquely be defined by any three 

- noncollinear 3 points lying on it, let P, = (x,y,,z,)), P, = (Zis Hav 2,); 
P, = (x, Vz, =,) be any three noncollinear points of a. Then, by (12.7), 

the points P,, P, of the straight lines P,P, P,P, can be expressed s as 


x. = x.t. 4, = 2, +f, 
| Y = Meters, "nd yy = yon, 
; 2, = Z,- (ht, 2, = t+, 
1 By (12.9), any point P = (x, y, z) of the straight line P,P, is given by 
v T= ye, tary, YR Witiy T= YA A2, YA = 1 
k Therefore, eliminating x,, Y, 5p Zo Ys, from the above equations, we 


obtain the parametric equations of a as 
x = mrtpf.tof, 
Y = Met Pi, tOn: (12.12) 
z= 3 tp tor, 
where p and « are two parameters. The above equations canbe expressed 
directly in terms of the coordinates of P,, P,, P, Take 
i. £$,--—2, y = Yi- Yo th = 3 
P Éa = XiTi Fe = =a 
. And write p, v for p, + respectively. Then the equations take the form 
F $ = AÀT,4ur,docau,. 
E -^ y EBERT À*nv—1 —— (1243) 
Ew. BS As BEY, 
= The only supposition made about the three given points is that they aro 
i nco ineax ii int “is 4i 3 vectors (Ë no 5) and (£, na 0) in (12.12) 


ay - 
















“dnb l te [SElP+ lEn]? «0 
e followin ! vectors are all parallel to the plane ay 
ire PAF The PL toss) 
E w let a vector v = (es Cas a) be orthogonal to both the vectors 
4) n its ie "Then 
€i —— = ror 





—— — =? 








"9, 
o NS 9 
4 1a 
KƏ: 
‘ane 
CENTRAL LIBRARY 


186 SPACR GEOMETRY 
showing that v is orthogonal to the plane. Multiplying the equations 
(12.12) by c,» c,, c, respectively and adding, 
C, rd C, 0,2 +c, = 0, (12,14) 
where €, = —(6 0,6. + 0,2,) 
Thus the coordinates ofa point of the plane satisfy the Heer equation 
(12.14). Conversely, suppose that we are given a linear equation (12.14), 
If (x,’, Yo's =) is a solution of this equation, then 
CZ, + 0,Y," +¢,2,"+c, — 0 
Therefore C(x w) + ¢,(y¥ — Yo’) +¢, (2 —2,') = 0 
This shows that (x, y, =) are the coordinates of a point of any straight 
line through (,’, Ys, z,") perpendicular to the vector v. Hence any linear 
equation of the form (12.14) represents a plane unless e, = €, = c, = 0, 
Putting | 
a = c| Vle te te"), 6 = c¢,/¥ (¢,7+¢,"7 +¢,"), 
c= |y le +¢,7+¢,7), d = ¢,/ V7 lete te), 
the equation (12.14) can be put in the Hessian normal form as 
ax+byt+ez+d=0, a +640 = 1 (12,15) 
The quantities (a, b, c) are the coordinates of a unit vector normal to the 
plane, and so they represent the direction-cosines of this normal vector. 
If the equation 
c ürcbykoecsted-—0, cO, 
which represents the same plane as given by (12.15), is also given in 
Hessian normal form, then 
c?(a*D* 467) — 1. So, o =+1 
Hence there are two Hessian normal forms differing only in sign. 
Significance of a, b, e, d and of the duo Hasita rna Lame 


We have f 
a£, t br, +h, = 0, AE 9, 
— —— ice "im ba) are two noi T el ve | fus 
plane (12.15). 


wet =b: Sél- ze seghi 
= e MAN t ry dis ie : 
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represents twice the area of a triangle P,P,P, say, where P,P, , P,P, 
represents the vectors (£,, ni ¢,), (Ês nar 5,) ; and the quantities + |n Ẹ |, 
+ |CEl, + |En |represent the orthogonal projections, with a sign, of 
this area on the (y, z)-, (z, x)-, (x, y)- planes respectively. We may thus 
state the following theorem : 

The quantities a, b, e, which are the cosines of the angles between the 
normal to a given plane and the positive axes of coordinates, are proportional 
to the orthogonal projections, cach taken with a certain sign, of the area of an 
arbitrary triangle in the given plane on the three coordinate planes. The sign 
of a projection is lo be regarded as positive or negative according as the 
sense of going round the projection agrees or does not agree with the positive 
sense of rotation in that coordinate plane with reference to the right-handed 
system, 

Again, let P’ = (2, y', 2) be the foot of the perpendicular drawn 
from the origin to the plane (12.15) and u the vector (a, b, c). 


Therefore u, P'O = —(ax’ + by’ cz) 
But — (ax + by’ + c=") = d 
Hence d = u. PO =+ | P’O), 


according as u and PO have the same or the opposite" firections. Thus, 
| d is the perpendicular distance of the origin from the plane, and this distance 
| is positive or negative according as the vectors u and P'O have the same or the 
opposite directions. 













— Take a straight line through a point P, = (x, Ya, z,) and a plane given by 
E 73 * z= x, + pl, yy. pn 2-2 
and ax+by+ez+d = 0 


 fhe point of intersection P, of the straight line and the plane will then be 
E E satisfying the equation 
] (ax, + by, ez, d) pla E+b nei) = 0 


| NU TEEPE ATES #0, QU Hn dante valia of a which is to be 
sub: Mou Une qo abide Me point 7, and 
therefor ore the dis >| P,P, | . In particular, if (az, -- by, c2, +d) = 0, 
so that (£o; y, f a point of the plane, we have p = 0. 
) If e teg = 0, the alte of p is undetermined. It is 


™ 
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Consider now a plane and A vector normal to the plane. With 
reference to the direction of this normal vector, we shall associate with tho 
plane a positive sense of rotation in the plane defined thus : The direction 
af the normal shall bear to the positive sense of rotation the same relation as 1 

the direction af the translational motion of a right-handed screw bears to | 
ils positive sense of rotation. We shall then connect, for the sake of 
convenience, with each of the two Hessian normal forms of the equation of 
the plane, an orientation in the plane such that the direction of the 
normal given by the coefficients and the orientation result in a right- 
handed screw. Such a plane shall be called an oriented plane. 


Let ax+by+ez+d = 0 be the equation, in Hessian normal form, of 
an oriented plane, P, = (#,, y, z,) be an arbitrary point of the space 
and P, = (x,.y,.2,) the foot of the perpendicular from P, to the plane. 
The two vectors P, P, and (a, b, c) are then parallel, and so their scalar 
product gives the distance of P, from the given oriented plane. This 
distance is an algebraic quantity and is given by 


a(x, —x,) + b(y,— y,) t e(2,—2,) = ax, + by, + ez, d 
Thus, if ax +by+cz+d = 0 is the equation in Hessian normal form of an 
oriented plane, the perpendicular distance of an arbitrary point P, from 
the plane is obtained by substituting the coordinates of P, for x, y, 2 in ! 
the expression ax -- by ez d. i 
The angle between two oriented planes is defined as the angle between 
their normals, 


Finally, it follows from (12.14) that the equation of a plane passing | a 


through three noncollinear points (x; Wa zJ, i = 1, 2, 3, can be putas ——— x 
the vanishing of a determinant : E 

|y, 2,1] — 0 azo E a4 
"The equations (12.12), (12.13), (12.14), (12-15), (12.16) may be compared 







with (1.5), (1.9), (1.6), (1.7), (1.8) respectively. 3 he 4 


=æ 


481 Vector product of two vectors. Let wv, - (É ir &) mE 
= (sr ia Ra) be two nonparallel vectors, and let tho vector (E 4,8) bo sb * + 


to both the vectors v, and vy, Then — 
rE a=. x - 
| &1S 7 V d kin M = 0 i =, 
E. es 3 =. — e Ae Hi B di np re 









EUCLIDEAN SPACE 189 


The vector whose coordinates are the expressions on the right-hand side 
is ‘called the vector product of the two vectors v, and v,, and shall be 
denoted by the notation v, x v,. Thus, 


v XO: = (n.a —l,ns Sifa So Eman £a) (12.17) 
The Hamiltonian notation for the veotor product is Vv, The vector 
v, X v, has the following properties : 
(1) It is orthogonal to both v, and v, and is therefore "normal to any 
plane which is parallel to both v, and v,. 

- (2) The product is noncommutative. It is evident from the defini- 
tion that the vectors v, x v, and v, x v, have the same length but opposite 
directions, So wo may write 

[vy xv, | = |n xv, |. v,xv, = —t,xv,. 

(3) The direction of v, xv, is uniquely defined by v, and v. For 
| example, if v, and v, are unit vectors ia the directions of the positive x- and 
—* y- axes respectively, so that v, = (1, 0, 0), v, = (0, 1. 0), then v, x v, has the 
t- ] coordinates (0, 0, 1). That is, v, xv, is the unit vector in the direction of 
T. the positive z- axis, In general, if v, and v, are orthogonal vectors, then 
P; v,, v, and v, x v, form a right-handed system through à given point ; bence 
- df wo put v, x v, = v,, then v, xv, = v,, 0, x v, = v,. 

(4) If the unit of length changes, i.c, if we multiply e, and v, by a 
constant factor c, then v, x v, is multiplied by c. As a matter of fact, 
fv = s ,P, and v, P,P, then the equation (12.6) giving the arca of 
(the triangle P. P,P, can be written as 
ome 24 = |v x, | 


E And if two skew lines p, and p, are parallel to the vectors e, and vr, and 
E P, P, are points of p,, p, respectively, then the equation (12.11) giving 


x DE Were aua between p, and p, can be written as 


: pu f (x "| 


s. |. Consider the two planes 
—— Tid 
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is two, the planes interset in a straight line. In this case, if (£a Yor zy) 
is à point common to both the planes, we get —— 
a,x, HOY, +C +d, = 0 
aT, +b.y,+¢,2,+d,=0 
Subtracting from the corresponding equations of the planes, we have 
a (t-z) + b (y — Ya) + c,(z—2,) = 0 
ax —x,)+by—y,) +¢\{z—2,) = 0 
Solving for the ratios ofa—x,, y-y,, z—=,, we obtain 


WT. ua 7 ~—¥e_ a S5 Q ~ She: 
b,e,—¢,b, ¢,4,—a,¢, a,b,—b,a, — VERD 


as the equations of the line of intersection of the two planes. 


(2) 1f the rank of M, is one, two cases may arise — as the rank 
of the following matrix is two or one : 


G0 €: d, 
M, = 
a 5, ty d. 
(1) If the rank of M, is two, the two planes are parallel, 


(ii) If the rank of M, is one, the two planes are coincident. 
If. Consider now the three planes 


az+by+ez+d; =0, i= 1,2,8 


(1) The three planes will meet in a point if the three linear equations 
have a solution. The necessary and sufficient condition for this is that 









the rank of the matrix | 
a, b, 4 ^e 
M, = as b. Cy | a i l 
a, b, c, | | Vm TR 
is three. The point of intersection is then given by — e 
x ich, Veg ** 
[bcd T TITI * 





| (2) IE ulio rank of M, in os than threo fas tebe] SOn 
[I irn y wcordir — oi ts Wi, ua Wace ues S ee — 
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i» three. If the rank of M,is also two, the three planes intersect in a 
straight line. 

(ii) If the rank of M, is one, the three planes are parallel provided 
the rank of M, is two. If the rank of M, is one, the three planes are 
coincident. 

IIl, Consider the following equations of four planes and the matrix 
of their coefficient : | 

a;r-baecizkd;-0, $21,2,3,4, 
a, b, c, d, 


a, b, c, d, 
| ai. A By Sy? 
Among the different cases that may arise, we notice the following : 

(1) If the rank of M. is three, the planes meet in a point or have no 
common point. 

(2) If the rank of M,is two, the planes have a line in common or 
have no common point. - 

(3) If the rank of M. is one, the planes are coincident. 

50. The tetrahedron. A tetrahedron is n figure formed by four 
noncoplanar points, no three of which are therefore collinear. The four 
points are called the vertices, the six lines joining every pair of the vertices 
are called the sides, and the four planes, each passing through three of the 
vertices, are called the faces of the tetrahedron. 

Lot Py = (x, Yn =), f= 1,2, 9, be three distinct points. If 
ax+by+es+d = 0 is the equation of the plane passing through these 
three points, we have the three equations 

am tbyi+cz+d = 0, i= 1,2, 3 (12.20) 
a:b:e:d5|ysi[:[x1z]:[1xyl:1z3sy] 
a|zys|*d|ysi1|—0 
b|zyz| *d|xi12|-0 
c|zxyzsl *tdiixy| —0 
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determinants are zero, the plane is undetermined. If however d = 60, the 
three equations (12.20) form a system of linear homogeneous equations in 
a, b, c and solutions for a, b, c, other than all zero, exist; thereforo the 
plane is uniquely determined, Thus, the plane passing through the three 
points P,, Pa P, is uniquely determined unless the determinants | y21]|, 

|zls]|, | 1ley|all vanish, that is, unless the area of the triangle 
P, P,P, vanishes, that is, unless P,, P,, P, are collincar. 


Now, let ax +by +cz+d = 0 be the plane through P,, P., P,, these 
points being noncollinear. So, 


a=p|yz1|, b —p|zxi1s|, c=p|lxy|, d--p|zrys| 
im V (a3 D? 4 e?) 
—— lal Vilyzlf+izisP+ llvyl} 


Let P, = (x, y,z,) be a point external to the plane. If à is the 
perpendicular distance of P, from the plane, A the area of the triangle 
P,P,P, and V the volume of the tetrahedron P,P,P,P,, all given 
absolute values, then 
3V —584. 
Now è = | (az, by, ez, +d) : Va? +b? e) | 
2A=|y f|yz1|°"+ |[zrl1z|?4 I 1xyl*il 
= | yiebtach):p| 
Therefore 
V = | (az, by, 4 es, d) p | 
Or, substituting the values of a, b, c, d, 
6V =||xyz1]| 21) 
In particular, if P, coincides with tho origin O, = — " 
of the tetrahedron P,P.P,0 is | "L- CM 
ldiplel|eys]l —. 20 0 
It is seen that this volume: vanishes when * es he 
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The coordinates of the point P on the line P,C such that 
| PIP |:| PC | —3:1 are easily seen to be 
( (Eitri m, 6 r)[Áe (yay. ys ty) (s, tzt *2,)/4) 


These coordinates show that lines joining the vertices of a tetrahedron 
with the centroids of the opposite faces all go through a point P, which 
divides each of them in the ratio 3:1. Also, the lines joining the 
mid-points of the opposite edges all go through the same point P, 

(2) The six planes, each passing through an edge and bisecting the 
opposite edge, cannot evidently have a line in common. For if they had, 
this line would be coplanar with all the edzes, The equations of the 


plane through the line P,P, and through the mid-point of the segment 
P,P, can be written, by (2. [3), as 


Toc At, + ur. ev (£, +2,)/2 


y = AY tuy +Y (Y, +ty,)/2 , Atrperv=1 
j = Az, tpa v (,+,)/2 
A Similarly for the equations of the other five planes. If these six planes 


. have a point in common, it must be possible to choose for each of these 
six sets of equations values of the constants such that they would 
give the same set of values for x,y,z. Putting A = p = 1/4, v = 1/2 
in the above and similarly in the other sets of equations, we see that the 
six planes mect in the same point as obtained in (1) above. 
51. Projection. Take two planes = and 5^ anda point V in space. 
EA. x df a straight line through V meets the planes in P and P" respectively, 
then P (or P") is called the projection of P’ (or P) on the plane = (or ="); V 
is called the centre of projection. It is clear that the projection of a plane 
x. figure onto another plane is, in general, a figure. In particular, collinear 
Y E points are projected into collinear points and concurrent straight lines 
= into concurrent straight lines. In the special case when the straight line 
ir uP joining a point P on = is parallel to z, the point P" does not exist ; 
he point P is then said to be a vanishing point of =. All the vanishing 
points of = then lie on a straight line p, namely, the line of intersection of 
‘ee nd Lith plane through V parallel to z'; the straight line p whose 
pr onto z’ does not exist is said to be the vanishing line of z. 
il rly the s may be vanishing points and vanishing line on z^. It is 
pif- the planes s, =’ intersect in a straight line s, the vanishing 
e both parallel to s. The straight line s is called the 
nc Lis sieh that a straight line and its projection intersect 
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Let the two arms AB and AC of an angle «x BAC in the plane y 
meet the vanishing line of = in the points B and C. The Xx BAC 
i» projected into an angle whose magnitude i is equal to that of the angle 
BVC. For, the projections of the lines AB and AC are respectively 
parallel to the lines VB and FC, 


To project a plane z containing a given line p in such. a manner tha! p 
becomes the vanishing line and at the same time two given angles in z are 
projected into anjles of given magnitudes onto a plane z' properly chosen. 





Construction : Through p draw any plane e and let the plane of 
projection z' be taken parallel to e. Consider first the case when the 
two pairs of arms AB, AC and DE, DF of the given angles = BAC and 
+ EDF in = meet p in the pairs of points B,C and E, F. Suppose that 
these two angles are to be projected into angles of magnitudes $ and 6 
respectively, cach less than 180°. On the segments BC and EF in the — —— ] 
plane e describe on the same side of p segments of circles containing angles — 
ẹ and 6 respectively and let the two segments of circles intersect in a — — — 





point V. Now if V is taken as the centre of projection, then the line p is Las. 
made the vanishing line and at tho same time 4 BAC and «X EDF — b 
are projected into angles of magnitudes ¢ and 6 respectively. Secondly, ^ 












if one of the arms AB does not mect p, then either the halfroy AB 
opposite to AB meets p or the line AB is parallel to p. gsr tf 
AB’ meets pin B", we describe on B'O — eus ni 








-e the line C¥- such that the angle i CV and t he ballinny sof 
E om E B. " : z * 1; 

# in the same direction as the wr AB is I 30°. * The centre of | 
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Cor. 1, Any triangle can be projected into an equilateral triangle. 
For, if we project two of its angles into angles of 60°, the third angle 
will Also be projected into an angle of 60°. Inthe construction p can be 
#0 chosen that the circles intersect. 


Cor. 2, Any plane quadrilateral may be projected into a square. 
Let ABCD be the quadrilateral whose diagonals AC, BD meet in E. 
Also, let AB, CD meetin Fand AD, BC meet in O. Now project the 
quadrilateral such that the line FG is made the vanishing line and at the 
same time «xr BAG and - BEA are projected into right angles. 
This is possible, for the arms of these angles intersect the line FG in two 
pairs of points se parating one another. The quadrilateral will then be 
projected into a square Før, by making FG the vanishing line, the 
projected figure is made a parallelogram ; the projection of 4p BAG 
into a right angle makes this parallelogram a rectangle; and finally- the 


projection of &% BEA into a right angle ensures-that the rectangle is 


a square, 














CHAPTER XIli 
PROJECTIVE SPACE 


52. Principal notions. From chapter 1X onwards in plane geometry 
the Euclidean plane had been extended fo a projective plane and it was 
shown that a projective plane eculd be represented by homogeneous 
coordinates. We shall now introduce homogeneous coordinates for the 
space. 

Let us define a projective point by four mumbers (x, 2, 2,, xj 
called its coordinates, not vanishing simultaneously and let two projective 
points be considerer) identical if and only if their coordinates are propor- 
tional. Hence a common factor pÆ 0 of the coordinates remains 
indefinite and so à projective point is defined by | 


p (x, Tyr Ta, x), p * 0, (x; Tir Ty. x.) of: (0, 0, 0, 0) (13.1) 


As in plane geometry, the coordinates («,, x., x, z,) shall be briefly denoted 
by (rj. We shall require the following matrices : 


N, in a, d, i N. -(" a." tk! RI 
E'*Y xx Au wy by b/J, 
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cal and if it ia two, the points are distinct. Let the pointe (aj, (bj) be 
distinet ; then the points 


(yait Abi), (y, A) Æ (0, 0) (13.2) 


are said to form a row (or range) of points determined by (m) and (bð; 

points of a row are said to be collinear. Let (ay) and (č) be two distinct 

points of the row (13.2) ; then the rank of each of the matrices NV, and N, 

is two. Therefore (a) and (b;) belong to the row of points (sa; + Ab ) 
4 determined by (a, and (b/). Honce the two rows are identical. Thus, 
. every row is uniquely determined by cvery pair of distinct points belonging 
u to it. 

Let (c;) be a point not belonging to (13.2) ; then the?rank of the matrix 
V,is three. In this case, the points 


(39; + Ab, + uc. (v. A. Mp] F (0, 0, 6) (13.3) 


are said to form a plane field ; points of a plane field are said to be 
coplanar. A matrix formed by the coordinates of any number. of coplanar 


AR points has à rank which cannot be greater than three ; and if there are 
| . three noncollinear points among them, the rank is three. It therefore 
E. follows, as above, that every plane field is uniquely determined by every 







triplet of noncollinear points belonging to it. 
Let (z,) be a point of the field (13.3) ; then the rank of each of the 
matrices N, and N, is three. Therefore 


ae a 





NS dE or z, | 


P the cofactors w; of x, i= 1, 2, 3, 4, in the above determinant 
xt all be zero. Hence ^ 





"m E^ rar, ur, =O, (uu, Ma Uy, w) Æ (0, 0, 0, 0) (43.4) 


E ir ies. every solution (Eis 2zi Lon z,) of (13.4) is linearly 
ton ( uh | 


~~" * Eon V E m 
- 2 L] 
s Js f 
4 «1 d 1 W * 1 : 
x P ' å I = | " / `% J 
di r Ue m 4 
4 Ce Pay" mr |^. 7 
p" 8 — Sa * B M . 
! * — wy A 
ay a ] P i , 
M p - ^ a eo, « 
M b 














198 |. SPACE GEOMETRY ZA 


has only one homogencous solution, ie., a solution defined up to w non- 
zero common factor, Henco fo every plane field there corresponds -an 
equation (12.4) in which the numbers t; are uniquely given except for an 
arbitrary common factor o +$ 0. 


A.system of four numbers given by 


UCN Ms, U., tau), a 0, - (u,, May us, ui) + (0, i), 0, U) (13 5) 


is said to define w projective plane. Thus we have now two kinds of 
mathematical entities (13.1) and (13.5), namely the pointe and the planes, 
both represented by four (homogeneous) coordinates in the same . 
manner. By (13.4) a correspondence is established between plane fields and 
projective planes in such a manner that the points of a plane field lie on 
the corresponding projective plane. 


It will be advantageous to use the word ‘incident’ in the usual sense 
of relationship between the three kinds of entites called points, lines and b 
planes, Any two entities of different kinds are said to be incident with . 
each other when one lies on or passes through the other, Thus, collinear 
(coplanar) points are points which are incident with the same line (plane). 


The equation (13.4) can then be considered as the condition of incidence — 
of the points (z;) and the plane (wj) Such an equation as (13.4) may as 
sometimes be considered as a linear homogeneous equation in z; with 


, coefficients u; and sometimes as a linear homogeneous equation in ty with +. 
coefficients x; To solve a system of equations of this type, let us da 
consider the svstem : H 
Mi * | 
* ag E, Aggy + puits ORE, = Ü, bz I, - TEX : I - E 
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where the coefficients (1; form. a matrix of wake er Ti deci 
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Rank Name of the set of — Name of the set of points | Rank 
— m nd a vector space U | forming a vector space X | 4—m 
4 | The field of all planes | | 0 
CETTE. puce" COP A A b MINE 
| 
3 | A bundle of planes A point 1 
2 | A pencil of planes A row of points 2 
g l | A plane A plane field | 3 
0 | — — The field of all points 4 
T Read from the left to the right, the scheme méans that given a set of 
~  .  plenes whose coordinates form a vector space U of rank m, there exists 
T A aset of points whose coordinates form a vector space X of rank 4 —:» such 


that every point of X is incident with every plane of U. Reading from 
the right to the left, we obtaim a system U of rank m as ‘solutions’ cf 
a system X of rank 4—m and thus get those set of planes which are 
incident with a given set of points. It is to be noticed that X is composed 
of points and U of planes. The names of the vector spaces U and X are 
F given respectively in the second and third columns of the scheme. They 
are elementary geometric forms of different «dimensions (see £35) and are 
defined as follows : 


| The field of all planes consists of all planes of the projective space 
— nnd the field of all points consists of all points of the projective space ; 
| b are three-dimensional — forms. A bundle (or sheaf) f planes 
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* immediately su the above description that, as in ih 

Enos cy te the projective space. This duality is 

interchanging ‘point’ and ‘plane’ ñe., (*)- coordinates and 

Th he condition of incidence Sua, - 0 remains 

luality ty. Given the above scheme, we obtain the dual 
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scheme by first interchanging the two middle columns and then intor- 
changing the second and the sixth rows, the third and the fifth rows 
of each of these two columns, Thus a bundle of planes and a plane fie'd 
are dual forms. For every theorem based on the concepts of proj ctive 
point, projective-plane and incidence there exists a dual theorem, and 
the interchange of the notations x and u cannot convert a true theorem 
into à false one, For every property that may be derived from the 
three fundamental concepts there exists a dual property and a dictionary 
may be compiled for translation of every projective property or theorem ^ 
into its dual, Rows of points and pencils of planes are, for example, 
dual notions; but they are also connected by the fact that to each 
particular row of points there corresponds a particular pencil of those 
planes which are incident with every point of the row, and conversely, 
The row and the pencil, connected in this way give rise to a new 
mathematical entity called the projective line. "Therefore, a line is dual 
to itself. Every individual line can be determined by a particular row, 
say (yT;-- Ay;), as well as by a particular pencil of planes, say (ytty Av). 
When it is determined by a row, the line is called the dase of the row ; 
and when determined by a pencil, it is called the axis of the pencil. 


Two distinct rows cannot have more than one common point, 
because a row is uniquely defined by two points. If they have a common 
point, this point is called the point of intersection of the two lines which 
are the bases of the two rows. When two rows have a common point, they | 
cannot have more than three independent points ; the rows then belong : " 
to the same plane field, ñe., there exists a plane with which both the A 
rows are incident. By consideration of duality it is seen that if two 
pencils of planes are distinct, they may have at most one common plane 
which is then called the plane passing through the two lines which are the AS 
axes of the pencils. In this case the pencils belong to the same bundle. r 
Two lines therefore intersect if and only if they are incident with- the J 
same plane. A a 
Consider the points in which a line (yr; Ay) intersecta a plane (w). 
For these points we must have d 


T se T 
al . * | l l ei T" ` etur ~ : 
yl,+al,=0, where d, = uri, = pen > ae 
m E a 
i . ` — . IIS oe ~ eMe. 








r B. “iT F riv à E im Ts | 1 
Ade B wes =s s 
IN ~ “et re. J m p l 1] 
ĩ te VA dnos 
I ed - — 3 yi es a 3r k i T E d 
T A. ae f u we. fI * 


<a Co ^" 46 "dt —— — — — 


— 
— — 


" 
"2 M 








PROJECTIVE SPACE 201 


i.e, the line lies in the plane. We may now state the following dual 
resulta : 


Two points define one and only Two planes define one and only 


one line. - one line, 
Three noncollinear points define Three noncoaxal planes define 
one and only one plane. one and only one point. 


If a line g does not lie in a plane If a line g does not pass through 
«,g and « define one and only a point A, g and A define one 


one point incident with both. and only one plane incident 
with both. 4 

Two lines i; cident with the same Two lines incident with the 

point are incident with one and same plane are incident with 

only one plane, one and only one point. 


52.1. Projective plane and plane projective geometry. The formulae 
of the preceding article remind us of those of the plane projective 
geometry. Indeed, by dropping the last coordinate of the  projective 
points of the projective space we get the projective points of the plane 
geometry and similarly we get the projective lines of the plane geometry 
out of the coordinates of the projective planes of the space. 


Specially there exists a one-to-one correspondence between the points 
(x, zr, x) of the plane projective geometry and the points (z,, z,, z,, 0) 
of the plane field V, say, which, by (13.4), may be identified with the 
plane V = (0,0,0,1). Of course, nowhere can the coordinates vanish 
simultaneously. Now the lines in V are the axes of pencils of planes where 
CN each pencil has V as a plane ; therefore the planes of these pencils have 
* the coordinates 


(4u,, yita, Yup, quU, A) where (u,, u,, w,) Æ (0, 0, 0) 
Hence we may denote such a pencil by 













y (u, Us, u,, a), where « takes all values. 
DNA point of the axís of this pencil must satisfy the conditions 


2 


y TtT, us + EUa — 0, T. — 0 


T | If therefore we set up the correspondence 

"es Zas Ly, 0) —> p (Zir Zar La) e (Wis s May s) — c (u,, Ug, ti), 

v e point ts and the lines of V are represented by the points and the lines 
ina of V iar geometry in such a manner that a pair of incident 
^ ER int a | is represented by a pair of incident point and line of 
+ he plane projective geometry. That is to say, ‘the plane projective 
DMEF LM fn Slo plane -V of the projective space 
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53. Projective space as an extension of the Euclidean space. Let X 
denote a projective space and V = (0, 0, Ô, 1) be the plane of X as defined 
in the last article, Those points of € which are not situated on V 
can be represented by (rz, æ., r,, 1), where the first three coordinates 
Z, T, T, are uniquely determined for each of these points without any 
common arbitrary factor. We may therefore set up a one-to-one corres- 
pondence between the quadruplets (z,, x,, z,, 1) and the triplets (x,, x,, c,). 
Since the triplets are uniquely determined without any common factor, 
they may be taken to represent points ofa Euclidean space S. Again, 
for the planes (w,,u,,u,,u,) of X other than V, we must have 
‘My, V. Uy) Æ (0, 0, 0). Therefore there exists simultaneously a one-to-one 
correspondence between the planes, other than V, of X and the planes 
of Sin such a manner that corresponding planes have the same (four) 
coordinates, It follows from the nature of these correspondences that 
if uz, +u, +u, +u, — O, Le, if a point and a plane, other than V, 
of = are incident with one another, the corresponding point and the 
corresponding plane of S are also incident, and conversely. We may 
therefore identify S with that portion of = which is outside V and regard 
= as an extension of S; this extension is obtained by adding, so to say, 
the plane V to the space S. We now say that V is the plane at infinity 
(or the ideal plane) for S and the points and lines of V are the points 
and lines at infinity for S. Of course, these elements at infinity do not 
belong to S. 

Consider now two points (zr, z,, z,, 1) and (y, 9», 9, 1) of X. The 
row generated by the two points is, by (13.2), 


(ye, +AY,, YX,Ày, dX, 9Ày, y+tA) (yA) (0,0) (13.8) 
As a common factor of y, À is arbitrary, this row consists of the following 
points of S 
xc Xt Ay, YS yx, Aya T= Yt, YtA=1 
and a point at infinity (taking y +à = 0) 
A (a,,@,,@,,0), where a; = y,—z2,121,2,3 (13.0") 
The points of S which belong to the row (136) can now be represented. 
(since y+A = 1) by 
x =x, tia, yer tad, t= z, ÀG, ME 6") 
It therefore follows from (12.7) that the points (13.6") define a t E " 


line which passes through the point (x, 2, z,) and is parallel to E z 
vootor v = (a, a, a,). But except for a numerical factor à, this vootor 
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v is uniquely given by the point at infinity (13.6) of the row (136). This 
shows that parallel straight lines in S are those which have a common point 
in the plane at infinity V when S is extended to X. 

Consider further a third point (z,, z., z,, 1) of = which is not collinear 
with the two given points. Thon the plane field W generated by the 
three pointa is, by (13.3), 

(Yt, FAY, + um, yr. Ay. am YT, FAY, HM, YA p), (13.7) 
(y. A, p) de (0, 0, 0) 
As a common factor of y, A, n is arbitrary, we have here also to consider, 
as above, the two cases: y+A+p — 0 and y4A- 4 -— 1. In the first 
case we get the row he 

(Aa, + ub,, Ag, +pb,, Aa, + puby, 0), where further b; = z;—z, (13.7") 
and in the second case we get the plane 

x = x, +a + 4b, y = z, +Aa,+pb,, == z+ AG, + pb, (13.7") 
The points (13.7’) furnish a row in V, i.e., they give the pointe at infinity 
ona line at infinity ; the base of this row is the line of intersection ot 
the planes W and V. To every point of this row there corresponds a 


ne system of vectors w = (Aa, ub, Aa,+pb,, Aa,+pb.), depending on 
: the numerical factors A, p. The plane (13.7°) is a plane of S; and it 
€ follows from (12.12) that every point of this plane is obtained by attaching 


the vectors w to the point (r,,z,, r,). Therefore parallel planes in S are 
» those which have a common line in V when S ts extended to X. 
[ = 5% Pluecker coordinates of a line. Before leaving the present 
d discussion -we may give a brief description of a special system of line 
coordinates. Let (aù) and (b) be the homogeneous coordinates of two 
distinct points of a line g. From the matrix N, defined in (13.1) form 
the six determinants 





















Iu uut a, d, | a, a, G, | 
Nu Pis = Pi. = Pu = | 
r * b, bi $ b, b, n 1 b, * 
(13.8) 
8, a, a a, a Bt, 
Pas Sar a 43 Lbs 34 de 














ey Py =P t#I= 1,2,3,4 

| i som py thus defined, which cannot be all zero, are called 
ecker es of the line g. Since the matrix N, given in (13.1), 
nt identically equal to zero, it follows that these coor- 

p identical relation 


CPuPutfPoPetPaPa = O (13.9) 
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Pluecker coordinates are homogeneous. For, if 
yay + Ab, and pai x vb, 
are any two points of g and we form the six determinants = 
YA + Ab, yay + Ad, 
qo = then gy = (yn —À*) py 
pa vb, po, + vb, le i r 
Let (a;') and (5/) be the coordinates of two distinet points of another 
line g^ and let p'y be the Pluecker coordinates of g^. Then, considering  —— — 
the matrix N, as defined in (13.1), it follows that the lines g and g are 
coplanar if and only if det N, = 0. Therefore, the necessary and sufficient 
condition that two lines whose Pluecker coordinates are py and p'y be 
coplanar is that 
ZPü Pu = PPs +t PaPa +PP ss +PP i t Pac?’ s+ Papaa = 0 (13.10) 
It is understood, in the summation notation on the left, that when the pair 
of indices ij take the values 12, 13, 14, 23, 42, 34, the pair of indices | 
kl take respectively the complementary values 34, 42, 23, 14, 13, 12. 
A line [with coordinates ypj;+y'p’y is said to be linearly dependent 
on the lines g and g'. Since (13.9) must also be satisfied by the coordinates 
of I, we must have 


TY 2, Pj Pu = 0 
If the lines g and g' are skew, i.e., if € py p'u #0, then 7 is either g or 
g. And if gand g' are coplanar, and therefore intersect in a point, say (¢,), 
different from (a,), (a‘;), then since 























| ; ej > E ĉi 6 ‘ 
YPytYPy = A +A = Lf 
a; aj a’; a, Aa; + Na"; Aas + Ma' jh E. 
the points (c) and (Aa;+ Aa) are points of I. Therefore the line I ta t 2M / J 
line of the pencil of lines determined by the lines g and g'. a". b | 
Let us now suppose that g is a variable line so that ite ea "ESAR 
coordinates py = ajb,—ajb, are also variables. Consider an equation which | EV 
is linear in py T 


where in the summation the pair of indices ij take the values 12, 13, 14, T m 
23,42, 34. Then the locus of the line g which satisfies ean, js called | x» 
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where the pairs of indices ij and kl take complementary values, then bg 
are also the Pluecker coordinates of a line I, say. It follows from (13.10) 
that the linear complex (13.11) consists of all linea which intersect the 
line I. 


(2) Secondly suppose that ay are not Pluecker coordinates, Put 
Cy = 84— an, so that cy -—-—c, and ¢y = 0 


Then the equation (13.11) of the linear complex can be written in the 
normal form as 


4 
> cv Py = 9. ley | #0 (13.13) 
NI 
If now we suppose that (a,) is a fixed point and (b) = (rj)isa varinble 
point, the equation (13.13) reduces to 


Sey a; = i 

This is a linear equation in z; with coefficients not all vanishing and hence 

it represents a plane; further the line g now goes through a fixed point 
. (aj). Therefore, the linear complex ia a pencil of lines. 
A line is given either as the join of two points or as the intersection 
| of two planes. From this point of view we have also the Pluecker 
coordinates of intersection defined as follows : 

Let (u;) and (v) be two distinct planes intersecting in a line g. Form 

the six quantities 












wy; uQU;—uj Vy, i+j= 1,2,3,4 
. "The quantities wy are the required coordinates of the line g. They are 
_ obviously connected by the relation 
10,400, HW, Wa HO, WD = O. 


i. E To establish the relation between the coordinates p,; and wy of the 
'line g, let (aj) and (bj) be two distinct points of g. We then have 
1e fo ar equations 
M uam Zw54-0 (Ke m, Sub = 0 

From the first and the second pairs of these equations we get 

= — wp, m 0 and vP +O Pnt. Pu =O 

ie other pairs. Hence we get 
1 E. ONE fa = Wag West Wan Mig Wie Wry — (013.14) 


" 
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Thus the quantities ay and b; in (13.12) are dual Pluecker coordinates of 
the line / and so the equations p"? 


2 aypy=0 and bywy =O 
represent the same linear complex. 


55. Projectivity. Cross-ratio. We have seen in § 20 that a pencil 
of lines may be obtained by projecting a row from a point not incident 
with the base of the row and a row of points obtained by taking a 
section of a pencil bya line not incident with the centre of the pencil. 
By ‘projection of a point from a line’ or ‘projection of a line froma 
point’ we shall mean the. plane which is incident with both the points 
and the line; similarly by ‘section of a plane by a line’ or ‘section of 
a line by a plane’ we shall mean the point which is incident with both 
the plane and the line. 


: Two rows of points (ABC...), (A'B'C'...) are perspectivo when 
they are the sections of one and the same pencil of lines, i.e, when 
the corresponding points (A, 4") ,.. of every pair are incident with a 
line of a pencil of lines, A row (ABC...) and a pencil of lines 
(abc...) are perspective when the row is a section of the pencil or the 
pencil is a projection of the row, £e, when corresponding elements 
(A, a), .... are those that are incident. A pencil of planes (a By...) 
anda row (ABC...)are perspective when the pencil is a projection 
of the row or the row is a section of the pencil, f.e., when corresponding 
elements (a, 4), ... are those that are incident, A pencil of planes < 
(x By...) and a pencil of lines (abe...) are perspective when the 3 
first is a projection of the second or the second is a section of the first i 
ie. when corresponding elements (a, 3), .. . are those that are incident. 
Two pencils of planes (a 84 ...), (a' 8'4' ..) are perspective when 
they are perspective to the same pencil of lines ; corresponding. elements 
(a, a’), .... are those that are incident with the same line of the penci 
of lines. Two pencils of lines (abc....), (a' b'c.. Y are perspective when 
they are perspective either to the same row or to the same pencil of EM 
planes ; corresponding elements (a,a’),.... are those that are incident — — 

+ - with the same point of the row in the first case or to the same plane of | 
the pencil in the second case. 
— The set of all points (and — of all lines) that lie ona iu 


E field. X, plane | field contains an ealinited number er à 
Mo | and the pencils | of lines. The set of a anes (an 
that pass — a — been a 
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i being the centre of the bundle. A bundle contains an unlimited number 

. Of pencils of lines and pencils of planes. A plane field (a) and a bundle 
(A) are perspective when the bundle is a projection of the plane field 
from a point A not incident with the base « or the plane field is a 
section of the bundle by a plane a n.& passing through A ; correspond. 
ing elements are those that are incident. Two plane fields are 
perspective when they are both perspective to the same bundle; and 
the two bundles are perspective when they are both perspective to the 
same plane field, 


The row of points, the pencil of lines and the pencil of planes have 
been called one-dimensional elementary geometric forms whereas the 
plane field and the bundle have been called two-dimensional elementary 
geometric forms (§ 52). Two elementary geometric forms of the same 
dimension are said to be projective when they can be connected by a 
chain of projections and sections, and therefore by a chain of perspectivities, 
In particular, two perspective forms are projective. 





Let us discuss projectivity between two one-dimensional geometric 
forms, We can always find a geometrical construction establishing 
the projectivity between two such forms when three pairs of correspond- 
ing elements are given. Suppose, for example, it is required to 
establish the projectivity between two rows (ABC....) and (A'B'C'..) 
when (A, A), (B, B'), (CO, C') are three pairs of corresponding points. 
‘Two cases arise according as the bases a and s’ of the rows are coplanar 
or not. 'The plane construction has been given in $ 29. Let then s 
and 4' be skew. 


Join AA’, BB', CC' and take a point 4" on AA’. The intersection 

of the plane incident with A” 
. and BB and the plane 
. . ineident with A" and CC’ is 

4 line & meeting BB’ and 
.. CC’ in the points BY and C". 
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⸗ b " hj 


a" (ABC....) is perspec 


tive to both the rows (ABC....) 
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Again to find a geometrical construction for the projectivity connecting 
a row and a pencil of planes when three pairs of corresponding elementa 
are given, we take a section of the pencil of planes to obtain a second 
row. Then by the above construction we find the projectivity between 
the two rows, as three pairs of corresponding elements are now known. 
And as the second row is perspective to the given pencil, the required 
į rojectivity is established. 

We now introduce cross-ratio in one-dimensional geometric forms and 
show that the cross-ratio remains invariant for projectivity. 


Let PAT), Pay), (yr +AM) = plé) 
te any three distinet * points of a row. Putting qz; = x’, Ay; = wj, 
we get the same points represented by p,'(r/) p; yj) p(r'-*w) Thus 
any pair of numbers y, A can be replaced by 1,1, and conversely, But 
we cannot replace simultaneously two such pairs by arbitrary pairs of 
numbers, as the following consideration will show. Let 














P I = (z) = (r/) where 2/ = ar, 
= (wi) = (y), where y’ = by; l 
P. = (f) = (yrit Aw) = (En where £;'- cfi 
P, = (rn) = (uz-vy) = (ne), where rj = dr, 
Then 
& = yx HAY’, where y =<y, A' = + - j 
d d i 
ne = uz *vy where p’ — v^ "Y ! 
But as y/ Æ A/v, the contention holds. | - y 
We define cross-ratio of the four points P,, P,, P,, P, by M 
(P,P,, P,P.) = An/y = Ly p' [^v ex aaa d 
This value is independent of the arbitrary factors a, b, e & The. : n 
hs vue de pencil. Let — 
E — 
f = (w), = (vj), oO, = (yt £A E = (ptg ve ww) 


— ha the cross-ratio of the four planes is given by 
— * 
* (a, 6, 0304) = aly — 
and is independent of the arbitrary factors of the coordina 
Suppose that the points P,, P,, P, of the row are. 
Euclidean — fes $53) ; so we can choose — Uv = Y. 
then 
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can be considered as the (orthogonal) Cartesian coordinates of P,, PsP, 
respectively. We can write 


€ = zi*(yi—2); 


hence A =m Ss ! sa I-A 2 ME 
yi — i Wer Zi 
So Aa &-% _ PP, 


Y. Nt JP. 
As in $ 53, we distinguish two cases : 


(i) Let P, be also a point of 5; then we choose u--v = 1, and 
consider (ni, 1,, 7,) as the Cartesian coordinates of Pe We havo there- 
fore, as above, 























ve OMIT" LT 

l a yin P, 

l — — 

—* Hence Au — PP, P.P, PP P,P, 
d hi P,P, P,P, P,P, P,P, 
I | This result agrees with (2.1). 


(4) Let P, be a point at infinity ; then u--v = 0, or y/u = — 1I. 
| Hence duly = P,P, | P,P, 


This result agrees with what has been said in §29.1 
e. Consider again four planes of a pencil and let none of them be the 
plane at infinity. We can therefore suppose that the equations of the four 

planes o,, a, a, «, are given in Hessian normal forms as 
| hx, Xa, 2,) = 9, U,(2,, Zy %,) = O, 
E AEFT a 2.) = yi, * A, = 0, 

| E | llt 2,,z,) = pul, vl, = 0 

. respectively. Let P = (€,, z Ês, 1) and Q = (ni, nav Na 1) be any two 

. points on «, and a, respectively. Then 

uo Aly = — (Gi €» E/E Ear £) > 
vja = —l (nirs har mln Nav Tia) 
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As ~ sin(a,, a) sin(a,, a) 


* sinter, ea) e] for planes of a coa xal pencil 


dist(a), a,) dist(a,, a.) 


dist(a,, a,) dist(a,, a.) ” , for planes of a parallel pencil. 


To deduce these formulae it was useful to use Hessian normal forma ; 
for other purposes we may choose the arbitrary factors in a different 
way. It is however important to notice that the arbitrary factors do 
not alter the cross-ratios. 

Consider now a row of points perspective with a pencil of planes. 
Given four points of a row. 

P, = (a,), P, p (by), P, ues (ya, + Abi), P, = (ud, + vb,), 

let a, a, «, &, be four planes of a pencil such that P; is incident 
with a, but not with the axis of the pencil (i= 1, 2, 3, 4) ; also let 
(c) and (dj) be two points inoident with the axis of the pencil. The 
equation of a, is then given by 












z, S, S. a, 


6, d, ius a, | 
= 0 or briefly by |x a c d| =0. 
€. Cy €, €, 
d. dj d; 2d; 7 
It may be remarked that the Inet three rows of the determinant — 
a matrix of rank three, so that the equation], = 0 of s, is not an 
identity. Similarly the equations of o,, a,, o, are respectively 
x ‘jz 5 e d|=0,. — 
|z ya+ab € d| =O ye ae d[+A|zx b e dj, — 
| |z parr c d| Ompl[ra ce di tte b e ahs g 
Therefore AU Py PiP ) = apj = (2,5, 224) 
Thus the cross-ratio of any four pointa of a row is equal to thé cross. 


. vratio of the corresponding four planes of d à 
7 ef the row., 


"QC ME UA ee fe opi of o | quc. il of li in a plane s, 
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The cross-ratio of four elemente of a one-dimensional elementary — 
geometric form ia not altered by projection or section, 

In view of the above considerations we can say that two one- 
dimensional elementary geometric forms are projective when the 
elements of the two forms are put in a one-to-one correspondence in 
such à manner that the cross-ratin of any four elements of one form 
is equal to the cross-ratio of the corresponding four elements of the other. 
If, for example, the three points A, B, C of a row are given to correspond 
respectively to the three planes x, 8, y of a pencil of planes, the point D of 

_ the row and the plane 4 of the pencil are corresponding elements in this 


projectivity if 


What have been said above regarding projectivity between two 
. = one-dimensional geometric forms bold also for two-dimensional geometric 
forms when to each one-dimensional form in one corresponds a projective 


one-dimensional form in the other. 


ta 55.1. Homology. Let = and z’ be two planes intersecting in a 
line s. Take a line g skow to «4 and on this line take two points U and V. 
Project the plane field (x) from U, V as centres on to the plane s. We 


thus obtain on = two cobasal plane fields (+), (=). 


hs - Let S be the point of intersection of g and m. Also, let A’ be a point 
Ses of x and A, A® its projections from U, V on s. Then A and A* are 












lines, Therefore, two corresponding lines 

+ intersect on s and every line in = through 
= ina self-corresponding line. Thus we 

= arrive at tho following property : 

—— Two cobasal plane fields which are the 

jections of one and the 


, J "E i 
e "4 


Fio 
ye 
LJ 








e plane field 


corresponding points of the two cobasal plane fields. Now since A and 
A" both lie on the plane through g and A’, the line AA” must meet g 
and therefore pass through S. Therefore two corresponding points are 
collinear with S. The point S and all points of s are self.corresponding 
points. So if P is a point of «, the lines. PA and PA” are corresponding 
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join of corresponding points are concurrent in point S and the meet of 
corresponding lines are collinear with line 4 are said to be homologous 
or perspective; S is called the centre and a the axis of homology or 


of perspectivity. 


DESARGU ES' theorem on perspective triangles. If two triangles ABC 
and A'B'C' are such that the lines AA‘, BRB’, CO’ joining the three 
pairs of verlices are concurrent, then the three pairs of corresponding 
sides. BC, BC’; CA, C'A' ; AB, A'B' intersect in three collinear pointa, 
and conversely. 

Two cases arise according as the two triangles lie in two different 
planes or in the same plane. First suppose that the triangles lie in 
different planes. Let AA’, BE’, CC’ meet.in a point S. Since BB, 
CO' are coplanar, BC, B'O” are also coplanar and so meet in a point P. 
Similarly, CA, C'A’ meet in a point Q and AB, A'B' meet in a point R, 
Now, P lies in the plane ABC and also in the plane A' B'C" ; therefore 
P lies on the line of intersection a of these two pienes. —— 
and R lie on 4. 





! è 
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There nre ten points and ten lines in this configuration which are the 
points and lines of intersection of five planes, three — gi and two, 
through «. 

Secondly suppose that the two triangles lie in a — m and ad 
AA’, BB, CC’ are concurrent in S. Asin the case of two homologous 
figures, take a line g passing through S but not lying in m, and on this 
line take two points U, V. Since UV, AA’ meet in S, they are coplanar 
and so UA, VA’ meet in a point A’, Similarly, UB, VB’ meet in B" 


. and UC, VC" meet in C". The two triangles ABC, A*B'C" are now 


such that they lie on two different planes*z, s" and that the lines. AA, 
BB*, CC” meet in U. Therefore, by the previous case just proved, the 
three pairs of corresponding sides meet in three collinear pointe on the 
line of intersection s of ~, s^. But the same thing is also true of the 
triangles A' B'C', A" B"C", as may be seen by interchanging U and V ; and 
the points of intersection of the corresponding sides of these two triangles 
must be the same as before, namely the points where the sides of the 


triangle A"B*Ó" méet s. Hence, BC, B'C'; CA, OA’; A5, A'B' meet - 


in three collinear points. 
Conversely, let BC, B'C'; CA, C'A'; AB, A'B' meet in three 


points on a lines and AA’, BB’ meet in 8. Then, if SC did not pass. 


through ©’, it would cut B'C' in some other point D’. It would follow, ` 


by what we have just proved, that A'D', ‘AC meet sin the same point. 
But this is impossible | unless D' coincides with C". 


ph. proof for the case of two coplanar triangles has already been given 


mi, o- in $ 36, but the * given here i is purely projective. 
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CHAPTER XIV * 


GROUPS OF TRANSFORMATIONS AND CLASSIFICATION 
OF GEOMETRIES . 


56. Dimensionality of t» The points of a Euclidean space 
are represented in a continuous manner by 3 parametérs, the -points of 
& Euclidean plane by two parameters and the points of a Euclidean 
straight line by “one parameter only. For this reason these mathematical 
entities are said to be spaces of three, two and one dimensions respec- 
tively. The projective space, the projéctive plane and the projective 
straight line need one parameter. more than the corresponding Euclidean 
. entities ; but as the parameters have a cómmon arbitrary factor, we call 
them three-dimensional, two-dimensional and oe Cun „projective | 

spaces. - A - + 9. 


= -~ 
a - Pi e 


- EAEE ONAP E uL tof — lines, circles, eto.) cán be con- ^ 
sidered as a one-dimensional and a bundle as a two-dimensional “‘space’”’. 
Further, the conics of a projective plane depend on six parameters ; to - 
f every set of six values, except all zero, there corresponds a conio; but 
í . Again as there is » common arbitrary factor, these conics form a projective .- 
"space" of five dimensions. "The ‘spoints’? of* this space are conies, the 
"rows of points'' are pencils of conies ete. ; therefore theorems on rows of 
pointe can be applied to pencils of-conics. * TOU Aa 


t. 


p. cu Mab geometrical Gonsiderations mmy be- — pee e by 
| ^, dmtredueing the more general notion of án n-dimensional space. * The 
sp. <. feader may have realised ‘that there is a close resemblance between the 
Stor wet aed pn a ey ae pt 


“methods used ee 
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d coordinates of an n-dimensional projective space, the rank of the matrix 
; of the coefficients being r : 


E eum "9" 9 $9 o* + Tay, Tas = 0 . 2h 
— be, 0.0, 24,700 
PT = ' r g e — r a " P (14.2) ^. 


kx... they, Bly, =O > 
N _ All solutions of such a system depend on n—++1 independent solutions 


` (the solutions aro ‘(n + 1)-vectors’ in the sense of algebra), say «,,.., = 
Cn 9i. Thorefore every solution is given uniquely by 
mo f ~ Oen V Nes TÉ Mace: s (143) . 
mass — the t's are arbitrary numbers. Consider the solutions for which 
* 4D, T asosiY ue (0, . 2,0) (14.4) 
A common factor ot^ qa). furnishes - & common factor of (14.3), and 3 
} so these solutions correspond. to those points (14.1) which satisfy the  — 


equations (14.2). As the t's aro n —r--1 parameters, these points form a . 
- projective’ (n—r)-dimensional space, which is a subspace of the given 


- — — — space 5 We, 
a Eg. fot n—3, r=1, we have n—r = 2. The pointe satisfying 
à "en > 2,0, +42, + 0, X, + GE, = 0 - 


» t DU bas Lajesire plene. Forn = 3,r = 2, we have n- * * 
A pisa cis two independent linear equations i 
bal e : az, aux, 45%, Gam, = 0 * i 


~ ." - -- 4 =t 


NE tepi b,x, + bx, F bum, tba. = 0 


ai 
















a. 


ARAE item | a projective - straight line, namely the ‘axis of thet pencil 
(generated by the two planes. which correspond to the two linear equations.; 

e — — of (14.2), is called a "hyperp on €^ 
2.5 _As in $ 53, -n-dimensional projective spaco (14.1) can -be 7 


B onm 6 4 





e : = pis, YET 0) P (14.5) ^ 
on üclidean space - , A * E bt 
a Ss = (e-- 3.) * * | (14.6) 


with tbe set of pointa aiai: — 1). 





itoa aa saka By adding, ao to say, the 
s wre e^ d i5 


= = E 
- us MES L +. ^ P. "- 
— i , t, 
3 i I 
L " = . 
p Pon pr ^ * 
"s 
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he geometry become simpler and they show a duality which does not hold in 
| Euclidean geometry. | 
- w 


57. Groups of transformations. Let us consider linear transformations 
in n-«1 homogeneous coordinates or in » non-homogeneous coordinates. 


* A set of linear transformations T7,, 7',, 7T, .., which may be finite or 
infinite in number, is said to form a group if the transformations of the j 
set obey the following two laws : à 

* i (1) The product (or resultant) of every pair of transformations y 


(including the product of a transformation by itself) is ^ transformation 
whith belongs to the set. 
(2) Every transformation of the set has its inverse and the inverse 


belongs to the set. If the inverse of a trensformation T', is denoted by 
T; , the inverse has the following property : ~ INIT 


TIT, =t TT, =l, o $ 


the identical transformation or the identity. 
: It follows from the definition that if the linear transformations T7; of a 
| set form a group, T,T, = T, isa transformation of the group. Therefore 
` Tr T, = T,T, = T, transformation of the group. In general, the 
product of any number of transformations js a transformation of the 
. group. "Lio; the identical ee ee: I is a transformation of the 





b 
- 
* 


. — group. : 
A The product 7,7, whieh ja take to mean that T, is followed. by -— 
—— T,,, is not necessarily equal to the product 775. A group of linear trans- 


e formations is said to be commutative if, for every pair of transformations of 114 
the group, T,T, = T, T, — is non-commutative. Further, 
since the T', Mrd pes. "iansformalong- 4 p (TTA = (TT) Ti showing 
that the product is associative. ar eg A 

, | Now suppose that we are given a group of - linear transformations. ^ 

Eu obtain a set of particular transformations of the given gro * 

. by imposing one or more conditions on each transformation of the group. - 3 

Tf this set of particular — obeys tho above fwo laws ofa 4 
J — id to form a s — AE E AE J 
z transformations of the t n 

























Pa » " 


| Ak p. x5 — LE X " 
e A =” psy Djk Xp | ba | #0 - e 
ki , 
* . ia followed by a collineation 
d. * « 
ox! = Yeu i, ley | #0 
je 
the product is the transformation 
"^ $ E 
wor, = > cy biza" fe hy ees 66 
i ph l 
| "Fes: : E 
~~  Binos ` | Z cota | = leyl | bp | 
1 1 
1 EC . is different. from xu the product (14.7!) ie a collineation. " 
Again the inverse of (14.7) is the” transformation j 









3 a 
- — — EPN =.. 9h 1, 


pur ! 
where Ay are the cofactors of a, ig EAIA E [a4]. 
i ^ Since * Ajay tOo s | Ag] 0. 
"Hence the inverse is also a'Gollineation. Therefore the set of all collineations 
of an n-dimensional projective — Jom a : grówp, the identical — e 
oed iere E EU 


- 


j^ = 


















< har. 

gs £3 * ex — d= 1, $ ael i 

Ds ea = zal. eee ns ee " 
ations of f a 3-dime ‘form a group, and so on. ^ 


— Now itus impose t thé following cóndition on the —— (14.7) : 
E. 


(iden m eu ce = Babee =Ó — roe? 
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All transformations (14.8) with (14.8 are called the affinities of the 
n-dimensional space, In an affinity, therefore, a special (n—1)-dimensional : 
subspace, namely x,,, = 0, is kept fixed. When n3, this special subspace 
is called the hyperplane at infinity ; when n = 2,3 we have the line at 

infinity in a plane, the plane at infinity in a 3-dimensional space 
respectively which are kept fixed by affinity. 


It can be shown, as in the case of collineations, that the product of 
two affinities is an affinity and that the inverse of an affinity is an affinity. 
Therefore the set of all affinities of an n-dimensional space form a group. 
Thus, when » = 2, all affinities of a plane form a group; when n = 3, 
all affinities of a 3-dimensional space form a group, and so on. Further, 
since affinities are obtained from collineations by imposing a particular 
condition, the group of affinities ina subgroup of the group of collineations. 


Again, since à,,,,,, Æ 0, we can, without loss of generality, take 
atip = l. The equations of affinities can then be written in non- 
homogenous coordinates as 


x = @,,2+ 4, 9+ ... +n +O in yy 


. 
Ww = a, r+ayy+ ..., disi cip Santa 
= * . ». . . " . * » > - . (14.9) 
w' = Ount tOn Yt suu.  ssU + Mon yy 7 - 
with J 


eur Vis. =) 4. Sen : d 
A = " . 3 B it 4 | 34:0 - 
Any as os Ged 


e, ats =j — | 4 

















a 


0, 2 
where c is = estat ý 0. 
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e Pr 


Further, if on the group of similarities we impose the condition 
e = J, we obtain the transformations (14.9) with the conditions 


s l ifi =j 
2 arap = iod íj-1,2,..,n, so A*-1 (14.9% 
k=! 0, if d xj 


Transformations (14.9) satisfying (14.9") form a group of orthogonal 
transformations. 

All transformations (14.9) with the condition (14.9") for which A = +1 
aro called rigid motions of the n-dimensional space and all the rigid 
motions form a group. Evidently the group of rigid motions is a subgroup 

ofthe group of similarities and therefore of the group of affinities, 
The group of rigid motions of a plane can be written in the form 
(3.1), as has already beon noticed, and they form a group. Similarly, 
all rigid motions of a three-dimensional space form a group. 
«c. - All transformations (14.0) with (14.9") for which A — —1 are called 
IT symmetries of the n-dimensional space. Since 
BE a™ = +1, Am! n], 
where m is a positive integer, the product of an even number of 
* ‘symmetries isa rigid motion and the product of an odd number is a 
p symmetry. Therefore the symmetries do not form a group. The equations 
of symmetries of a plane.can be written in the form (5.2), as has already 
been noticed. i 
| Consider the transformations obtained from the group of similarities 
| by imposing the conditions 
I dis .MO^87« * c, ifi —j | “Aa J 
= - j= bs TERR. 
* | Siu) 
ae transformations can therefore be written as 












x^ = cE +e, 
| TET * 
| — — *0 (14.10) 
| | w = ow + Cy 
All rat 1s formations (14.10) are called homothetic transformations of the 


ul spaco igi —— — 





obtained from the group of 
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The transformations thus obtained can be written as < 
x” = 2+, | 


“y =y+e, 
yu (14.11) 


> * 9». 9 * s 


w= Ww + Cy 
All transformations (14.11) aro called translations of the n-dimensional 
space, and the translations form a group. Since this group can also be 
obtained from the group of transformations (14.10), the group of translations 
is a subgroup of both the groups of rigid motions and homothetlo - 
transformations "hnd therefore of the groups of similarities and the — — 


affinities. The gropp414.11) is à commutative group. T T€ 
We may exhibit the different subgroups of the affine group as follows : ULT 
Affinities * 


vow Slip tied , 
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/ 58. Classification of geometries. í scometry deals mainly with pro- 
perties of figures. It was pointed out by FELIX KLEIN (1849-1925) that 
properties of figures may be classified according to the manner in which 
they behave when subjected to certain transforiiations. 


A property which remains invariant under the group of collineations 
is called a projective property and the geometry which deals with projective 
properties is called the projective geometry. We have enumerated up till 
now. various properties of figures which behüve in this manner ; èg., 
collinearity of points and concurrency of lines, eross-ratio, pole and polar, 
the principle of duality, etc., are projective properties, Properties which 
"remain invariant by every projection or section are therefore projective 
properties. Since distance, angle, area, volume do not remain invariant 

f under the group of collineations, there is no place of these ‘notions in 
za projectivo geometry. A theorem which deals merely with projective 

properties is a projective theorem, ¢.g., Desargues' theorem on perspective 
- triangles, — 

A ptoperty which remains invariant under the group of affine trans- 
formations, but not under the projective group, is called an affine property, 
The geometry which deals with affine propertios, either in themselves 
or in conjunction with projective properties, is called the affine geometry. 
Since the affine group is à subgroup of the projective group, any property 
which remains invariant under the projective group also remains invariant 
under the affine group, but the converse is not true ; e.g., the property 
- of cross-ratio and, in particular, the harmonie properties of complete 
ma quadrangle and quadrilateral are projective properties ; these properties 
| are also invariant under the affine group. But parallelism of lines and 
"T ‘the ratio of algebraic distances are affine properties ; these properties 
— do not remain invariant under the projective group. We have enumerated 
5 in the plane geometry various properties which are affine, e.g., central 

Oe of conics, property of conjugacy of diameters of conics, ete. 
i theorem that the cross-ratio of four diameters of a conic is equal to 
* — the eross-ratio of the four conjugate diameters combines both projective 
. and affine properties and is therefore a theorem of affine geometry. 


— ty which remains invariant under the group of rigid 
Proper 
mot but not under the affine group, is called a metric property. Tho 
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under the group of rigid motions but not under the affine group. So, 
these notions are metric. The ordinary Euclidean geometry is a metric 
geometry and the Pythagorean theorem is a metric theorem. — Besides the 
Euclidean geometry, there are other geometries which are metric, €g., 
the so-called non-Euclidean geometry. 

The projective, the affine and the metric are three of the more 
important classes of geometries. 


Two figures are shid to be equivalent under a particular group of 
transformations if there exists a transformation of the group which carries 
one figure into the other. We have seen in $ 24 that any two parabolas 
or any two ellipses or any two hyperbolas are equivalent under the affine 
group and in $ 39 that any two nondegenerate conics (with real traces) 
are equivalent undor the projective group. This is expressed by saying 
that all parabolas or all ellipses or all hyperbolas are equivalent in affine 
geometry and all (real) nondegenerate conics are equivalent in projective 
geometry. 

Although, as has been seen in 55 32, 33, 52, the introduction of 
homogeneous coordinates is necessary for the study of (analytical) projec- 
tive geometry, the affine and the metric geometries sre in themselves 
geometries of ordinary space ; that is to say, it is not necessary to use 
homogeneous coordinates in these geometries. In both affine and metric 
geometries the principle of duality fails to function. 


We have noticed that the affine geometry is obtained from the 
projective geometry by certain specialisation and that the metric geometry 
is derived from the affine geometry also by specialisation. In order to 
understand the nature of these specialisations we need homogeneous 
coordinates, To illustrate the implications consider the case of the plane 
geometry. We have seen in § 43 that the affine plane geometry is 
derived from the projective plane geometry by keeping one of the lines, 
called the line at infinity, fixed. Again, it would follow from § 44 that 
the group of rigid motions of the plane in homogeneous coordinates is 
given by 

pr, = ax, +b, +6,x, 


px,’ = —bx, +ax,+0,7, “a+b = 1 
pz,’ = T, 


and that the circular points at infinity J and J have the coordinates 
(i, 1,0), (75,1, 0), $* « —1. Tho coordinates of the point into Lors 
(i, 1, 0) is transformed by the above Rite teed 
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px, = ai+b = i(a—bi) 
pr, = —bi+a = (a — bi) 
pr, = 0 = 0(a—bi) 


This shows that the point (i, 1 0) remains fixed. Similarly for the point 
(—i,1,0). Thus, the group of rigid motions not only preserves distance, 
transforms the line at infinity into itself but leaves the two circular points 
fixed. It may be noted that under the group of similarity transformations 
the circular points are left fixed but distance is not preserved. 

Moreover, it has been seen in 5 14.1 that if I, and J, are two lines 
through a point, and lr, Z; are the two isotropic lines — the same 
point, the angle # between I, and Ll, is defined by 


0 = 2; log (l, la tr la) 


A This is tho projective way of introducing angle in metric geometry. That 


the angle is a metric notion may also be seen as follows : The group of 

rigid motions preserves cross-ratio and transforms an isotropic line into 
an isotropic line of the same kind. Therefore if 1,’, ly. h',l," are 
respectively the transforms of /,, l, i, I; by an arbitrary rigid motion, 


we have — 


hh: hkh) = (S Lbs. 5t by) 


. Hence the angle is an —— under the group of rigid motions. 
R As we aro mainly concerned with geometries of dimensions not 
greater than threo, » we shall henceforth use the word ‘space’ to mean a space 











|. quadrie. 


of (15.2) is 





CHAPTER XV 
PROJECTIVE THEORY OF QUADRICS E! 


59. Projective properties of quadries. The general equation of the 
second degree in homogeneous point coordinates can be written as 


> rr 0 4j-1,2,9,4 ay= ay — — (15.1) 

m 
where tho coefficients aj, are not all zero. All surfaces represented by | 
(15,1) are surfaces of the secopd degree, generally known às quadrica, r 
The determinant | a, | is called the discriminant of the equation (15.1). "M 
A point (r) ia called a singular point of the quadric (15.1) if and 




















only if 
1 
ay rjv, = 0 
d $0 1 

for al! points (xj) of the space. When the quadrie has a singular point, 
we call the quadrie a singuler quadric. It follows that the necessary 
and sufficient condition that a quadrie be — is that] ay | = 0, 
(See $ 42). 

Consider a point (yr; £A; on the * ‘tiling two points (r (r X and 
(s). The points of intersection of the line and the quadric (15.1) are 
determined by the roots of the equation — 

$E aigrit + YANS gris, + AX ayssy = 0 (15.2) 
So,a line may intersect the quadric in Eo poia, ane a a 
coincident, may not intersect the quadric at all or may lie wholly on tho = 


A tangent line is defined as a line which meets the quadric in t 'o 
ultimately coincident points or lies wholly on the quadric, This lino is 
said to be a tangent to the quadric at cach point which. it has —— 
with the quadric. 

Let the quadric be nonsingular, EN e 
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This shows that the tangent lines to the quadric at a given point (r,) 
form a pencil of lines. The equation (15.3) represents the plane of tho 
pencil and this plane is called the tangen! plans to tho quadric at the 
point (ri) 


Let neither ofthe points (rj, (s) be a point of the quadric, The 
condition that the sum of the roots of (15.2) is zero is Sayre = 0. If 
now we suppose that the line joining (r) and (s) meets the quadric, 
the condition that the two points (r,) and (s;) are separated harmonically 
by the points of intersection of the line and the quadric is Xa, rity = 0. 


Af (rj) is given, all points which are harmonically separated from (rj) by 
the quadric lies in the plane 


> ara = 0 


This plane is called the polar pline of the point (r,) with respect to the 
quadric. The point (r, is called the pole of the polar. Comparing this 
equation of the polar plans with the equation (15.3) of the tangent plane, 
we define the polar of any point (rj with respect to the quadric (15.1) 
as the plane given by the equation (15.3), whether the point (r,) lies on 
the quadric or not. If a point (s) lies on the polar of a point (r,), then 


- Dairy = 0 | (15.4) 





This shows that the poiat (rj? also lies on the polar of (s). Two such 
points (rj, () satisfying the relation (15.4), as well as their polars, are 
said to be conjugate to one another. 

t As in the plane geometry where we have polar (or self-polar or 
self-conjugate) triangles with respect to a nondegenerate conic, any 
two of the vertices oz sides of saoh a triangle being conjugate to one 

 another,so in the space geometry we have polar (or self-polar or self. 
conjugate) tetrahedrona with respect to a nonsingular quadric, any two 

of the vertices or faces of sach @ tetrahedron being conjugate to one 
another. 

" Let 

















the polar of the two points (rj and (4) with respect to (15.1) 











* v- Á 


be respectively (u) and (v) in plane coordinates. So, considering the 
'oefficient. of (15.3), 
Iu Pi. Nd "n QM = z con ry = > cate 


« LJ 


à - 
Tt fol R2 "be pola t (4r; *A^) on the line p joining 
It follows that the polar of any point (yritan) o | 
i T + "Ru mu =? * ~ b + LR jr Y ax ee * - 4 A f, d -^ — . 

fa dwec Dein (yurt Avt) and therefore always passes through tho line 
à i i d * Y X. F 1 P n vy + 2 l } — =r — — a A ey?) = 4 E E 
* E fe > +t " ix ry i \ ut "- as pe ur c k " - v3 à | of of 
J RCM y SAQEN A (ui) and (6). Thus, the polars a row 
s A uU TY | " i i E uf » " à d n : | | - * * p n —— — E 
E Tami ge D x . ALL £ el bl Bw * y b & n. ^ p , 
«à 10 an p. i =z . 4 





Pkt 2s an, | 
2a. E 25! ult " 
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points form a pencil of planes. If (t) be any point on the line g, then 
for all values of y and A 


2 (yui tAv) = 0; so Z atr Ma) —-0 


This shows that every point of g is conjugate to every point of p. Also, 
if (w) be the polar of (4), it follows from above that, for all values of 
Y and A, 


z (47, A5,) Wy = 0 


This shows that the polar of every point of 7 passes through p. 

Thus two lines, each of which is the line of intersection of the polars of 
points of the other, are such that two points, one on cach, are always conjugate, 
Two such lines are called polar lines, 


Two lines each of which intersects the polar line of the other are called 
conjugate lines. In particular, a line is self-conjugate when it intersects 
its own polar. Two polar lines constitute a special case of two conjugate 
lines. In a polar tetrahedron, every pair of vertices, every pair of faces 
and every pair of edges are conjugate ond every pair of opposite edges 
are polar lines, 

The self-conjugate points, the nelf- conjugate planes, the self.conjugate 
lines ard the self.polar lines with respect to s nonsingular quadric sre 


res vely the points, the tangent planes, the tangent lines of the 


quadric and the lines lying wholly on the surface (callcd, generators), if any, 


of the quadric. 
If the coordinates are so chosen that the four points (1,0, 0, 0), 
(0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1) are the vertices of a polar 





then, since (15) i» satin for two conjugate pointa, the equation of 


the quad ic reduces to the form 
Saat <0 
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where A, are the cofactors of ay in | ay | . Let = wr, = 0 be a plane and 
let this plano be transformed into th» plane X u'; x'; = 0 by (15.0). So 


0 - Fur = PL = zwi x 


Therefore ou, = 2 Ags wu, k = 1, 2,3,4 (15.7) 
Also 
0 = zwi = awi “x, = > wm " 
Therefore qoM, = > jy, u^, b = 1, 2, 2,4 (15.5) 
» Į 


Thus, (15.7) is the collineation in plane coordinates and (15.7%) its inverse. 
Evidently the transformations (15.6), (15.6), (15.7), (15.7) represent the 


| same collineation. 

[s Asin (9.4), let r points (x,,), (x,),...., (x, be linearly dependent, 
s * Z 

ii i | A, ru = 0, i = l, 2, 3, 4, 


Ay, As, e - Ap being r constants not all zero. Let these r points be trans- 
formed into the r points U sth goss (z'n) respectively by the collineation 
(15.6). So 


" SS x aids e d i1,2,3.4 


kerk tod 


tip is — four relations by Boys Teas Beas Gey reapectively and add. Then 


E 3a A x = | aie | Sn. 
f, km] 









t1 t=! 
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Dar, = Ò, y= 1, 2, 3,4 
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Hence the cross-ratio of four collinear points remains unaltered by collinea- 
tion. 

Also, analogous to the theorem in $ 34.1, we have, in the projective 
space, the following theorem. 


Theorem, There exits a unique. collineation which transforms five 
given points, no four of which are coplanar, into five other given points, no 
four of which are also coplanar. 


Proof: As the five given points (r,), (x), . ..,(2,; are such that 
no four of them are coplanar, the matrix 
XS, Fyn 3X3 Fay Pas 


T, - Ya Tia Tes Ta. 2 


Tis Tzs Tys, Ta Fs 4 
Tia Zas Tag Fea Tsu 
has the property that no fourth order determinant formed out of any four 
columns can vanish. Let these five points be transformed by a collinca- 
tion (15.6) (as yet unknown) into five other points which we can suppose, 
for the sake of simplicity, to be the fundamantal points (1, 0, 0, 0), 


(0, 1, 0, 0), (0, 0, 1, 0), (0, 0, O, 1), (1, 1, 1, 1) respectively. Apply (15.6). 
We shall have to take five different arbitrary constants p for the five 
different pairs of points. For the first pair of points 


Pity = B Ak = Aji 
| Auc pus kim 1,2,3,4 as) 79 
For the fifth pair of points, 
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f} an arbitrary common factor. Hence (15.6) and so (15.6) is known. Thus 
the collineation is uniquely determined. 


61. Projective classification of quadrics. We start with the general 
equation of a quadric in homogeneous coordinates, namely 


2 Tr, = 0, i,j = 1, 2, 3, 4, Gij = ay (15.9) 


where the coefficients ay ^re not all zero. 

We notice first that, without loss of generality, we may assume 
that at least one of the quantities a,,,a,,,a , a,, is other than zero. 
For, suppose that »1l these four quantities are zero ; then there is at least 
one of the quantities Aip 8 s j. which is not zero, For the sake of definite- 
ness, let a,, 4: 0 when k has a definite value out of 2, 3, 4. The general 
equation (15.9) can then be written as 


> arr, 2r, > Vie Xi = 0, i$j dh 


Apply the collineatior . 
X. = rite ty = zy, forall j k 
- The equation reduces to 
> Gig x';x'; + A(z", TEN S diz; = 0, 3 $+ je, 
or to the form 


2aazr,4 S byrr —0, tej; 
in the summation i, j take up all the values 1, , 4. Hence, we see that it 


| has been possible to transform the general quidion 1 in which the coefficients 
iis of z? are supposed to be al! zero into a form in which the coefficient of x',* 
n is other than zero. 


Socondly, we notice that, without loss of generality, we may assume 
that any one of the four quantities a,,, a,,, 4,, A4, is other than zero. 
For, suppose, for the sake of definiteness, that @,,.= 0; then, by what 
we have just seen, we may assume that at least one of the quantities 
(0,54, Azas Aaa ÌB other than zero; let am Æ 0 when k has a definito value 
Posh of 5, 3, 4. Apply the collineation — 
z, — X Te — X, Ty = X )! gk xj 
transf the general equation (15.9) into a form in which the 
soofficient f zs is other than zero. That is, by a suitable collineation 
nay transf m the general equa'i;n in which one of the coefficients of 
se peu a e RED n Med parwonur 
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We now prove tho following theorein : 
Theorem, The equation of a quadric can be transformed by collincation 
into one of the forms : 


a,x; = 0, 4,,0,0,,0, = +l, 0,-1 
im! 
Proof : To start with, wo may suppose, by what we havo just seen, 
that the given general equation 


f 
F (icti tt) = > assi — a =a; 
ij] 
is one in which the coefficient a,, + 0. This function F can then be 
written as 


4 
a, mr, + a,, sinn) (ja Ty Te 
IL ie i,k=2 
( 1 1 A? 1 [| 2 4 
= 63351 —— -f — »aus4zjlrt 2? d 
E a,, 2n a,, 2 JE — 
Apply the collineation ; 
4 P | Las | 
a, e 
Then the given polynomial is transformed as 
PF By ae FO, xah 


where F, isa homogen sous quadratic function in- the v 
Let ' 
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where F, isa homogeneous quadratic function in the variables z",, x",. 
Again, if in the quadratic form F, the coefficients do not all vanish, we 
may repeat the above process and ultimately transform 


Pap a i raga + aa” 
We write the reduced form as 
bz? + bx 2 tbr t +b x, 


where the b's are all real. Finally, apply the following transformation : 


x^ Jib |e, for b; 4 O, 


in 2 — 
zr" = zy, for b, = 


The given equation of the quadric now takes one of the required normal 
forma (dropping the dashes) : 
Y oar? = 0, a; = +1, 0, —1. (15.10) 
Hence the theorem. It may be noticed that in all the collineations that 
* we have used, the determinants of the coefficients are different from zero. 


We now consider the different cases that may arise in (15.10) and 
obtain the follwing projective classification of quadrics : 


wq zs 0, (15.11) 
representing (wo coincident planes (or plane fields). 














— | x2+2,7 = 0, (15.12) 


representing a line (or a row of points), or a pair of planes without real 
trace but with a real line of intersection. 


z,—z, = 0, (15.13) 
— representing a pair of planes. 
" mh: 
T zx, Tr = 0, (15. 14) 
— representing a point or a cone without real trace but with a real vertex. 
ern z,’ +z an’ = 0, (15.15) 


a cone of the second degree. A cone is a surface generated by a 
line T pre rogi e acd point, called the vertex, and tbrough the 
‘points of a fix xe d curve. In order to seo that (15.15) is a quadric cone, 

/ wo take the sectior n of the surface by the plano z, = £ and obtain a conic 


— = p, z =k 


- = | - á à 
nd = 
} NL a 


^. 


b 
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Any point on this conic has the coordinates 


(r, v=. kA) 
Therefore the coordinates of points on the line joining this point and 
the vertex (0, 0, 0, u) are given by 
(r, /A*—r'l kb, Ac p) 


Since all these points satisfy (15.15), the surfare is a qualrie cono. To 
resume, we have the further normal forms 


ætta + 2,7 +2," = 0, (15.16) 


representing a quadric without real trace. 


z +2,7+24,"—2? = 0, (15.17) 
representing a quadric (without any speciality). 
r +xz,*—z,"-—z,* = 0, (15.18) 


representing a ruled quadrie. A ruled surface is a surface generated by 
the motion of a line in space, In order to see that (15.18) is a ruled 
quadrie, let the equation be written as 

(x, + x,)(x,—2,) = (x, z,)(z, —2.) 
This surface is therefore the locus of either of the lines 

(xz, +2,) = p(z, +z), g(r,—2,) = (4,-2,) 

and (x, —Z;) = vlz, +r) v(x, tz) = (x, —2,), n 
where u, v are parameters not equal to zero. It is obviously impossible 





to assign values to » and v so that the equations of ag two — become 


| UN. 
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| ay | fs 0. 
(9) If] ay | > 0, the quadrie is either without real trace or haa real 
generating lines, as in (15.16), (15.18). 
(8) IF| ay | <0, the quadric has real trace but no (real) generating 
line, as in (15.17). 


62. Projective generation of ruled quadries. Given two triads of 
points A, B, C and A’, B', C’ on two lines s and « which are skew. We 
have seen in § 55 that we can set up a unique projectivity between the 
rows (ABOC.. .) and (A' B'C'.. .) such that (A, A’), (B, B’), (C, C") are pairs 
of corresponding points, The geometrical construction for establishing 
this projectivity has already been given there and it need not bs repeated 

The set of all lines AA’, BB’, CC', .. . which join pairs of correspond. 
ing points of two projective rows whose bases are skew is said to form a 
regulus. The individual lines are called the generators and these generators 
occupy a curved surface in space. Since the rows (ABC ...), (A' BC’ ...) 
are prejective, the pencil of planes 5'(4BC...), s (A'B’C’...) 
are also projective. The generators AA’, BB’, CC’,... are the lines of 
intersections of the corresponding planes of these two pencils of planes. 
Thus, any regulus generated by two projective rows can also be generated 
by two projective pencils of planes, and vice versa. For, let (a2, . . .), 
(a'8'4'...) be two projective pencils of planes whose axes s, s’ are 
skow; then the rows s'(xGy...) #(2'8’y’...) are projective and 
generate a regulus whose generators are 22’, 88", yy’, . . . 

Suppose now that the point A” on AA‘ is varied in our construction 
| given in § 55. We then obtain other lines (a, a"; .. . ) each of which 
i meets all the generators AA’, BB’, CC',.... Every pair of the rows 
[ (ABC...) (A'BC'....) (A"B"C"...), (ABYC... hees 
| are projective. Further, it follows from the same ca Racha as lena 
that every pair of the rows (AA’A’A”....), (BB'B'B'"....), 
(ecce .. )hes.. are projective. Hence the lines a, s’, 87,87, . .. 

aret the generators of another regulus. 
— p i Th | > two systems of the generators of the two reguli possess the 
ropert; that no two generators of the same system can meet, while each 
: ger ne Mor e st. one system meets all the generators of the other system. 
| p e ges cC therefore lie on the same surface which 
|. ie obw 4 ruled ‘ruled surface, Through each point of this ruled surface 
| tors, one of each system. 
du. eas she section of the above ruled surface by an 
| rondi ate or degenerate). 
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Lat p and q be any two generators of the samo system (i.e, belonging 
to the same regulus) The surface may then be regarded as generated by 
the projective pencils of planes whose axes are p and q. Consider the 
section of the surface by an arbitrary plane 2. First, suppose that a 
does not contain any generator. If z meets p and gin the points P and 
Q, then tho section of the two projective pencils of planes by a and two 
projective (and not perspective) pencils of lines whose centres are P and Q. 
Hence the section is the conic generated by these two projective pencils 
of lines (see § 41). Secondly, suppose that 2 contains a generator p. 
Then a may be regarded as a plane of the pencil of planes whose axis is 
p and so there exists a plane a’ corresponding to a in the projective pencil 
of planes whose axis isg. These two corresponding planes s, a! intersect 
in a line p' which must be a generator. Hence the section consists of the 
two lines p and p’ and is therefore a degenerate conic, 

On account of the above property, the surface generated by two 
projective rows whose bases are skew, or by two projective pencils of 
planes whose axes are skew, is a ruled quadric. 

If P is the point of intersection of two generators p, p’ of different 
systems, then it can be seen that the plane passing through p, p’ is the 
tangent plane to the ruled quadric at P. 

Projective generation of quadric cones. It was seen in § 41 that the 
locus of points of intersections of corresponding rays of two projective 
pencils of lines (abe . . . ) and (a'b/c'.. .) whose centres are S and S’ is 
a conic locus passing through S and S'. Now project this figure from an 
external point P in space. The two projective pencils of lines are 
projected into two projective pencils of planes in the same bundle (P) 
and the points aa’, bb’, cc’, :.;:are projected into lines of intersections of 
corresponding planes of the two projective pencils of planes. The conic 
locus is therefore projected into what is called conical locus of the second 
order, We have thus arrived at the following theorem : 

Two pencils of planes (384 ...) and (2"B’y'...) in the same bundle, 

Vit div giolactivs bud tol suripectios or coaxial, generate a conical locus j 
of the second order whose generators x1, BB', y/, » .. are the intersections x 
of corresponding planes, 

Further, we had the dual theorem in § 41 that the lines joinin 
corresponding points of two projective rows (ABC .... ), (A'B'C' m 
whose bases are s and s’ form a conic envelope, the lines s and. s b E 4 
to the envelope. Now project this figure from an external point P in = 
space, The two projective rows are projected into two pr | e- 
pencils of lines in the same bundle (P) and the lines AA’, BE, CO, is z 
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are projected into planes passing through the corresponding rays of 
the two projective pencils of lines, The conic envelope is therefore 
projected into what is called a conical envelope of the second class. Wo may 
thus state the following dual theorem : 


Two pencils of lines (pqr...), (p'g'r'-..) im the same bundle, which 
‘are projective but not perspective or coplanar, generate a conical envelope of 
the second class, the planes of the envelope being the planes passing through 
the corresponding rays. 

. Now take the generators s, 5', s”, ...ofone system ofa ruled quadric 
generated by two projective rows whose bases are skew. These generators 
will meet any two generators of tho other system in two projective rows 
(ABC...), (A'B'C'...). If we project these rows from an external 
point P in space, we obtain two projective pencils of lines in the same 
bundle (P). Tho set of planes PAA’, PBB’, PCC',. .. are the planes 
passing through the corresponding rays. Hence these planes form à 
conical envelope of the second class. Since each of these planes, say PAA’, 
meets the ruled quadric in another generator, r&y s, the plane PAA" is 
a tangent plane to the ruled quadric at the point of intersection of 
AA’ ands. The conical envelope is therefore a tangent cone to the ruled 
quadric. 








CHAPTER XVI 
POLARITY 


63. Correlation. A correlation of tho space is given by a transforma- 
tion of the form 


4 
pu = S ayx, t= 1,2,3,4 (16.1) 

j71 
This is a point-to-plane transformation. Consider the matrix (aj). If the 
rank of the matrix is four, ñe., if | ay | — 0, there is always a plane which 
is correlative (or corresponding or dual) to a point and the correlation (16.1) 
is then a one-to-one projective correspondence between the points and 
the planes of the space. If the rank of the matrix s less than four, i.e. 

if | ay | = 0, we must have z's, not all zero, for which the four equations 


4 
D> ayz=0, t= 1,2,3,4 
feu 
nre satisfied simultaneously. There are therefore no correlative planes (w,) 
corresponding to those points (x; which are the solutions of the above 
four equations. 


Let these four equations define four planes. If the rank of the matrix 
(ay) is three, the four planes meet in a point. This point has no correlative 
plane. If the rank is two, the planes meet in a line and so the points 
of this line have no correlative planes. If the rank is one, the planes 
coincide and, for points of this coincident plane, there are no correlative 
planes. If the rank of (aj) is zero, no point in the propo eS 
a correlative plane. 





— if r constants Az not ail zero, exiat such ‘that the fo 
2 Arari = 0, 6» 1, 2,3,4 
hold. gem ee dp tit d AME rows — linearly de 
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j 1 Conversely, if | dj; | = 0, the rows are dependent. Similarly r columns of 
j the matrix aro linearly dependent if constants A,, not all zero, exist 

/ such that 
> A,,5,7 0, $2 1,2,3,4 (16.2") 


And if two and therefore all the columns are dependent, the rank of 
the matrix (a;j) is less than four, and conversely, 

Let the rows of the matrix be linearly dependent, so that (16.2) hold. 
Multiply the four relations (16.2) by z,, z., z,, z, respectively and add. So 

0 = aam, = ua, (16.3) 

where (w;) is tho plane which is correlative to the point (zj). The equation 
(16.3) shows that the point (A;) lies on the plane (uj). Thus the correla- 
tive planes of all points, whose correlative planes exist, pass through the 
point (A,). 

Conversely, let a point (A;) be incident on all correlative planes 
(uj); then 

2 wi = 0; 

80, from (16.1), > Gur, = O 
Since this must be an identity forall (x;) whose correlative planes exist, 
the coefficients ofz; must be separately zero. ‘Therefore the four relations 
(16.2) must hold. This shows that the rows of (a;;) are linearly dependent. 

Again, if two points (A,), (uj) have the came correlative plane, 


> Ge Ae = E arpar or Xaa(M-—p)-0 
"The columns of (ay) are therefore linearly dependent, and the point (4; — ps) 
has no correlative plane. Conversely, let the columns of (aj) be linearly 
dependent. Then there exist A; such that (16.2? holds. This shows 
that the point (A,) has no correlative plane. Adding the equations (16.2) 
to (16.1), 











pu; = X aa (e+ Ax) 
This shows that the points (z;+A,) and (rj) have the same correlative 
| plane. In other words, there are more than one point having the same 
= correlative plane. 
|. .6*& Polarity and null-system. Leta correlation be defined by (16.1), 
ER- 
L 








pu = È Gn me t= 1,2,3,4 







p f (£9) is a point incident with the plane (w), we must have 
TN, | O= Xi; = = aan fi = = wi T say, 
guy = X Gà €i (16.4) 
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The equations (16.4) define a correlation which is, in general, different 
from (16.1). The two correlations are such that if (£;) is incident with 
(w), then (xj) is incident with (wj). 


If the two correlations (16.1) and (16.4) aro identical, then 


pg = ca. 
Whence Pan = poar = o(p ay) = cay ; 
thoreforo p =o", or pc te 
Hence Qn = +a; 


Taking the upper sign, ay, = asx, and so the matrix (aj) is symmetri- 
cal. In this case the correlation is called a polarity ; & point and its 
correlative plane are called pole and polar. Taking the lower sign, 
a - —8,, FO ay = 0, and the matrix (ax) is skew-symmetrical. In 
this caso the correlation is called a null-system. 

By the correlation (16.1), the locus of all points which are incident 
with their corresponding correlative planes is given by 


a an Xi Xy = 0 (16.5) 


If the correlation is a polarity, the equation (16.5) represents a quadrie 
surface and this surface is called the nucleus of the polarity. If the correla 

tion is a null-system, the coefficients of (16.5) are all zero ; so there is no 
quadric nucleus of a null-system. 


IPM HE LUN e 
= a4 2% = Oin which the coefficients are not all zero. we may, without 
loss of generality, put 

am = (an+a4)/2, sothat an = ay 
Then the polarity generated by the given quadric is defined as 
pu; = X da Ths i= 1,2,3,4, aa = ay 
The matrix (aj) is said to be the matrix of the polarity 

As an application, consider the quadrie | 2—d?xF 

planos). The matrix of the polarity generated y the qu 
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This is of rank two. So the points of the line x, = 0 = x, have no polar 
planes, Further, consider the plane z,--kr, = 0. The coordinates of 
points of this plane may be taken as (1, p,c,—1/Kk). It followa from 
the above matrix that the polar planes of these points have ths coordinates 
(1, 0, 0 d?/k), independent of p and v. So, these planes are identical and 
have the equation z,--d'r,/k = 0 and this polar plane paasss through 
the lino z, = 0 = x,. In particular, each of the two planes 
xz, +dz, = 0, z,—dr, = 0, 

fork = +d, which constitute the given quadric, is the polar plane of points 
incident with it. 

Let a polarity be given by (16.6), The polarity is nondegenerate or 
degencrate according as the determinant | ay | does not or does vanish. 
Suppose that the polarity is nondegenerate and let, as usual, Ap bo 
the cofactors of awin | a4 |. Then, from (16.6), we have the dual 
nondegenerate polarity 

cz, = X Au wu, $21,2,3,4, An = A (16.7) 


The nucleus of the polarity (16.6) is the locus of points incident with their 
polars and is given by Sa yr, = 0; it is a quadric locus (a locus of the 
second order). The nucleus of the polarity 16.7) is the envelope of planes 
which aro incident with their poles and is given by = Ap u; us = 0; it is 


.& quadric envelope (an envelope of the second class). The equation of the 
envelope is identically the same as 


TO  T75,* W, S 
W, yy 0,4 0, By 
U, n 0, n n| = 0 


a5 4, 


$ 
? 
; 


Ww, Gy, By sa Au 


Thi iis s equation is also spoken of as the equation in plane coordinates, or 


pv 






nge 1 equation, of the quadric locus (in point coordinates). 
Lastly y. as in § 61, the normal forms of equations of quadric envelopes 


(16.8) 


á e 
"D ] pyr CEIL 
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and ox, = x ba x, | bn | #0 (16.10) 


The transformation of planes for this collineation is 
wu; = X By u's, 


where By are the cofactors of b, in | ba | . Then 
PZ Bawi = p = Xaam = o’ X ay by zs, 


or wes Baws = 3 da by T) 
4 4 


Mult ply both sides by 5;, and sum for $. So 
, '* b - B "o cum a” 
7 = ie By, u^, abe aj by, a^ 


Now we have Xd. Bà u'y = | ba | w, 
Put ty = = Dir bay ay (16.11) 


Therefore we have ultimately 
prom — b - (0542) 


Accordingly the transformetion PER JJ tiansformed 
coordinates when (16, 10) is applied to (16.9) and c,, is given by (18.11). - 

Interchanging the suffixes rand j in (16.11) and then. p MER 

i and k (which is permissible under the summation), we have 

Csr = X by bur an = X bay bur an - r 


Hence Cy = Gp if an = du 
and S vie. 2 L a Ba NS e 
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Now if (y,, Ya Y3, ¥,) is a solution of the ystem of four equations 
= Bin Ym = 0, ‘= b 2, 3, 4, 


then, from (16.14), (z, 2, z, z,) is a solution of the system of four 
equations 


= 0,495 = 1 r= 1,2,3,4 


But it follows from (16.13) that the system of solutions (z) and the system 
of solutions (y) are ofthe same rank. Hence the rank of the matrix (e) 
is the same as the rank of the matrix (i). 

Again, from (16.11), 

| c | = |do | Fr] | an| = | bn || aa | 

Therefore, | c,, | has the same sign as | ax |: And these two determinants 
are the determinants of the coefficionts of the original and the transformed 
correlations (16.9), (16.12). 

Thus the rank of the matrix and the sign of the determinant af the 
coefficients of a correlation are not altered by a collinsation. 

. As an application, consider the nunadie. 


z,[a*—z,'[b* —2pz,x, = - 0, abp +0 
The matrix of the polarity generated by the quadric is, by what we have 
seen in the last article, 


= kx: aja. 0 0 0 
uc MSS HF co. 5-9 

| 0 0 0 -p 

E 0 0 -p oO 


This matrix is of rank four and its determinant has the value p*/a*b* > 0. 
When the quadrie is transformed by collineation, the rank of the matrix 
ns well as the sign of the determinant will remain unchanged. Let now 
the quadric be transformed into the normal form. Its equation will take 
one of the forms (§ 61) 

i. = ax = 0, a; = 1, 0, -1 


Agi a the rank of the matrix and the sign of the determinant have 


to rer ain unaltered, the matrix has to be of the type 


0: 0$ 0 
1 0 
0 —1 0 
0 0 =N 
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But since the quadrie is one with real trace, the matrix has to be the 
second one, Hence the surface is a ruled surface, 


66. Polar fields. A polarity is said to establish a polar field, 
Consider a polarity in space 
pui = X aam, i= L 2, 3, 4, Gi = i (16.15) 





If a point (x';) lies on the polar plane of (rj), then 
= aie ax, = 0 (16.16) 


This shows that (x,) lies on the polar plane of (27). The two points (x) 
and (x), as well as their polars, are conjugate. On the other hand, 
suppose that we are given the relation (16.16) in which ay; = a. Then 
we may say that there exists a polar field given by (16.15) in which (x) 
and (z^) are conjugate points. 

Let us start with (16.16). Take à plane a defined by the three points 
(£ii) (Esa), (£,). The parameirie equations of « are then, by (13.7), 


5 
=> vt i-128/4, 
pel 
where y,, y,, y, are three parameters. For each set of values of (y,, Yas Ya)» 
other than all zero, we obtain a point on æ and proportional values of y 
represent the same point. Also, foreach of y, — 0, y, — 0, y, — 0, we 
obtain a line in o. Therefore (y,, Y, y,) may be considered as the 
homogeneous coordinates of a point in a. Let (y’,.y’,, w;,) refer to (x^). 
(We are ‘here considering those of the points (x) and (zd satisfying (16.16) 
as lie on a). Then we have from (16.16) 
L 


0 ES Gg x2", = 5 S any Gus ba 


ik= - pom ikt ' 


Put b,, => jx Epi £a 













Hence finally 








—— 7), and € thon intercha n sing | | and. 
: k — — A Mer | I — un T SER nation) a n id ren menm verit | that 
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Thus the equation (16.18), which holds for points in the plane a, is exactly 

of the same nature as the equation (16.16) which holds for points in the 
. space. Therefore (s:e § 37) there exists a polar field in a in which (y,) 

and (y') are conjugate points and this polar field in the plane is generated 
by the polar field in the space. 

Hence, the section of a polar field in space by a plane is a polar field 
tn the plane ; and this polar field in the plane exists whether the polar 
I field in the space is nondegenerate or degenerate. Geometrically, this 
means that the section of the nucleus of the polarity in the space by « is 


e 
"A. 


the nucleus of the polarity in a. 
Again, let us take a line g as the join of two points (z,), (z,). The 
parametric equations of the line are, by (13.6), 


4 
X, => Za Nis ‘= l, 2, 3, 4, 
n1 
where 2,, 2, are two parameters. For each set of values of (2, z.), other 
than both zero, we obtain a point of g and proportional values of = 
represent the same Therefore (2, ,2,) can be considered as the 
homogeneous coordinates of a point of g. Let (z,,z';)refer to (x). (We 
are considering here those of the points (z,) and (x';) satisfying (16.16) as 
lieon g). Then we have from (16.16) 
1 2 4 
0 => Ain Xx, = S: > Gk Z, pt X, nk 














(AEJ: pom] Ee] 
—* i 
Put Cu» = > Aik yi yh 
i km I 
| 2 
Then finally > Co Zp £', = O, (16.19) 
i pol e 
|. where, as before, Cpe = Cu 


* . Thus the equation (16,19), which holds for points of the line g, is exactly 
of the same nature as the equation (16.18) which holds for points of the 
. plane « and the equation (16.16) which holds for points of the space. 
Therefore we can say that there exists a polar field in g in which 
/— (e) and (7^) are conjugate points and this polar field in the line is generated 

by th > polar field in the space. Geometrically this means that the 

jugate of a given point of g is the point of intersection of g with the 
of the given point with respect to the polarity in space. 


k PH A | " f 
wh tacit s re abe 
E ss a |S JE _ ` 
polar p nec i 
A. . - M A au = ar SI CUm oS 7, "Vl 
p 4 o J x. "x E 
A 


e n - e £7 v A . J 

p b f a - i» i ^ 

bin i X Meus N ' : 3 e i f is a 

7 H { ' [| La A | f 'T 4 a ^ E " r ! 

Aore arh — — d . E OAM "Y A = i? " " , ~ e? , d 7" »e e a e 
j — = < T - « e. 
in the line. 7 Pé u-—— - "a 
, Hu "e. 2». © * v y 


> 
— — 
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The polarity (16.19) in g can be written as 
(c,,25, H 6,,2',)2, + (0,2, 6,,2,)2; = 0 
So we may write | 
pz, = 6,2, 06,42, i 
pt, 9 —0,,8,— 0,427 
Therefore if c,,¢,,—e¢,,? Æ 0, the polarity is an involution of points of ge 
Two corresponding points are therefore conjugate points, and the points 
in this polarity (or involution) which are self-conjugate (or double points) 
are given by 
€,12,* + 2c, ,2,2,+0¢,,7,7 = 0 
If there are two real and distinct solutions, the polarity is a hyperbolic 
involution. If there is no real solution the polarity is an elliptic involution. _ 
If ¢,,¢,,—¢,," = 0, there are two identical solutions of the above _ 
equation and the polarity is then degenerate. In the caso, let the rank 
of (ca) be one. We may, without loss of generality, suppose that ¢,, + 0. 
So we may put | 
€; =l, ¢, =a, ¢, =a, ash O 
Then the polarity (16.19) becomes 
(=, + a2,)(2^, a2) = 0; 
therefore either z,+0z,=0-. or  z,40a2,-—0 
Hence, one of the conjugate points is fixed — the other arbitrary. 
- Geometrically this means that the given polarity in space is such that 
the polar planes of all points of the line g pass through a fixed point of g. 
Thus there may arise four cases of the polarity in a line depending 
on the position of the line in the polar field in the space 
(i) hyperbolic involution 


rank (ca) = 2 
(ii) elliptic involution I * 


(ii) all points have a fixed conjugate point ; rank (ca) = a ik 1 
(iv) no polarity at all ; rank (ca) = 0. 








CHAPTER XVII 


GEOMETRY IN THE EXTENDED CARTESIAN SPACE 


67. The circle at infinity. Let I’ be a polarity in space and a, £ 
two planes which intersect in aline g. We have seen in the last article 
that T' generates a polarity IP, ina anda polarity D, in 8 and each of 
the polarities D, [,, DP, generate the samo polarity in g. 


On the other hand, suppose we have in a given plane, say z, = 0, 
a given polarity whose matrix is 


Gi 0,4, Gis 

G3, Gz: G5 aij = Aji 

Mai Asa Oys » 
Then all polarities in space whose matrices are 

Gs; (Gis 964 8 

i Gz 3h. a,, b 
is | By, G4 05, € 
r E a 6 e dI, 
where a, b, e, d are arbitrary quantities, generate the given polarity in the 
given plane z, = 0. 


‘Further, suppose that we have in another given plane, say x, = 0, 
another given polarity whose matrix is 


at bi, bi, 


Ba bss 54 by = by 






















S 


Nba ba Oul 

n polarities in the plane x, = 0 and x, = 0 will, in general, 

: — polarities on the line of intersection of the two planes. 

— * sur I : that the two polarities on the common line is the same, 

— with ut loss — put á 
" * A E | T 


A. TU ax 
. - q Ex. 


À e 
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Then all those polarities in space whose matrices are 


Gy UG Ua Da 
@,, Gs, 0, b, 
Gis Ua Gay 0 
D 94-60. "Bul; 


where c is an arbitrary quantity, generate the given polarities in the given 
planes and the same polarity on their common line. 

In projective geometry all planes are equivalent, so are all lines and 
all points, Suppose now we digress from this generality and specialise 
one plane and call this plane the plane at infinity. All lines and points 
of this plane shall be called the lines and points at infirity. Hence the 
intersections of other planes and lines with the plane at infinity are lines 
and points at infinity. Let the equation of the plane at infinity be 
r, — 0. It isto be noted that when the specialisation has thus been made, 
we may pass from the homogeneous coordinates (x, xr, X, z,) to the 
nonhomogeneous coordinates (r, y, z) by setting 


z= jip Y=2,/X_ 2 = 2,/%, 


for all points which are not points at infinity. 
> Further, suppose we fake a speciat polarity in the plane at infinity 
defined by the matrix i 





—- 


1 0 0 
0 1 0 
0 17 * E. cr ume 


The nucleus of this polarity is the second degree curve 
— — 
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where a, b, e, d are arbitrary quantities, generate the special polarity in 
the plane at infinity. The nuclei of all these polarities in space are the 
quadries 
* +2,’ tdr, +2ac,2, + br, + 2x2, = 0 (17.2) 
The section of any of these quatrics by the plane at infinity is the circle 
at infinity. In nonhomogeneous coordinates, the quadrics take the form 
(x +a)” + (y +b) + (z+) r =O, 

whero "=a +b ted 
The quadrics (17.2) are called — A sphere is without real trace 
if r? < 0 and is a point-sphere if r = A 

Thus the section of every sphere by the plane at infinity ia the circle at 
infinity and the spheres are those quadrica which generate the special polarity 
in the plane at infinity. [Cf : the section of every circle in a plane by the 
line at infinity of that plane consists of the two circular points at 
infinity and the circles are those conics which generate tho same (special) 
involution in the line at infinity, in § 44.) 

Again, take a plane, say zr, = 0. The section of any one of the 
spheres (17.2) by this plane is a circle F 

v7 42,7 +dzx7 + 2ax,x,+ 2brz, = 0 

The polarity generated by this p in the plane z, = 0 is defined by 


the matrix 
| : - 1 0 a 
| . 
0. P 
A a: . 5 d 


2 And therefore the polarity generated by the above polarity in z, = 0 in 
the line z, = 0 =r, ia given by the matrix 


ge 


Bu this is the same polarity as generated by the special polarity in the 
lane at infinity on the same line. 
ec "T EE onela Nah CAd Prorer a Ma generales in the line at infinity 
een Mn di) polecy Im 

| ly. Consider the special polarity in the 
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where (z,, z,, z,) and (v,, ty u,' are the point and line coordinates, The 
nucleus of this polarity of the second order is x,? +x, +x," = 0 and of 
the second class is u,* + m,” +u,” = 0. 

With respect to this polarity, two conjugate points (x, and (y) and 
two conjugate lines (u,) and (v;) satisfy the relations 

TY, EEY muy, = 0 

and WU, uU, +u,v, = 0 (17.3) 

On the other hand, suppose wo are given th» relation (17.3) between 
the first three coordinates of two planes whose equations in point 
coordinates are 

UE, Ur, + usr, + ur, = O 

and vr ter VT, RUE, = 0 
In nonhomogeneous coordinates the last two equations are 


ure wg kuwtrtu,-—0 
and UIORU.y RU, v, — 00 


So, by virtue of the relation (17.3), the planes are orthogonal. But 
(u,, w,, u,) and (v,, v,, v,) may be regarded as the line coordinates in the — 
plane at infinity of the two lines of intersection of the planes (u,, us, var "o 
and (v, Va v,, v,) respectively with the plane at infinity. 

Therefore, if the lines in which two distinct planes intersect the — 
al infinity are conjugate to one another with respect to the circle at infinity, 
then the two planes are orthogonal to one another. (Cf: two straight lines 
are orthogonal when they are harmonically separated by the isotropic 
lines passing through their common point, in § 14.1.) > 

Consider then four planes a, B, y, Sofa pencil whose coordinates are 


(uj), (vj), (uty + vv), (p'u t v^vj) 
If the first and the third planes, as also the second and the fourth planes, —— 
are orthogonal, we have, as above, for 1 = 1, 2, 3, z 
RARE Hah ec m 9, — ——— 
> — 


ꝛ 


(B, y) = uv fo 
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69. Affine properties of quadries. If tho collineation 


Segt * PX = È Cyt i= 1,2,3,4, | eg *40 
-loaves the plane at WENN x, = Ofixed, we must have 


=F, =C = C=O 


Therefore the collineation is an — [see (14.8) for n = 3]. If, morc- 
"over, the circle at infinity z,7+2z,°+2,7 — 0, z, — 0. is t» remain fixed, 
the special polarity of § 67 has also to remain Ried: So, if (x), (yj) are 


two conjugate points in the plane at infinity and (2‘), (yi) are their 
transforms by the above affiaity, then 


(r,y, + £,9, 5 2,9.) —> o(z’,y', + zy...) 
But, for i, j, k = 1,2,3, 


T Sry m 2 Ciy Cik Zj Yk 
à "X < 


- a non-zero constant, ifj = k 
Therefore Cig Cik x 


Lj, kmt 0, if j x k 


- Hence the coefficients cy, i,j = 1, 2, 3, are those of similarity trans- 
* formation [see (14.9") for n = 3]. 


P 4 


io Thus the circle at infinity remains fired under similarity transformations. 
ji We have seen at the end of § 59 that the equation of a quadric, for 
— Which the tetrahedron of reference with vertices are (1, 0, 0, 0), (0, 1, 0, 0), 
- (0,0, 1, 0), (0, 0, 0, 1) is a polar tetrahedron, is 
F at,” tat, *0,r, 40,7, = 0 (17.5) 
Now the centre of a central quadric is defined as the point in which every 
chord of the surface which passes through it is bisected. Ifthe quadric 
(17.5) has a centre and the coordinates of the centre are chosen as 
i (0, 0, 0, 1), the equation of a central quadric can be written as 


ax” +a,2,7+a,7,°+z,? = 0 (17.6) 
| ii 7 pd Salat — by this quadrie is 
| pu, = x, pills G,m, "pls = aZ, pul, = m, 


the polar of the centre is therefore the plane (0, 0, 0,1), ie., the. plane 
4 infinity, and the three vertices of the fundamental tetrahedron, other 
han pose li on this plane. The section of the quadric (17.6) by the 
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It is a conie at infinity. In the plane at infinity, this conie generates tho A 
polarity — | JI : 
py, = GZ; pu, = G,E,, pu, = G:F, r — 
The triangle of reference, ùe., the triangle with the vertices (1,0, 0), 
(0, 1, 0), (0, 0, 1), is a polar triangle with respect to this polarity. On the 
other hand, the circle at infinity generates the polarity a i 
OW, — Ta, CM, TX, ou, = 2, i 
The trianglo of reference is therefore a polar triangle with respect to this 
latter polarity. 
Thus a conic at infinity and the circle at infinity have a common : 


If the section of a central quadric by the plane at infinity is a real, 
conie, the quadric is called a Ayperboloid and if the section is a conic 
without real trace, the «quadric is called an ellipsoid. If the plane at 
infinity is incident with its pole with respect to a quadrio, the quadric is 
called a paraboloid. (Cf: a conic is a hyperbola, a parabola or an 
ellipse according as it is met by the line at infinity in two distinct points, 
in two coincident points or in no point, in $ 43.) 



















CHAPTER XVIII 
ORTHOGONAL TRANSFORMATION AND AFFINITY 


-. 10. Change of coordinate axes. We now pass on from the system 

ef extended Cartesian space of the last chapter to the ordinary Euclidean 
space. This is done by withdrawing from the system the plane at infinity. 
For the Euclidean space, we use non-homogeneous coordinates in which, 
for simplicity's sake, a point is defined by three coordinates (zx, y, z) 
referred to à right-handed system of three mutually orthogonal axes of 
coordinates, as in § 45. 

Let the equations of three mutually orthogonal planes be given in 
Hessian normal forms and let these three equations be denoted by 
z 0, y'=0, z'z0. Then we have 

r' = arcb,ycc,zd, 
y = az +b +e +d, (18.1) 
z’ = a,x+b,y+c,2 +d, 
where a? b? e, = a? tb, +e = as! bt «c? = I, 
| (18.1%) 

: aa, * bb, c,c, = aua, * bb, e e,0, = aya, bb, 66, = 0 
The transformation (18.1) with (18.1%) is known as an orthogonal tranafor- 
mation of the space (= 57). The lines of intersections of the planes 2 = 0, 
y = 0, z'- (0 form a new system of coordinate ee su saga 
y’-, z- axes being in the directions of the unit vectors (a,, b,. ¢,), 
(a,, b, ¢,), (a,, b,, c,) respectively. Let a, 8, y be the unit vectors in the 
directions of positive x-,y-,=- axes respectively, and similarly let 
a’, B', y be the unit vectors in the directions of positive x, y-, T- 
exes, Then the nine quantities a, b; c, are the following scalar 
— (5 46) : 

a, = «. a, b, = B. «', €, y y-a 
- a= a B, b = B. P, €, moy. B* 
e a, a. y, = hy: 6m Y 
(be I , B^, y” bo the following vector products (: 48.1) : 
— Bye, yraa p, xB mey 
i —— — 
leſt· handed 





252 SPACE GEOMETRY 
Let - a, Db, €, 
ys 


t 
= 
w 
* 
m 
^ 


a, b, Cs 
and An Bi C, be the cofactors of a; bie; respectively in D. Then the 
coordinates of the vectors o", 6", y" are (A,, B, C,), (A. Ba C,), 
(A,, B,, C,) respectively. Also, by virtue of the condition (18.1), 
D*'-1, and A; =a;D, B,-—-bD, Oi = cD 
(1) Taking D = +1, 
a; = Aj, b; Bi, c; = €i 
and the system o', 6’, y’, and therefore the new system of axes, form a 
right-handed system. 
(ii) Taking D = —1, + 
aj——4, b=- Br, ¢; =-C, d 
and the new system of axes form a left-handed system. Finally, we can = — 
solve the equations (18.1) and express x, y, = linearly in terms of z^, y', 2 ; "a 
the resulting equations are given by 
| x — az +a, +a, -— Iida; 
y = bx + b,y tb,” — Sdib, (18.2) 
x z= et 4 cy 4 cg —Xdye, 
Since a,, a,, a, are the cosines of the angles between the vector a and the 
" vectors a’, 6’, 4' (and similarly for the quantities b, c;) and also since 
the old axes form an orthogonal system, 


z a,” +a, + a? = b + bs xb? = Ks + C, te, = l, 


a b, + a,b, &a,b, = a.c 32,0, 40,0, = D.e, + b,c, +b, = 0 
... We have thus arrived at the following conclusion : 
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— are the solutions of the equations 
» (a, - l)e & by e d, = 0. 
a.x+(b,—lhy+e2+d,=0 
a,x b, (c, l)e d; = 0 . 


a,—1 b, €, 


a, « b gA 


There exists then a solution of the above equations if 4 Æ 0, and there 
exists either no solution or an infinite number of solutions if A = 0. 
Developing the determinant, 


A = D-(A, + B,*0O,) + (a, * b, *c,)-1 (18.3) 
1. Case of rigid motion, D = +1 
Here A ar A, b,- B, ¢, =C, 
-` So, from (18.3), A=0 
Hence, in a rigid motion there exists either no fixed point or an -infinity of 
fixed points. 
In particular, if a, = b, = c, = l, the remaining a's, b's, c's vanish 
en and the transformation (18.1) takes the form 
at aw =x+d, 
y =yrd, (18.4) 
2 = 2+d, | 
T d,, d, aro not all zero, the transformation (18.4) is called a — 
or a translation. If d, = d, = d, = 0, -the transformation 


asa) is called the identity. Itis obvious that there cinnot be any fixed 
oint , under parallel displacement whereas all points remain fixed by 


. = Consi j a a rigid motion in which the origin remains fixed : 
G^ n a” c az +b,y +e: 

y = oar buy +0,3 (18.5) 
P= AS š a^ 
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Since there is one fixed point (riz., the origin), there must be other fixed 
points. For the sake of simplicity, suppose that a point on the z-axis 
(0, 0, c) remains fixed. Then 
¢>F.=¢,=-0, 50 oc = +1 
Therefore a, = 6, =0 
The transformation (18.5) can now be written as 
z'zareb,y 








y = ayr- by 
a =@2Z 
Since a, 4b? = a, +b, = 
a, b, O0 
a, i 
and D-—|a, b, 0/ = = 1, 
< 5 
D YO rz 


we may put 
a, = b, = cos ô, b, — —a, = sin 6 
The transformation (18.5) can therefore be finally written as 
t zm =g cos 6+y sin 6 


y’ ——z sin 6--y cos 6 (18.5") 


— OPE 


=z 


The transformation (18.5' shows that every point of the z-axis remains 
fixed and that there is rotation to the same amount in each of the planes 
z = k, for all values of k, about the point of intersection of that plane and 
the z-axis. In other words, every point, other than points on the z-axis, 
rotate about the z-axis in a plane perpendicular to the z-axis. The | 
transformation is accordingly a rotation about the z-axis. 

A rigid motion in space which leaves all points of a straight line fixed 
is called a rotation about a fired line; the fixed line is called the axis of 
rotation. In a rotation about an axis g, all planes perpendicnlar to g are 
converted into themselves, although the individual points of any such plane, 
except the point of g, do not remain fixed. | 

A rigid motion may therefore be either a parallel displacement or a 
rotation about an axis or the identity. 

2. Case of symmetry,D=—1. 1-2 
Here — a,=—A, b,--B, ¢,=—-C, EN 
So, from (18.3), go tmo — ais 














1 
1 etu = 
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Hence, there is one fixed point if a,+b,+¢, 41 and there is either no 
fixed point or an infinity of fixed points if a — = l 

(i) Let a, +b, +6 — 1 
If, for tho sake of simplicity the origin and another point on the z-axis are 


supposed to remain fixed, then the transformation (18.1) may, as before, 
bo written as | 


r' = rx cos +y sin 4 
y —rsin6-—y cos 6 (18.6) 
z= 


This transformation shows that there is symmetry in each of the planes 
z= k, for all values of k. These planes are transformed into themselves 
and every point on the z-axis remains fixed. 
If, moreover, cos 6 = —1 and so sin ĝ = 0, we obtain 
3 mmm Vx, S -—-5 (18.6) 
By this transformation every point of the (y, z)-plane remains fixed. 


Again the transformation (18.1) may be expressed as the product of 
the two transformations 


z = agreb,ye zr =x+d 
y = ax by ect and y = y+d, 
Z = ayr+byy+c,z z = z+d, 
On the previous assumptions regarding tho first of these two transforma- 
tions, it can be reduced to (18.6). Hence the transformation (18.1) is 
reduced in this case to 















pr, z = —x+d, 
EL = y= y+d, (18.7) 
z = 2+d, 
ET e is, — fixed point in this transformation. 
| PM pe Let a, b, c, $= 1. 


. Supp se b dor the sake of simplicity, the origin is the only fixed point and a 
wint ( », 0 i js transformed into tho point (0,0, —c). Then the trans- 

— ni iin dnd takes the form 

| : | zr: 2008 O+y sin 8 


(y ecc sin 6-ey cos 6 (18.8) 
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This can be decomposed into 


z= xcos 6+y sin 6 = r 
y --rsinó4ycosó and y= y 


z z * z=- 
Therefore the transformation (18.8) consists of à rotation about the z-axis . 
followed by an orthogonal reflexion in the plane z = 0. 


71.1. Geometrical properties of orthogonal transformations, Let an 
orthogonal transformation (18.1) transform a vector (a, b, c) into a vector 
(a^, b^, c). Without loss of generality we may suppose that l ^ 

G = $,—2,, b = Y; Yp 072,—2, | 
a’ =z, b I= yY o e =l,- - i 
where the points (z;, y;, =,) are transformed to the points (x';, y's z%:). Then 
the transformation of the coordinates of the vector are given by 
a — a a+b, b+c, 
b = aya +b,b c.c 
c = a,a+b,b+e,c 
Let now two vectors a, = (wu, v,, w,), o, = (uy, Ya, w.) be transformed 
by (18.1) into the vectors «’,, a’, respectively. It follows from above and 
(18.1) that the scalar product — 
ay. ma = (a u, +b,0, ew, (au, +b,0, ew) 
t (au, +60, ew) (au, bm, cw) - : 
+ (a,u, +0,0, +¢,w,)(a,u, F bv, +0,w,) 
= uw. +0,0, * w WwW, = Q as 
Hence the scalar product remains invariant. If, in particular, Ln =a, =a, 
then — — Therefore | æ’ | * = us Bie. the ctun gth of a 
invariant. In fact, it can be seen that s an, 
an angle 6 by rigid motion and into an angle o —6 
On the other hand, H — riangle 
| BP, E l — e ous UTE 


"- a 







- 
v 








. — — SUA eot 


J = Ü j w — 


E  ————v—mÁ leet — te | 
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Finally, since the resultant of two orthogonal transformations is an 
orthogonal transformation, the above properties hold for -successivo 
 &pplications of these transformations. ! 


72. Affine transformations. A transformation which establishes a 
g one-to-one correspondence between the points of the space and which 
I i transforms a vector into a vector, A times a vector into À times the trans- 
formed vector (A being an arbitrary real number), isan affine transformation, 
— simply an affinity, of the space. 





* 
E^ 
e" >- 
aon o A 
e 
28: c 
^ e 
So 


Let «, 8, be the unit vectors in the directions of the positive z-, 
y-, z-axes respectively and let P be a point with coordinates (r, y, z=) 
J . . and O the origin. Then 


. d adm NÉ 


wy 


t -— OP = z»yB zy (18.9) 


Tx Let tho points O, P and the vectors a, f, y be transformed by an affinity 
=? to the points 0’, P" and the vectors a’, 6’, 4' respectively. Then, since 


= 


ae (xa, yB, zy) — (ra', yB', zy), 
we get " OP = xa + yp’ +2’ 






(18.9") 









". 
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| Y -od,r-40,9-08,298, — (18.10) 
a. 2 = d, Ee 0,40 +4,,2 +4, L 
ERN NS, we Tinenely, independent, tha: veomes a; Aty! 
it al > be lir on y indepen dent 2 hen ee E | 
E t Nl | P E å | | - 
AS bc dae int (18.107) a 
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Thus, the transformations, MES with (18.10) are the affinities of the 
space. Ifa vector (a, b, d ponti A 10) into a vector (a', b’, c’), 


then 
a’ = 4,,a+4,,5+4,,0 


b' = a,,a+4,,b+4,,¢ (18.11) 
e! = a,,a+a,,b+a,,¢ 
. Since A times a vector is transformed into A times the transformed 
vector, parallel vectors are transformed iuto parallel vectors with the 
ratio of the vectors invariant, i 
Tho tetrahedron whose coterminous edges are a, B, y is transformed 
into the tetrahedron whose coterminous edges are a’, 8’, y. But six 
times the volume of the latter tetrahedron is the determinant | a, | +0. 
Hence, the four vertices of a tetrahedron are transformed by an afinity into 
the four verticës of another tetrahedron. —— 
Let Ag be the cofactors of aj in |a;,|. Then Ün tov of tha 
transformation (18.10) is given by > - 


l1 , 
== a ll Anr Ay + Aye —SaAi, | 
1 | A 


rac 4er + Any + Ane — Sade ] 


Let a plane u,x+u,y+u,z+u, = 0 be transformed by the affinity 
(18.10) into the plane u,’x’ +u,’y’ +u,’2’+u,’ = 0. Then, by (18.12), it is ` 
seen that 





pu, = Ant, Au, Au, 


pus = Artt, + Ayu, + Asus p 
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A question that arises is this: Does there exist a plane e = u,x+ 
u.y+u,z=0 such that when «=0 is transformed into the plane 
«^ £ u'r usy +n = 0 by the given affinity, the vector (u,, u,, u,) 
normal to e = 0 is transformed into the vector (u,', w,', v,) normal to 

= 0 at the same timo ! 


From the given transformation we have 
e = uw, (a.m 4,,y + 4,2) + u,'(a, m Oy 0,2) cu, (a,,70,,9 + 4,2) 


. Therefore 
pu, = Zanti pu, Xai.uu, pl, = Zakir, 


where pis as yet arbitrary. But, by (18.11), the condition of the problem 


leads to 
J uy, = »d,.u;; 80, pti; = Danaj jk = 1,2,3 
j fe 
(Put 
Ci = Zaa ; andso Ciy = ccp, |cy| #0 
Thus we — finally 


pu, = CU, ER C,4U5  C,4u5 
pu, = Caia t 644,1, + Cat 
Pus = Cy Ul, + C448, + €,,U, 


Solution of these three equations in w,, wv, w, other than all zero, exist 
if the determinant of the coefficients vanishee. That is, a plane e = 0 


exists if 
i €,47p C13 Cis 
à Ca —— C457 P ĉa |=0 
1 ; Cys Oss Ss P 


This is a cubic equation in p and so at least one of the roots of this 
— As a matter of fact, since cy = cyp it is proved in treatises 
all the roots of such an equation are real. Hence, there 







bad any vector which is parallel to the plane « — 0 is orthogonal to 
or (ty, May u,) which is normal to the plane. Therefore it is possible 
determin e & pair of orthogonal vectors (or orthogonal lines) which are 

m d into another pair of orthogonal vectors (or ee lines) 





MEM — 2 
— € 
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the origin is also transformed. It is, of course, evident that an arbitrary 
pair of orthogonal vectors do not transform in such a manner. 

The next question that arises is whether there exists a system of 
three mutually orthogonal vectors which is transformed into another system 
of three mutually orthogoral vectors by a given affinity. 


As a particular case, let the given affinity be 
zr = antay 
y —3O,T40,y 
= = d, 
in which the (r, y)-plane and the zaxis are converted into themselves. 
If possible, let there exist a lino u,z+u,y = 0 in the (z, y)-plane such 
that when this line is transformed into the line u,'z'--wu,'y' = 0 by the 
given affinity, the vector (u,, v,) is transformed into the vector — » y) 


at the same time. Then, from the given affinity, we get - 
us r-wwuy = u, (a, rH)  w,'(a,r a.) 
Therefore T OU. ws 


ou, = 2, ,u,'+a,,u,’, oW, = Aath, +a,,uy, 
where o is as yet unknown. But by hypothesis we have, from (18.11), 
uy = Zum; 50 cu, = Ames, j,k=1,2 


Put dy = Tau; andso dy dy, | dy| #0 . 
zm x; 
- — — * " 
= dpt, +da, — - 
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Now, any vector parallel to this line is orthogonal to the vector 
(tt, w,, 0) and both these vectors are orthogonal to a vector parallel to 
the z-axis. Thus, in this particular case, the orthogonality of a certain 
system of three vectors remains unaltered. 

Combining this with the previous result that the orthogonality of 
certain plancs and their normals remains unaltered, we may state, in the 
case of general affinity, the following theorem : 


Theorem. Every affinity transforms a suitable system of three orthogonal 


. vectors into another system of three orthogonal vectors. 


Consider an affinity given by 
zx = ax 


y by abe (18.13) 
z' zc 

"or given by the product of a rigid motion and (18.13). If a,b,c are all 
different, there is only one system of orthogonal directions which is trans- 
formed into an orthogonal system. If two of the quantities a,b,c are 
equal, then in all systems of orthogonal directions which are transformed 
into orthogonal systems, one direction is uniquely defined and the other 
two form an arbitrary pair of orthogonal directions. If a = b = c, the 
affinity is a similarity (see § 57) and every system of three orthogonal 
vectors is transformed into an orthozonal system. 

(The results obtained in-the last four articles may be compared. with 
the analogous results obtained in the plane geometry). 


a 








CHAPTER XIX 
QUADRICS IN EUCLIDEAN SPACE 


78. Pole, Polar. Tangent. The general equation of the second degree 

in the non-homogeneous coordinates can be written as 
F(x, y, =) = a,,z! - a,,y! + a,,2*  2a,,xy + 2a, 22 + 2a,,yz 
*2a,z42a,y-2a,za = 0, (19.1) 

where the coefficients of the second degree terms are not all zero. All 
surfaces satisfying this equation are surfaces of the second degree or 
quadrics. À 

In order to save space and also for the sake of convenience of notation, 
we shall write £,, f, £, for zr, y,z respectively, but shall go back to the 
x, y, = system of notation when not much advantage is gained by retaining 
the £'s. Thus, the above equation can be written as 


F(£,, Es, £1) = Amati + Boake +a = 0, ay uy (19.2) 


Let P = (£,', £,', £,") be a given point which is neither on the quadric nor 
its centre (if the quadric is a central. quadric). Take a line through 


P so as to meet the quadric in two points P, P,and let (p,, Po D) be a 





vector parallel to this line. Then the puri — of any point of the line 
will be given by (see (12.7) ) 
6-7 G6*pep. $2123 ` (19.3) 
The directed segments PP,, PP, will then be determined by the roots of 
Zaa(£&( + ppd Ed’ + pps) * 2Xad£( + pp) a = 0, 
or P'(Zaupu) +p Etagi pa) + Zap) + Flé,’, 6, 6/) = 0 
If p, and p, are the two roots of this equation, 


" 2P, Ps _ * F(£, sss ”) 
d ms. ut —— Saafi Pe + Xaipi h 


lf Pis the point on the line such that the cross-ratio (PP, P.P) TA. 











* 
m 


— C. 





i.e., the four points are harmonic, then edd 
= Pi Ps m BU ug 
PP- putes Uo SUC p 7 uj — 
— a ae! 
fore, the coordinates of P' will Eo given. by E ms: = eto J 
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These are three equations between which and (19.3) p, p, p, can be 
eliminated. "The eliminant ia 


Daaf, (rfr) + Balli- Es) + F(5,, £7, £/) = 0 


Finally this can be written, by virtue of the given equation of the 
quadric, as 


Saage + Salt -£/) ta = 0 (19.4) 
Since the point P = (£,,£,,£,) is given, the equation (19.4) is linear 
and so represents a plane. This plane is called the polar plane of the 
point P with respect to the given quadric. If the point P lies on the 
quadric, the equation (19.4) represents the tangent plane to the quadric at 
the point P. 
If the polar plane of P ,intersects the quadric, it must intersect the 
surface in a conic. The lines joining P to the points of this conic are 


then tangents to the quadrio at the points of the conic. These tangents 
therefore lie on a cone, called a tangent cone of the quadric. 


All such properties can be worked out analytically exactly as in the 
plane'geometry and it is needless to do so here. ' 


74. Transformation of the general eqautlon. Take a quadric given 
by the general equation (19.2), namely | 
F (Ê Êz £i) z= Zaafife +2 Zata = 0, ayn = ji 


The right-hand expression may be considered as consisting of two parts, 
the (homogeneous) quadratic part Q(¢,,¢,,£,) and the linear part 
WE» Eas £1), where | 
Q(£, £5 6) = Zaaf. 
Ié Ea» Es) = 26a 
Now apply a parallel displacement 










i 


EE - 


` e » 
= 
= * 


AN & = fi Ph i=1,2,3 
L4 | Thes (19.2) is transformed as 
"Pl. 
"AR 224€ i -pEr Pr) * 22a4£ Pd) +a=0, 


h 
bh 

| 
* 


Fbagiga t DOE: +b=0, (19.5) 


T 
— 





ba aa b= a- aapi b = Xaapaa-?22p09 


f ui 
* 


ER 71 
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If tho quadric has a centre and new origin (—p,, —p,, —p,) is chosen 
as the centre, then the transformed equation (19.3) must be satisfied by 


(fi — =f). Hence 
6,=6,=56,=0 
That is (p,, Po Pa) must be the solution of the three equations 
Sanpa; = 0, s=}, 2,3 


The necessary and sufficient condition for this is that the deterininant 
| aa | 3-0, ie., the rank of (an) is three. If, however, the rank of (au) 
be less than three, then either there is no centre or there are an infinity 
of centres. 
Thus, if the rank of (ay) is three, there exists one centre and the general 
eqution (19.2) can be transformed into the form 
bat. bu (19.6) 


Now consider the case when the rank of (aa) is less than three, ie., 
| aa | =0. In this case it is possible to choose three numbers e,,, e,,, €,,, 
not all zero, such that the three equations 

Sase — 0,  i-1,2,3, (19.7) 
are satisfied. Let these numbers be so chosen that ` 
€,,* +¢,,"+¢,," = 1, | 
ie., (ezi) i$ a unit vector. We take two other unit vectors (ej), (ex) so that 
the three vectors form an orthogonal system. 

Now apply the orthogonal transformation (it may be a rigid motion. 

if the unit vectors are so chosen) — 
& = Deyif p ^ $-1,2,3 
Then the quadratic part of (19.2) is transformed into ` Du -i 
Aal Vek Beak) s ,224*, t£ of * = RULES say, dd. 





Ww 
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Now the rank of (ca) is equal to the rank of (a;i), because the rank is 
unaltered by the linear transformation applied. Soif the rank of (en) is 
two, then the rank of (c4) is also two. 


_ "Thus, if the rank of (ay) is two, the quadratic part of (19.2) can be 
transformed by suitahe orthogonal transformation into a quadratic functicn 
of two variables, as in (19.8). 


; Finally suppose that the rank of (a4) is one. Take the quadratic 
(19.8) ir two variables, namely 
Q'(5i. Ea’) = c6 20, 6/67 + 0,6; 
As the rank is less than two, c,,0,, —c,,* = 0. So, two numbers §,, 8, may 
be so chosen tht, for an arbitrary factor &, 
C, = kB,*, c, = kA, Cas = kis, 
n i.e., Cj, = KS, ; 
i and as the rank of (ca) is ono, k 4- 0. We then have 
Q'(&,*, £j) = k [5,6,7 + 2 8,9,£,£, + 5,6."] 
 -  Qhoose 5, 5,50 thet â,” +8, = 1 and apply the orthogonal transformation 
k (which may be chosen as a rigid motion) 
E’ = 8,£,  — E," 
Ww va E = 6,£," 4 5,6," 
Bac * Es = en 
E er, A é’). is transformed into ~ ? 
ke (8,7(8,67 8E) +2 8,8,08,6." — eh — or 
Thus, when the rank of (aa) is one, the quadratic part of (19.2) can 
ormed by suitable orthogonal transformation into a quadratic function of 
bl , as yd (19.9). 
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Now apply the parallol displacement 7 


2 =2x+a 
y-» 
a’ zz 
Then the equation reduces to cat 
a"  2by'--2ez' +d’ = 0, where d'= d—a* 
(i) Ifbb, care both zero, the equation reduces to (writing x for z') 


z'4-d'zo 
There are here three cases according as d’ Z 0. Coerespondinely we obtain 
the following normal forms : 
z* am R*, 5 (19.10) 

representing a pair of parallel planes. 

z* = 0, (19,11) 
representing a pair of coincident planes. 

zx? =— *, (19.12) 
representing a pair of parallel planes without real trace. 

(ii) If, c are not both zero, apply the rigid motion 
z" m x 


— — d’ = 1b? 4 
—— en) e p =| vF] 








af -—4 + bz’) 
Then the equation reduces to (dropping the dashes) 
z'—-2py = 0, 


i 3 P a^ N | 
a » SW 
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The equation now takes tho form 
Oy?  29,,x y + gany + 2X(af'z by +02) +9 = 0, 
where * = gu Iran +I» 
b = gitat 


Choose c, and c, such that a’ = b’ = 0; this is possible because g,,9,, F Jis 
So the equation reduces to 


g,,z ^ 29,7 y g,,97 + 207 +7 = 0 
(i), (ii) Ife’ = 0, two cases may arise according as g' = O org’ = o. 
In the latter case, we may, without loss of generality, suppose g^ = — 1. 
(iit) Ife’ + 0, we may, without loss of generality, suppose 2c’ = —1; 
and then write 2 for z' —g' (i.c., apply a parallel displacement). 
In these three cases, the equation takes the forms 


0 
g,,r?-2g,.x'y' +9234" = B (A) 
- 


Now apply a rotation about the z'-axis 
a" = x cos 6—y' sin 6 
y" = x’ sin 64 cos 6 
z = 2 


and choose 6 so that the coefficient of z^y" in the equations to which the 
three equations (A) are transformed vanishes. The coefficient of xy" in 





| the transformed equations is 
(g, 17 031) sin 26 + 271; cos 25 
| This can vanish if tan 26 = 29,,/(9,,—9,,). Hence finally the equations 
(A) reduce to the forms 
0 
r"* "2 
i. + = 3 + "n = (i, (E) 
| ‘The different cases that may arise from the equations (B) are (dropping 
the dashes)'given by the following normal forms : 
4 VIR Sm = 0, (19 14) 
representing a pair of planes without real trace bu! intersecting in a real line. 
z*[a* —y*|b* = 0, (19.15) 
enting a pair of planes. | 
z*[a? 4 y* ||? = 1, (19.16) 
— 
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representing an elliptic cylinder, 9. 
—2x*/a* — y*/b* = ], | (19.17) 
representing an elliptic cylinder without real trace. E : 
x*;/a?--y*[b* = I, (19.18) 
representing a hyperbolic cylinder. ! E 
r'ja* +y b = z, (19.19) 


representing an elliptic paraboloid. The surface (19.10) may by generated 
by à variable ellipse 

xja? +y*/b* = È, z=k 
The ellipse is without real trace ifk<0, real if k>0 and consista of a point 
(the origin) if F = 0; also the sections of the surface by the planes x = 0, 
y = O0 are parabolas. To — we have the further normal form 

x"/a*—y"/b* = =, (19.20) 
representing a hyperbolic ——— The surface (19.20) may be generated 
by a variable hyperbola 
tja- y'= k, sek 
The hyperbola consists of a pair of lines if & = 0 and is real for real values 
of k, the centre being always on the z-axis ; also the sections of the surfaco 
by the planes z = 0, y = 0 are parabolas. 
The two equations (19.19) and (19.20) may be put compactly as 

x*/a? +5 y* [b* = z, ô= +1 
Consider a straight line which is parallel to a vcotor (p, q, r) and whose 
points are given by the coordinates 


(r,*ppP. W,*gpg 2 +pr), — 


hue 


where (z, y, z,) isa point on a paraboloid. If this lies ica on tho- 


paraboloid, we must have hol p Se 
(x, + p pY [a* + 8(y, + pay [^ = zi + pr, — ae 
or P (pia? + tg*]b*) + p(2r, p/a* + 2iy, qr) = 0 ? 


satisfied by all values ofp. Henco tr ic i 
— — nyt à anali- pees 

q || T LU TT QUO, 

baz- — loid. . Wi = — 1, the first t 


Fa 


. Ed 2 eo F 7 
< 1 f f 
b * -— «d - m 713 : 
A 4 
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Therefore, ` rough avery poini of à Mypevbolla paraboloid. tere doe 

two straight lines lying wholly cn the surface. These lines are called the 

generators of the surface. 

` IM. Let the rank of the matrix (44) bo three. Then the quadric 


has a single centre and, by (19.4), the general equation can be transformed 
into the form (writing £,. +. £, for x, y, =) 


aptat *d = 0, On = Gu, | on |] #0 


P Et. 
Apply the orthogonal transformation (it may be a rigid motion if the 
coefficients e are so chosen) 


£i = Dinta =, 2, —E >. 


— — 


whero (6,45 sys Csi) (Crn Caz Cay) (Ciar Comp €33) are mutually orthogonal 


. vectors, This transformation transforms the equation into 


29. n,n- td — 0, (€) 


go = Pte inthe ; and so g,, = Din 


ga = Pr — Zane) 
ja Gas = (Zeik = petal Zawi) 


s now scen that g,, and g,, may be made to vanish if the.vectors (es,) and 
oth made orthogonal to the vector (Saata) k = 1, 2,3. In that 


tors (e, and (Sase) VE We pest: Go Iu ui pus 
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This is a cubic equation in p and so a real solution exists. Thus we see 
that g,, and g,, may be made to vanish by a suitable orthogonal trans- 
formation. Hence the equation (C) reduces to 
gum? *29,m*92 957! +d = 0 
Now as in the caso II we may apply a suitable rotation 
Ci = 9, 008 6 — 5, sin 8 
$a = n, Sin Ô+ n, cos 6 
Ss = 0 
and choose 8 such that the coefficient of 5, t, in the transformed equation 
vanishes. When @ is so chosen the equation is transformed into the form 
dedu! edu! d —0 l ; 
Finally, two cases may arise according as d = O or d 4« 0. In the latter 
case we may, without loss of generality, assume d = — 1. 
In these two cases the general equation takes the forms (writing 
z, y, = for Yas So» 63) 


0 
v 9. s 
t—3+7ta= l (D) 


The different cases that may arise from the equations (D) are given by 
the followin normal forms : 


z'/a* + y*[D? + 27/c* = 0, (19.21) 
representing a cone of the second degree without real trace but with a real 
vertex. 

x*/a* + y* /b* —2*/c* = 0, (19.22) 


. representing a cone of the second degree [a surface of this type has been 
considered under (15.15)). We have further 


xja’ + y*/b* -- z* [c? = 1, (19.23) 
— an ellipsoid. 'The surface (19.23) may be generated by a 
f | variable ellipse 
» z'[a?4y*|b* = 1—k"|cV, z—k, -eskae 


E. . The surface is therefore bounded in every direction ; also the sections of 
1 She surface by the coordinate planes are ellipses. To resume, we have 
"a Fo 





| 4U a*]áta y*]b* —a*[o* = 1, (19.24) 
erc AN Iyperboloid of ome sheet. The surfaco (19.24) may be 
— m e 

mfa" «y^ (5° = l ek, z= k 


* 
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Also the sections of the surface by the planesz = 0, y = 0 are hyperbolas, 
To proceed, we have further 

—-r'ja? —y?*jb* &2*]c* = 1, (19.25) 
representing a hAyperboloid of two sheets. Tho surface (19,25) may be 
generated by a variable ellipse 

z'[a? - y*]b* = k*[c* —1, z= k, A 

k not lying between +c and =c ; also the sections of the surface by the 
planes x = 0, y = O are hypsrbolas. To resume, we have finally 

-x° a”. y’ jb —2*/c* = 1, (19.26) 
ropresenting a surface wilhout real trace. We may now state the following : 

The surfaces (19.10) to (19.26) exhaust all the different types or classes 
of quadric surfaces in the Euclidean space. 

It may be seen, as in the cose of a hyperbolic paraboloid, that there 
are straight lines lying wholly on a hyperboloid of one sheet, Let the 
points of a straight line be given by 

(x, pp, W,*pq, + pr), 
where (r, y, z,) is a point on the hyperboloid of one sheet (19.24). If the 
straight line lies wholly on the surface, we must have 
(x, + ppY ja? + (y, + pq)" [b — (2, + pr) [c* = 1 
satisfied by all values of p. Honce we have the three equations 
z, ja + y,"/b* -1 = z,* fe? 
: x plat+y,g/e? = nre (19.27) 
p'ja* + q* [b* = [e 
Eliminating z,r between the equations, we get 
(z,* [a* +," [U* — Y(p*[a* +9" ]W) = (x, pla? *9,q|VY', j 
or p'iy? —b) + q'ix,? —a*) -2pqz,y, = 0 
The discriminant of this equation, considered as a quadratic in p : q, it 


diz y, — (z,* -a*)(y,' -vy " es 
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the lines through the origin parallel to the generators lie on the cone 
(19.22), namely 


z'Jla! +y*/b* -z/o = 0 
This cone is called the asymptotic cone of the surface (19.24). In a similar 
manner, (19,22) is also the asymptotic cone of the surface (19.25). 
The above three equations (19.24), (19.25) z 
and (19.22) of the  hyperboloids and their 
asymptotic cone ean be put compactly us 


(2 xc)je 
z*/c* 


The sections of these surfaces by the planes 4 
z=, for suitable k, are similar and similarly 

situated ellipses and they approximate one * 

another as & tends to infinity. The section 

of the first surface by s =k and of the cone 

by z = 4 k*-c* nre congruent ellipses. 

76. Affine classiffeation of quadries. The seventeen different types 
of the second degree surfaces (19.10) to (19. 26) that we have obtoined 
in the last article are different from one another from the point of view of 
affine transformation in the sense that it is not possible to transform, by 

un affine transformation, any one of these seventeen surfaces to another. 
On the other hand, all surfaces of the same type are equivalent from the 
point of view of affine transformation though not from the point of view of 
orthogonal transformation. For example, given two parabolic cylinders 
[obtained by giving different values to p in (19.13)], one can be transformed 
into another by suitable affine transformation ; we express this by saying 
that all perenne. cylinders are affine. This is true for each of the 


* 4S a 


— 


forms to which the — (19. 10) to (19.26) — when they are 
transformed. by suitable affine transformations : 


— JJ—— — 
0 

(19.14) to (19.18) . . . rta yt I (19.28) 
* oo DOS E ers iy =s 
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In $ 61, under projective classification of quadrics, we have eight | 
different classes of quadrica (15.11) to (15.18). It therefore follows that 
some classes of quadrios which are different from the affine point of view 
must be considered as equivalent from the projective point of view, By 
writing down the equations (19.10) to (19.26) in homogeneous coordinates, 
the equivalence of the projective and affine classes of surfaces can be 


obtained as follows : (19.29) 
Projective classes Equivalent, to Afline classes 
of surface of surfaces 
(15.11) ot 3A (19.11) 
(15.12) cS (19.12), (19.14) 
(15.13) exo. (19.10), (19.15) 
(15.14) — (19.17), (19.21) 
(15.15) OE E (19,13), (19.16 , (19.18), (19.22) 
(15.16) SRM (19.26) | 
(15.17) ear ya (19.20), (19.23), (19.25) 
(15.18) oy | db (19.19), (19.24) 


77. Generators of the hyperbolold of one sheet and of the hyperbolic 
parabolold. A parametric representation of (19.24) i.e., of the hyperboloid 
of one sheet x*/a* + y* /b* —z* |c*? = 1, is given by 


z-—| 4 Ü c | cos ¢ 





— 19.30 | 

y= È | vere nin e ; i : 

zzi 1 
diis are parameters ; and a par tric entation of the 
directions of the generators of the surface is given by * bon T 


p peosy Dex 
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| j 
So cos — — sin (y — $) — PTF (19.32) 


Now the coordinates of any point of the orthogonal projection of 
any generator on the plane z = 0 are, by (19.30) and (19.31), 


x= =] y Uc | cos 9 + p— COR y 


y = 2 | VE +c? | sin exp sin y 
Eliminating p between these equations, we get 
bx sin y —ay cos y == | e+e” | sin ($— o) 


Therefore, by (19.32), the orthogonal projections of the generators on the 
plane = = 0 are the lines 
| br sin y -ay cos y = x ab (19.33) 
On the other hand, the section of the hyperboloid of one sheet by z = 0 
is the ellipse 
r'[a!y*jb? =] 
and the condition that a line u,«+u,y+u, = 0 in the (x, y)-plane be 
tangent to this ellipse is that 
u,*a*? +u,*b?7 —wu,’ = 0 

"This condition is identically satisfied for the lines (19.33). It therefore 
| follows that the orthogonal projections of the generatora of (19.24) on the plane 
| Z = O are tangents to the section of the surface by the same plane. 
| We have seen that two generators pass through every point of the 
| surface and therefore through every point of the section of the surface by 
| s= 0. The coordinates of these latter points aru given, from (19.30), by 
M (a cos e$, basing, 0). 

‘Since t = 0, we have, by (19.32), 

— cos (—9) = 0; andso y-9-—4:5/2 
Wet hus obtain (wo systems of generators, one for ¥—¢ =+2/2 and the 
other » ry-9 = n2. 
RE or convenienon, put y «c Then the points of the generators of the 
two ime tem ns — the pointe of the section of the surface by z = 0) 
es a 008 6+ p à cos (ex5/2) 
py bsingsp b sin (exem 
=pe 
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That is, the generators of the two systems are given by 


x = a (cos o — p sin p) x = a (cos o +p nin e) 
y = ù (sin p +p cos) and y = b (sino —p cose) (19.34) 
r= cp z= cp 


Two generators of the same system are obtained by giving different values 
to the parameters (p, 6), say (p,, 9,) and (p,a), in that system. If two 
generators of the same system, say the first of (19.34), have a point in 
common, then, for this common point, we must have 


Py = Pe =P A 
and COS $,— COS ¢, = p (sin ġ,—ain 6), 
nos sin e, — sin ¢, = — p (cos p; — cos 9) * 
Therefore 


l=-p 
This shows that there is no real value of p. Hence, no two generators of 
the same system can intersect one another ; they are skew lines, 

Again, take two generators of the different systems : 


x = a(cos $,— p, sin ¢,) x = d (cos $9, +p, sin $s) 
y = b (sin 6, + p, cos $,) and y= b (sin $,— p, coa $;) 
z= Cp, z= Cp, 
If these two generators have a point in common, we must have 
. Pi = Pa =P 
and i ; 


60s 9, co 9, = pisin o, * sin 93), 
sin $, —sin 9, = — p(cos ¢, + cos o.) 
- ein($, *$)- tin 29, +8in 20) 
= p*{sin(g, +.) +4(ain 29, * sin 29,)} 
1 àf 





= 
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where t, 6, « are parameters. The orthogonal projections of the generators 
on the plane z — 0 are lines given by 


x = at cos 6 -- pap 

y = bi sin 6+p by 
Eliminating p between these two sets of equations we obtain the two 
equations 

|bx—ay = y, bz+ay = A, 

where y and A are arbitrary constants. Thus, the orthogonal projections 
of the generators of (19.20) on the plane z = Ô are two sets of parallel lines 
and every point of intersection of these lines is the projection of only one 
point of the surface. 

Exactly as in the case of generatora of a hyperboloid of one sheet 
discussed above, it may be seen that there are two systema of generators of a 
hyperbolic paraboloid ; no two generators of the same system can intersect — 
one another, and two generators of different systems either. intersect or are 
parallel. The generators of the two surfaces are shown in the diagrams 
given below : 


‘Oy 
& 
NN 


AXNNNNSS. 


78. Plane sections of quadrics. As in (19.2), take the general equation 
N of a quadric in the current coordinates £,, s, És as 


T m Raabe t? aia =0. Oa = üx, ik = 1,2,3 (19.36) 





Let e be any plane which is supposed to intersect the quadrie and (y,, 7. a) 
i be any point of «. If (p,, P» Ps), (li Jar Ja) ^ro. two vectors parallel to «, 
then the parametric equations of « are 









Ee = eth Pet Me ¢ = 1, 2, 3, (19.37) 
nd t, are parameters, Let the vectors (pj) and (qj) be chosen 
ector orthogonal to one another, so that 


"m us —— | Sec 7-2 = 1, BS pu = 0 
Therefore t= Xs»4-w-. b= Bale nd 


ie 
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This shows that ;, = 0 and j, = 0 can be regarded as two planes passing 
through the point (5;) and orthogonal to one another, Accordingly, we can 
regard the parameters |, and t, as the coordinates (t, ¢,) of a point in the 
given plane « with respect to the rectangular axes through the point (m), 
the positive axes of coordinates being in the directions of the vectors (pj) 
and (gj). Substituting (19.37) in (10.36), we get 
a 
> aal +o pot) €t, pa Loge) +2 * ailne + Pir iagi) +a = 0, 


i ts] int! 
2 


or, dakka +2 S did = 0, (say) (19.28) 
2 — > ^ y 

where da depends on m, p, q, and dj = dy. The equation (19.38) 

therefore represents the curve of intersection of the given quadrie (19.36) 

by the given plane (19.37). The section is a second degree curve, ie., a 

conic. The nature of this conic depends, as we have seen in § 12, on 

the coefficients di and not on d, or d, i.e, it depends on ay, p; and qi. 

We notice here that if it is desired to obtain a section by a plane 
parallel to «, it is necessary to change only the quantities », in (19.37). 
Now since da does not depend on ny, it follows that the sections of a quadric 
by parallel planes are conica of the same main type, namely, either elliptic 
or hyperbolic or parabolic, 

Let us return to (x, y, z) notation. We may recall from plane geometry 
that for the three main types, second degree equations can be transformed 
in the following forms : 


(i) — elliptic : xja" -- y* [b* —l(z, y) = 0, 
. (5) hyperbolic : x" fa? -y [b* —l(z, y) — 0, 
(iii) parabolic ; x*—l(r, y) = 0, 


where the linear functions U(x, y) may, by suitable transformation, be 
reduced to constants, positive, negative or zero. When the conic is non: 
„degenerate, the ratio of its axes is independent of U(x, y) in case (i), | 
the angle between its asymptotes is independent of Ux, y) in case (ii), 
and the direction of its axis is independent of. — (ië). 
Hence, Li parallel plane sections — th lipse 





z bi. opo 
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a (2) A plane section of a hyperboloid is an ellipse, à parabola or a 
hyperbola according as it interasets the asymptotic cone of the hyperboloid 
in an ellipse, a parabola or a hyperbola. 

(3) A plane section of a paraboloid x /a*+y*/b* =z is a parabola 
if and only if the plane is parallel to the z-axis ; otherwise the section is 
an ellipse or a hyperbola according as the paraboloid is elliptic or 
hyperbolic, 

79. Circular section. I. Circular sections of the hyperholoids 

z*[la* + y* jb? —z*[e*? = +1 
By cor. (1), (2) o; the last article it follows that a plane section of any one 
of the hyperboloids is a circle if the plane meets their asymptotic cone 

xja  y* b? —z'[e? — 9 
in a circle which may be a point. Also if the section by a plane i» a circle, 
all sections by parallel planes are circles. So we look for circular section 
of the asymptotic cone. 

If a = b, the cone is a circular cone and therefore every section of 
either hyperboloid by a plano parallel to the (z, y)-plane is a circle. 


Ifa + b, then a T b. For the sake of definiteness, let a>b. Consider 


the section of the cone by a plane e defined parametrically by 


| 

| 

z= n tip: tiq, 
B 





y = noth Ps: t 5d. (19.39) 
J & = n, tip. tis, 
P where the plane e passes through a point (nọ) and is parallel to two 
orthogonal unit vectors (p), (qj and, as in the last article, the parameters 
ĉi $a are regarded as the coordinates of a point of e. Substituting from 


— (19.39) in the equation of the asymptotic cone, we obtain the equation 
! : x E + 2454 = 0, dy = di, ék = 1,2, (19.40) 


d,, = p,'[a* * p, jV — p, je, 
d,, = q |E +g: |b* — 9," |e*, 
E. (04, = Pigi] + p44,/U — pai [e* 
r he. 'ondition: that the plane section represents a circle are 

M (ame duo 
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So put qd, = cose and g, = sing 

Since we are concerned with the ratio p, : p, : Py we may pui 
p, = tain ¢, Pı = toos 

But as P +p," +p," = 1, therefore +p.” = | 

So put t 4 cos X, Pa = sin y 


Thus according to the above supposition, E eoordinates of the orthogonal 
unit vectors (p,) and (g,) may be shown as follows : 


P, gı coa y sin & cos ¢ 
pP; qi; | = —ocosXcosg sing (19.41) 
, Ts sin X 0 


Hence the conditions for a circle can now be written as 
cos*X(sin*o /a* + cos*o/b*) — sin*X/c? = cos'o/a* -- sin*e/b* 
and cosX (sin e cos e/a* —sin e cos o/b") = 0 
These two conditions may finally be written as 
cos*X (sin*g /a* + cos*e / b* -- 1/c*) = cos'o/a* *- sin*e/b* + 1/c* 
and cos X sin 2e(1/a* — 1/5?) = 0 
The first of the conditions shows that cos X æ 0, and as a +b, it follows 
from the second that ; 
sin 2$ = 0, or ọọ = nx/2, 
where n isan integer. Therefore two cases may arise : 
() cosg = 0, andso  sin*» = 1 
(ii) sing = 0, andso X cosa = I 
Taking case (i), we have, from the first of the conditions, j 
CORK = (1/B* e 1/e)/(1/a* + 1/e*) 
Therefore, cos*\>1, because, by hypothesis, a > b. Hence this case must $ 
be rejected as cos*X cannot be greator than 1. d 
Taking case (ii), we have f 
| 


coat = ae 
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obtained from the admissible case above. Hence there are two setas of 
values for (p) and (gj) which determine the planes e for circular sections 
of the asymptotio cone. 

Thus there are two systems of parallel planes which intersect the hyper- 
boloids in circles, Moreover, our supposition a > b gives (q) = (+1, 0, 0); 
50, these two systems of planes are parallel to the z-axis. 

Similarly, if we supposed a < b, only the case (i) would be admissible 
and the two systems of parallel planes which give circular sections would 
be parallel to the y-axis. 


Il. Circular sections of 


ellipsoid : r';ja* +e? jb tjt = 1 
elliptic cylinder : z*ía*-y*;b* -1 
elliptic paraboloid : x? fa? + y* jb? = 


Leta > b — c. Consider the sections of the surfaces by the plane 
(19.39) where, as before, the quantities pi q; are given by (19.41). 

Substituting from (19.39) in the equations of the given surfaces, we 
obtain equations of the form (19.40) where it is now seen that 


d,, = 4 cosX sin 2e(1/a* — 1/6") 
d,, = cos*¢/a* + sin*¢/b* 
m cos’X (ain*o /a? + cos*o /D?) + sin*X je”, for the ellipsoid, 
" i. (sin*o /a* 4 cos*e/U?), for the elliptic cylinder 
and the elliptic paraboloid. 


* The conditions for a circle in all cases are obviously d,, = d,, and d,, = 0. 
- Fora circular section of the ellipsoid, the first condition d,, = d,, 


reduces to 
cos*X (sin*/a* + cos*e/8* — 1/e*) = cose /a* +sin*e/b* — 1jc* 
“Since a> b > e, the right hand side 
€0s*o /a* + sin’g /b* — 1/e* <= (cose  sin*g) /b? — 1/c* <0; 
ft hand side cannot vanish, and therefore cos X #0. And the 
) — ida = 0 reduces to 
pecie um = 0, or sin29 = 0 


| for all the three surfaces, 













jm 
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Taking case (i), we have, from the first of the conditions, 
cos*X = (1/a?* — 1/c?)/(1/5?* —1/) > 1 
This case is therefore inadmissible. Taking case (ii), we get 
cos*X = (1/b* — 1/c*)/ (1/a* — 1/e?) 


This case is admissible. Hence we obtain circular sections of the ellipsoid 
when the values of (p,) and (g,) are given by 


Pi qi cos X — cos X 0 
5 Girao -1 (19.43) 
D, qs \sin X sin X 07, 


the values of cos X and sin X being given by the admissible case above. 


Thus, there are two systems of parallel planes which give circular sections 
of an ellipsoid. For the given equation of the ellipsoid, the two systems 
of planes are parallel to the y-axis. 

For circular sections of the elliptic cylinder and the elliptic paraboloid, 
the conditions are 


z oosx (ejas / a* -- cos*g/ b?) = cos'o/a* + sin*e/b* 
and cos X sin 2e(1/a* —1/b^) = 0 
As bofore cos X #0, andso sin 29 — 0 
The two possibilities are : 
(i) cos $ = 0, and so E 
Accordingly cos* X = a?/5? > 1. This oun ip 
(ii) sing = 0, andso cos’y = 1 


Accordingly cos? X = b*/a^. This case is therefore admis 
Hence we obtain circular sections of the elliptic cylinde 
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We may obtain the equations of the planes which give the circular 
sections in the fcllowing way : 


Eliminate the parameters t, and i, between the equations (19.39) 
and obtain the equation of the plane « as 


(P:4.—p:4x + (Pali — p.49 + (Pda = P:9,)2 = a constant. 
Now take, for instance, tho case of the ellipsoid ; the cases of the other 
two surfaces are to be dealt with similarly. From (19.43) and the above 
equation of the plane, the circular sections are given by the planes 


4rsinX-4z cos X = a constant, 


where coa? X = a*(b* - e?) [b?(a* — e?) 
Henco the two systems of parallel planes which give circular sections of 
the ellipsoid are 


* a* —b* + = / b*—c* = suitable arbitrary constants. (19.45) 


As an application of these ciroular sections, put 
ji S = a/a? + y*/b? +t, 


— LR F^ s — 
u mE. a — BF + = b —¢? — nu, v my a'-b- * y b —¢* — 


where u and.» are two constants. Then the equation 












y8-- Aue = 0, 
vis» y. à are arbitrary constants, is satisfied by 
S-0-u and S=O0=v0 
(8 the equation represents a quadrie passing through the two non-parallel 


circular sections of the ellipsoid. Putting the particular values y = 5°, 
JA mw 1, the equation reduces to the form 


ih: . +y’ +a + Ar+ Br+C = 0c 
is shows that two non-parallel circular sections of an ellipsoid always lie 
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Any line ie (plane) which passes through the centre of an ellipsoid is 
a led a dia mele: E diametral plane) of the ellipsoid. Analogous to the 
— s of an ellipse in the plane geometry, we have the 
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ar (2) The middle pointa of a set of parallel chords of an ellipsoid lie on 
a diametral plane. 


(3) If a diameter d of an ellipsoid contains the centres of sections 
parallel to a diametral plane «, then e bisects the chords parallel to d, 
and conversely. The relationship between d and eis said to be conjugate. 
The tangent planes at the extremities of d are parallel to e. 


An umbilic of a quadric which has circular sections is an extremity 
of a diameter which contains the centres of circular sections. There are 
therefore four umbilics of an ellipsoid. Let (x,, Mev 2,) be the coordinates | 
of an umbilic of the ellipsoid 


w/a +y Jb? e z*]0 = 1 
Equation of the tangent plane to the surface at (x,, y,, z,) is 
r,r/a?«y,y/l?-2z,2|lc = 1 
Hence, since the coefficients of z, y, z of this equation and equation (19.45) 
must be proportional, we have 
r,ja = kya* b, 2/c=+tkyb—c, y, = 0, 


where E 4-0 is constant. But as (x, y,,2,) lies on the ellipsoid, 
k = l/(a'—c*) Therefore the coordinates of the four umbilies of the 
ellipsoid are given by 





T, = avab] yae, y, =0, teybe) va —e (1940) 
As an application of (19.46) it is easily seon that these four umbilics | 

lie on the sphere v 
x? 4 y? +2? = a b.e. | 
80. Confocal quadries. Consider all quadrios of tho types 
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of this type are confocal hyperboloids of one sheet. And if a? >A> Bs, 
all surfaces (19.47) form a type of confocal hyperboloids of two sheets. 


| Further, all the three types of surfaces have the common property 


that their sections by the plane z = 0 are confocal conies, the common 
foci being at the points 


(*a*—b*, 0, 0) 


Similarly, for sections of all the three types of surfaces by the plane y = 0 
and for sections of the first two types by the plane x = 0. On account 
of these properties, the three types of surfaces are called confocal quadrica. 
Evidently, these confocal quadrics exist unless A takes one of the values 
a*, b*, e? or A > a’, 
Let P = (r, y, z,) bea point othor than a point of the coordinate 
planes. Those of the three types of surfaces (19.47) which pass through P 
| satisfy the equation 


Tao [(a? — A) + y,* /(b* -A) ez, /(c* —A) = Ic 


This is a cubic equation in A and so has three roots, say Ais A; Age, In 
order that all the roots be real, it can be seen from algebraical considere- 
tion that 












d! mA, B] >A, >e>a,, 

> when A, > As > A,. But this is exactly the condition that gives three 
surfaces, one of each type. 

Hence, through each point of the space, with the exception of those of the 
rincipal planes, there pass three confocal quadrics, one of each type. 

Take any two of these confocal quadrics, say those corresponding to 
A, and A, The tangent planes to them at their common point P are 
|. given by the equations 
| z z,/(a* —A,} y yo (P —A,) +2 2, /(6* — A.) = L, 

mg x,/(a? — Na) y 9y,/(5* —A,) +2 2,/( —A.) = 1 


. And since the surfaces pass through P, we have 
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81. Surfaces of revolution and ruled surfaces. A surface of revolution 
ts a surface which is generated by a plane curve rotating about a straight line 
lying in the plane of the curve. 

Take the axis of rotation as the z-axis and the generating curve to lie 
originally in the plane x = 0. For simplicity, let the equation of the 
curvo be y? = f(z), a function of z, so 
that the curve is symmetrical about the 
z-axis. 

Let a point P = (0, y', z) on the 
curve be moved to the point (x, y, z) 
after rotation about the z-axis. Then 





y? =a +y? 
Tho equation of the surface of revolution 
is therefore 

z'xy = f(z) 


For example, the ellipse  y?*;b? --z*/c* = 1 in the plane x = 0, by 
rotation about the z-axis, generates the surface of revolution 
(x? + y?) /b* 4 2? Je? = 1, 
which is called an ellipsoid of revolution or a spheroid, It is an oblate 
spheroid if b — e and a prolate spheroid if b >c. It is, in particular, a 
sphere if hb — c; so a circle, by rotation about one of its diameters, 
generates a sphere. Again, the hyperbola — y*/b* « 2?/c* = 1 in the plane 
x = 0 generates, by revolution about the z-axis, the surface 
— (z* + y*)/b? + 27/c? = 1, 
which is known as a hyperboloid of revolution of two sheets and consists 
of two different parts. The hyperbola y?/b?—2*/e? =1 in the plane 
x = 0 generates in the same way the surface 
~ (+y) —27/c? = 1, 


ope price HIER UU. 
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A surface may be generated by the motion of a line or a plane. In 
the former case, wo get a ruled surface, and in the latter an envelope. 
It is evident that cones and cylinders are ruled surfaces, Let us see how 
a hyperboloid of one sheet, can be generated by the motion of a line. 


Consider two equal and similarly placed ellipses on two parallel planes 
and let the iine joining their centres be perpendicular to the planes. Let 
this perpendicular be taken as the axis of z, the middle point of the 


segment joining the centres as the origin and the axes of z and y be parallel 
to the axes of the ellipses. Lot the equations of the ellipses be 


z'ja* y*]b* = 1, s=o 
and zie ty jo = 1, z-—c 
Take points Q and Q' on the ellipses such that their eccentric angles 
($ 24.2) are $ — y and ọ +y respectively and let the line QQ’ move in such 
a manner that the difference of these eccentric angles remains constant, so 
that y is constant. Then the coordinates of Q and Q' are respectively 
[a cos (p 9), bain (g—-y), c] 
and [a cos (p+), bsin (9+), —c] 
Therefore 
QQ = (—2a sin o sin V, 35 cos o sin v, —2c) 
If P = (z, y, =) is any point on the line QQ", then 
l x = g cos (ġ— yY) +p a sin ọsin ý 


y = bain (6 —) —p b cos 9 sin y 











z= ¢(l1+p) 
‘Hence, eliminating the parameters ¢ and p, we have the locus of P as 
| x? ja’ + y? jb* —2"/c* cosecy = cos*y 
the locus is a hyperboloid of one sheet. Thus the surface 
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A hyperboloid of revolution of one sheet can be generated by a 
straight line which rotates about an axis auch that the genorating line and 
the axis are non-coplanar, This can be seen as follows : 


Let ON be the common perpendicular of the axis of rotation and 
the generating line in any position meeting them in O and N respectively ; 
then | ON | = p, n constant. Take the 
axis of rotation as the z.axis, O as the 
origin and any two fixed perpendiculac 
lines in the plane through O normal 
to the z-axis as the axes of x and y. Let 
the angle between the axis of rotation 
and the generating line be  ; then y is 
constant, The coordinates of N can then 
be taken as 





(p cos e, pasin o, 0) 
If P = (x, y, z) is any point on the generating line and | NP | = p, then 
r = p cos ġ—p sin y sin 6 
y = psing+p sin y cos e 
= p cosy 


where e and p are parameters, Eliminating these parameters, we get the 
locus of P as the surface 


z*y!—s:! tan'y = p* 


As p and y are constants, the surface is a hyperboloid of revolution of 
one sheet. 

A hyperbolic paraboloid can be generated by the motion of a line in 
the following way : -Let AB A'B' be a regular tetrahedron, and Q and Q’ 
be two variable points on two opposite edges AB and A'B' such that 


|4Q| = | AQ] 


Théh the line QQ’ generates a hyperbolic paraboloid, This can be seen as 
follows : 

Let the length of half the edges of the regular tetrahedron be 
dy2and | AQ | = | A'Q'| = ry2. Since the tetrahedron is regular, tho 
three lines joining the middle points of the three pairs of opposito sides 
intersect orthogonally in a point O, say, which is equidistant, & say, from 
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those middle points. Choose these three lines as the coordinate axes, 


O being the origin. Then the coordinates of Q and Q' can be taken 
respectively as 


(d-r, k, d-r) and (d-r, =k, —d «r) 
Therefore, if P = (7, y, z) is any point of the line QQ’, we get 
i z= d-r, y=Kl+p), z= (d-r)(l+p) 
Eliminating the parameters d, r, p, we get xy =k. This equation 


represents a hyperbolic paraboloid ; for, by a suitable orthogonal trans- 


formation, the equation (19.20) can be transformed into this form. 
It can be seen that the equation of the surface remains unaltered if Q, Q 
satisfy | AQ | = | B'Q'| ; this shows that the surface has two system of 


- 
a a> 














CHAPTER XX. 
LAW OF INERTIA FOR QUADRATIC FORMS 


82. Homogeneous quadratic form. The general homogeneous quad- 
ratio form in n variables z,,....,z, i8 
> GjT;ry, Ay = Ay (20.1) 
ijl 
The condition that the matrix (ax) is symmetric is a matter of convenience 
involving no loss of generality. As we shall be conce,ned with real 
quadratic forms, the coefficients ay are supposed to be real numbers and 
at least one of them is supposed to be different from zero. Let 


x"; => ti; j, $23. (20.2) 
j=l 
be a real linear transformation of the variables. The transformation is 
nonsingular if the rank of the matrix (ty) is n, ùe., | ty | 4 0, otherwise 
it is singular. We first establish the following theorem which is a general- 
isation of the theorem given in § 61. 


Theorem 1. Any given real quadratic form (20.1) can be transformed by 
a nonsingular linear transformation into a normal form 


D B se Ld ^ B ` ' 
Disk S "alid oL RUE. ort 
E ^ "aos a 
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Then (20.1) is transformed into, any, 


ZO, zl xls, where a^, = 2a, v 0 


It is thus seen that we can, withont loss of generality, suppose that the 


leading coefficient a,, of (20.1) is different from zero and therefore (20.1) 
can be written as 


a(S biy *i s) where bj; = aja, (20.4) 


‘j=l 
The terms involving x, in X bj 2,2; are 


"n " é - XE 
a? + 22,> by yay = (^ T > buz) id | > bij z) 
` j=? 


j=l j=2 


Now apply the transformation 


a, = 2,4 bz pe He, 423..." 
| = 


| Then (20.4) is transformed into the form 


n 
dua z, + > Ca Hg 
4*2 








If the residual part  ZXejz';x, is not identically zero, it can be 
treated in asimilar manner. Repeating this process, the quadratic form 
(20.1) will, after a finite number of steps, be transformed into (dropping 
dz,’ + š... +d,x,7, where d; + 0 ¢ = j,.. +f Fn (20.5) 
Ultimately, applying the transformation 
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Proof: It is sufficient to show that the rank of (ap) remains invariant , 
by any nonsingular linear tranformation. If (20,2) is nonsingular, its inverse 
exists which is also nonsingular. Let the inverse be 


xe D Uy Xj i= |, eos » T 


| 
| 
This transformation transforms (20,1) into, say, q 
> ay x; x" 3 where a’; j= > Uki Ak; ty 
Z 













It can therefore be seon that 
(a^) = (^4)* (a4) (0*5), 
where (1^;,)* is the transp ased of (ly). It now follows from theorem 23, 
Chapter 0, that the matrices (ay) and (a'y) have the same rank, Hence the 
theorem. 
83, Law of inertia. Finally, we give the following theorem which is 
known as Sylvester's law of inertia, 
Theorem 3. The number p of positive terms in the OREL A (20.3) i: 
an invariant of the form (20.1) under nonsingular linear transformations, 
Proof : Let the form (20.1) be transformed into the forms 
Wu... Faut — rr m ($0.6) 
and a + "^4 ^x" —x"344i!— ee —x",* 
by the nonsingular linear transformations | ! 
T'i = t (£4... Bu) 
and x"; - l^(z,, 1% ė » Xa) * 


respectively, where the //s and 1's are homogeneous. linear. functions. in 
the variables z,,... , 2p Obviously, if we substitute l or 2^, in the first 
of —— 1): 
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p-4. Consider the following system of 


n—(p-—q) linear hom 
equations in x,,..., 2, ; S — 


Lu e.» » Ta) = 0, shee ; on s... Ba) = 0, 





(20.9) 


d" iris Ya) =O, .... Vas «ees 5 Se) =O 
As the number of equations is less than n, there exists a solution, say 
(c,, .- -, Ca), not all zero, of the system (20.9). Let 
ESO vr V, Gu) OOO. cos OCs. rss, On) = Cg, - 
Pet (Cys 24.2.0) = ggr oo os y NC, ..., 6.) m OM, 


where the c's and o's are obviously real numbers, As (e,, 


, Caj isa 
solution of (20,0), the equation (20 8) now becomes 


c? + s... tep = -0 — -60",? 


* č 


Farther as the expression on the left-hand side cannot be negative and 
that on the right cannot be positive, both the expressions must be zero. 


So o, = 0,....,¢, = 0 
These together with the first line of (20.9) give 


$6852 259534 0 











This shows that (c,...,c,) is a solution of the system of m linear 
homogeneous equations 


F4 cis >) Mu) = O, E 3s dpe 


k As es ...,€Q, are not all zero, the determinant of the coefficients of this 
syst must be zero. This implies that the first of the linear transforma- 
tions (20.7) is singular which is contrary to hypothesis. Hence the theorem. 


We can thus associate with every real quadratic form (20.1) the two 
integral invariants r and p and therefore also the invariant r — p which is 
the number of negative terms in the normal form (20.3). It is however 
Bod doe convenient to use the invariant s = 2p—r which is the 
dif Lu er ence of the number of positive and the negative terms and called the 
K gnatui e of the quadratic form (20.1). In particular, the quadratic form is 


T said to bi rb s positive definite when » zo pom. 
E | significance. As applications to geometry, it is seen, 








á - 5 1 — “ation f an (n — 1)-dimensional projective space when homogeneous 
ordi i. are used and represents an affinity, with the origin 
| ad of an n-dimensional space when nonhomogeneous 
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coordinates are used. In the projective space, a quadratic form (20.1) 
equated to zero represents a Ayperquadric, and the normal form (20.3) 
equated to zero furnishes the projective classification of hyperquadrics, 
asin § 61. It may be stated, without proof, that using nonhomogencous 
coordinates and orthogonal transformations, the classification of hyper- 
quadrics in an n-dimensional metric space is given by 


(i) G,X, t esee tnta +1 = 0, 
(%5) BF + .... 0g XS I x = O, (20.10) 
(aie) at, + weve X. = 0, 
where the a's are real numbers which are uniquely determined in (i) have 
an arbitrary factor +1 in (ŝi) and are determined, except for an arbitrary 
factor, in (iii). 











EXAMPLES 
The numbera O, I, 11, LI etc. refer to chapters, 


o 


1. Given m n-vectors. Show that if there exist among them r < m dependent 
vectors, then the m vectors are dependent; and if the m vectors aro independent, 
then any r < m of them are also independent. 

2. Show that the vector space generated by the 3-vectors (1, 6, —3), (2, 1, 1), 
(— 1, 4, 1) and that generated by (1, —4, 4), (2, 1, 1), (2, 10, — 1) are the same. What 
is the rank of this vector space? 

3. Prove that the rank of the following matrix is either 0 or 3 : 

0 0 0 b e d 


-€6 b 0 0 0 -g 


4. Solve, if posaible, the following equations : 
(ij)  35—172542,- 9 (ii) — 5z,--45,— 85, = 9 
v. br, rim = T 25, 324462, = 2 















2z,—3xx) — 4 Tatin- d = 1 
E 5. If A, Bı, C, aro respectively the cofactors of a,, bi, c, , 691, 2, 3, in 
a d % " A, B, €, 
D= | a, by & |, prove that A, B, Cy| = D’. Generalise. 
a, 5$ % A, Bj O 
EcL 


af 


As a e 
) we -( (zs v — A show that P* is tho identity. 
5 f 7.3 À 


enata Q = (1, 4, 6) are cyclic permutations of six 
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I 


|. If € is a point of a straight line AB such that rAO = «OB, where r and a are 


numbers, and O is any arbitrary point, show that rOA--30B = (r--»)0O. 

2. If G is tho centroid of the triangle ABC and O is any point in tho plane, 
show that 306 = OA+0R+00. 

3. Deduce the trigonometrical formula a = b cos C+e cos B, from the vector 
equation BC = BA-4 AC. 

4. BO is perpendicular to AB in the positive direction, and CD is perpendicular 
to BO in the negative direction, If AB: BO : CD-—r:s:tand A, B havo the 
coordinates (0, 0), (xj, y. D, find the coordinates of D. 

5. Find the Hessian normal forms of the following equations of straight 
lines : (i) 3e+4y = 7, (ii) —2e47y-5 = 0, (iii) 3r--8 = 0, (iv) 3r- iy = 0. 
Find the areas of the triangles formed by the straight lines (i), (ii) and (iv) and 
the straight lines (i), (iii) and (iv). 

` 6. Find the coordinates of the orthocentre of the triangle formed by the linea 


y= m,.rko/lm, t= 1, 2, 3 


7. Show that the two straight lines joining the points (1, 1), (2, 2) respectively > 

to the point of intersection of the straight lines 
i 

r 


10:-3y—20 = 0 and 18r+]ly—27 = 0 


are nt right angles and find their internal and external bisectors, 
8. Show that, aa A takes all values, the straight lines | c 1 


(14-245 - (1- 33)y--2—A = 0 


* 


form a pencil. Find iba pecssioitós equations cf ibo Hind of tha panel Vii. RUNE 
to the vector (1, —1). 















s TI 7 
: 1. Calculate the cross-ratio (AB, CD), when it ia possible, where ~- ` , 
$. (i) A= (2, 3) B= (4, 9), O= (3, 6), D = (10/3, 7); es 
E (ii) A = (-3, 7), B-(» -5, O= (97, -23, D = (0, -1/8); —— 
SD e e ii) A 6 B= (18,9, Cu. De 7M = 
té a Pg ws H^ v 
"o 2. Caloulate ‘the crosg-ratio (ab, ed), where the equations of the lines. a, — y» 





= wre respectively given by | 
| (6)  2:-3y — 0, Bray — 0, r= 0 r+lly = 0; — — as 

Gi) z+y=7 = 0, &r-3y44 = 0, x= 2, — d 
3. Given (ab, ed) — —3/7, and that the equations óf —— 
^ (i) o:z4y — 0. b :2r-5y = 0, — equatior f 
Gi) araty= 0, b: 2e-5y= 0, d: y= 0, fad ome 
(8) a:z+y= 0, ©: Benby = 0, dy = 0, find the equation of b; 
Big Semen gees — — 
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4. Givon two collinear segmenta AB and A'B', determino another segment CD 
which «hall divide each of them harmonically. 

5. Given three collinear points A, B, C, find by geomotrical construction a 
fourth point D auch that (AB, CD) is equal to « given rational number r, Can tho 
construction be simplified when r = IT 

6. If 9 be the anglo of intersection of the two circles described on tho collinear 
sogments AB and CD as diamstera (it boing #upposed that A and Æ are separated by 
C and D), show that (AB, CD) = —tan*(6/2). 

7. If (AB, CD) = (AB', €C'D') on two different lines AD, AD and if BE, CC" 
meet in O, prove that DD' must pass through O. 

8. AA’, BR’, CC' are concurrent straight lines through the vertices of a trianglo 
ABC meeting tho opposite sides in A’, B', O°. If B'O' meota BC in A", C' A’ meeta 
CA in B", A'B' moots AB in O”, prove that (BO, A'A”) = (CA, BB’) 
= (AB, C'C") —-—1. 

9. Prove that (AB, CD)(AB, DE) = (AB, CE), where A, B, C, D, E aro five 
distinct points of a straight line. Henco deduce that 


(AB, CDAAB, DEXAB, EC) = 1. 
10. If A, B, C, D are four collinear points, show that 
(BO, AD)CA, BD)(AB, CD) ——. 


ll. If (AB, CD) ——1/3 and B is tho point of trisection of A D towards D, show 
‘that O is the othor point of trisection of AD. — 
—. 32, Prove that the cross-ratio of the pencil joining the fixed points (at.*, 2at,), 
{= 1, 2, 3, 4, to tho variable point (af*, 2at) is independent of t. 
“pe 13. A, B, C, D and A’, B’, C', D' are two tetrads of points on two straight lines 
and O, O' are pointe on AA’. If tho points of intersection of OB, O'R’; OC, O'C" ; 
| OD, O'D' are collinoar, show that (AB, CD) = (A^B', C'D'). 


i. ec Find the equations of tho rigid motion which introduces the point (1, 1) as 
. tho new origin and tho straight lino 2r4-8y— 85 = 0 as the now z^- axis. 
&o07, 9. T is the transformation 
ET : xf (3/2) (1/2) — 
cssc. y'= Qimer(amy 
id. 4 amd geometrical interpretations. e - 

3. o straight linoa through the point (ci, &) of slopes 
L 23. motion transforming these lines as axes. 
are any two lines am! T is any translation, prove that there 
a of wnslations 7T", T", parallel to OP and OQ respectively such 


cO 
! " yi rie si 
x35 a 
- LI - per "- d 
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6. Show that 


az, by, +6 
i* OM, 
at 4- bl 


` 


is an invariant of tho point (zi, y) and tho straight lino ax+by+e = O with rorpoct 
to any rigid motion. What is tho goomotrical significance } 


7. Show that 





















= Vi 


X3 Ww 








ia an invariant of the points (x,, yi), (zs, y4) with respect to any rotation about the 
origin, 


8 Show that 


i — Ww l 
"w y» 31 
M Wa 


—- 


is an invariant of the three points (xy, y,), (x. ws). (xy, y} with respect to any rigid 
motion, What is the geometrical significance of this invariance 1 

9. ABC and DAC are two triangles, B and D being on the opposite sides 
of AO and | AB| =| AD|. Find a transformation by which the -triangle ABO 


i» transformed into the triangle DAC. Does there exist a rigid motion giving tho 1 
same result f | 


ay è 
- i 1, Reduce the following equation to the normal form by applying rigid motions 
| 5r —2ry5y!1—8r—8y—8'— 0; 


06 the normal form by & single sep, 
s 2, Prove that any two linos drawn from a point outside a conio w 
conjugate with respect to the conic are harmonically separated by the tangents 
|J the same point to the conic. Deduce that any two points which are i 
respect to a conic and which lie on a line intersecting the conic in two 
|o nieally separated by the poirita of intersection | 
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3. Prove that a translation can bo expressed as a product of two orthogonal 
roflexions in parallel straight lines, 

4. Prove that a rotation about the origin through an angle 8 is the resultant 


of two orthogonal reflexions in lines through the origin #o chosen that the anglo from 
the first to the second is 6/2. 


5. Describe tho nature of the transformations : 
G) af =—y+5 (d) a = G+ 12y—17 
and 


y= z+l y= l2z—5y+2 
VI 





1, Show that the oquation of the circle outting orthogonally tho three circles 
altyt t+ Dg x 2fiy e. = 0, for i = 1, 2, 3, is 


zT? = y = 0, and reduce this equation to tho form 


i & =o -fi Tg, US, mætt | = 0 


1 

1 
ELI MED, | £-F973. Wf. gif 
a $5; Ja) A +9 Wf, ott Syw oe 


Give the geometrio interpretation of the last result, 
2. Discuss the conditions that n circles may have a common orthogonal circle. 
3. 4,B,0,D, E, F are the six vortices of a complete quadrilateral, AC, BD, 
a EF aro tho diagonals and LMN is tho diagonal triangle. If 5, S', S* are circles dos- 
Hl. eribod on tho segments AC, BD, EF as diameters, prove that the cireumcirele of the 
triangle LMN is orthogonal ta S, S", S”. 
! 4. Ifa circle C" whon inverted with respect to a cirele € becomes a circle O”, 
prove that C, 0”, C* are coaxal. 
| 5. PL, QM aro porpondiculars from tho points P, Q to the polars of Q and P 
=”  respeotivoly with respect to a circle having O as the centro, Prove that 
| OP.QM = OQ.PL 
y 6. Let three circles which pass through a point intersect in pairs in three points 
forming à curvilinear triangle. Prove by inversion that sum of the angles of the cur- 






















E hh ap vian eU e EA BRE e 
s. Three circles X,($ = 1, 2, 3) cut a fourth circle 3 orthogonally and intersect 
[Uie ses = rosas iiie hun = Prove by inversion that the sum of 








D 


! of the curvilinear triangle is less than two right angles. 


S ært 2g e 2f y e = 0 
7 d ia m y S = x+y + 2r E2fye = 0 
A 4 
n ro two cin cous system, show that the ee ect (e cyntem aro 
= 


Y — 
ESSET. alk 


E UT Ni 
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10. Show that the operations of inversion with respect to two circles in succomion 
are commutative if the circles are orthogonal. 

11. Prove that the circloe whose equations aro 5S = 0 and S^ = 0 are inverses 
with regard to either of the circles (1/r)S + (1/r )S" = 0, where r and f^ aro the radii 
of the circles S, S" respectively. 

12. Generalise the following theorem by reciprocation: A tangent to a cirele 
ia perpendicular to the radius at the point of contact. 

VII 
|. Find tho equations of the affinity transforming tho points ® 
(i) (0, 0), (1, 1), (1, —1) into the points (2, 3), (2, 5), (3, —7), | 
(ii) (2, 5), (4, 7), (3, 4) into the points (5, — 1), (3, 8), (4, 7) respoctively. ) 
Point out the reasons in case an affinity which is supposed to transform a givon trind , 
of points into another does not exist, 

2. Show that an affine transformation transforms the differential equation 
diy/dz? = 0 into d'y'/dz' = 0. 

3. Discuss how the following aro transformed by an affine transformation : 
(i) a segment and its mid-point, (ii) an angle and its bisector, (iii) a regular hexagon, 
(iv) two circles: C of radius 2 osculated from inside by C' of radius 1, (v) a triangle 
and its nine-point circle, (vi) a squaro and ite aroa. |! 

4. Show that an affinity multiplies by tho samo constant factor k tho lengths of © | 
all line segments with the samo direction, Find the value of 4? corresponding to tho 
direction ê when the circle x = cos 8, y = nin 8 is transformed by the affinity 


2 = ax+by+e 
yo = ax yt 





Discuss the naturo of the transformation whon dE!/d9$ = 0. 
5. An affine transformation is wuppowed to transform a certain figure S into 
itsolf. What is known about tho transformation if S is (i) a triangle, (ii) a circlo, (iii). 
an ellipse, (iv) à parabola? 
` e idR com RC OO i ic sie Wales MS E 
into a figure S' which is similar to S ? 
ü. Pieve quit the cely ollie transformations SERE tM M eee 
the transformations of «imilarity. 2... LM 
Y. Using ond of the follewisi moters as 
dofinition, derive th» othors : (i) a diamotor bisocts all chords parallel to ita o i 
(ii) conjugats diamoters aro soparatod harmonically by the two asymptotes of tho con * 
(iii) n pakat oh iaaii cn i dieto di a E — 
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VIII | 


1. Find th» equations of the involutions transforming the collinear points 
, (i) Zand 7into —3and 6 respectively, (ii) 3 and 5 into 1 and 7 respectively. 
Which one of these is hyperbolic? Find its double pointa, 

2. A, B, C, D ar» four distinct points of a line. Tho double points of the in- 
volution determined by the pairs A, B and C,D are E,F and tho double points of the 
involution determined by A,C and B,D are E'F'.. Show that (EF, E'F') is harmonic. 

3, Prove that tho transformation 


; æ NPE 
' TO" bab, 
isan involution zie lop. How can then the equation be reduced to the normal 
form 2'z = cf : 
LX 


1, Find the homogeneous coordinates of 
(i) the origin, (ii) the point at infinity in the direction of the line ax 4-by-Fc = 0, 
(iii) the point at infinity in the direction of tho slope 5/6, (iv) the point of intersection 
n ofthe lines 2z,— 3r,-d-4r, = 0 and 2, +2,+2, = 0, (v) the line joining the pointe 
I (4, 1 —2) and (1, 1, 0). 
2. (a) Test tho linear dependence and independence of the following points : 
à (i) (1, 5, 1), (2, 7, 1), (3, 9, 1), (ii) (0,0, 1), (1, 6, 1), (I, 1, I). 
» (b) Test tho linear dependence and independence of the following lines : 
(i) mty O0, Seint 0, -Tti =m 0, 
(i) 4-0, ym, = 0. 2-2 = 0. 
— 8, Show that the coordinates (a,), (b.), (e.). (d,) of 4 given points, no three of 
— collinear, can be so chosen that 
| à Vb curd, = 0, ó= 1,2,3 4 
| Deduco Dist Gis NEN polole e a somplsto quadrangle sre nevar eollincer. Dualise 
— the above. 
| fed Seite ds. "Find the equation of the pair of tangenta to the non-degenerate conic 
| 1 Z20,,7,*, = 0 
Sal Deinde Dualise your anawer. ` 
5. Lot aj, aj... d. bo n concurrent lines and Qu Q4-..., Q.., be n-1 fixed 
not situated on these lines. If P, i» a variable point of a, and the line P,Q, 


ot an Pr P,Q, moots ay in Py...» xa Q.-, mecta a, in P., show that the 
Tr one perapectivity. ~ — 
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2. In a collineation tho vertices of a plane quadranglo ABCD correspond to 
themselves in the order BODA. Prove that one of the diagonal points is solf-corres. 
ponding point and the opposite aide is a — — — line, 

3. In a projective plane three straight lines g, a’, g7 are given which are (a) 
eoneurrent, (b) nonconcurront. For both the cases, discuss the linear transformation 
T of the plane for which g, g’, g” ate invariant. The disoussion should refer to tho 
following questions: If P and P’ are two different points of the plane not situated 
on any of tho three lines, but arbitrary otherwise, (i) is there any transformation T 
transforming P into I", and if so, is T uniquely determined T? (ii) i» T' uniquely 
determined by the additional condition that P remains fixed ? (iii) is T uniquely 
determined by the additional condition that P and P" remain fixed 1? 

4. Show that tho correlation 


pu, Sey ate, puj = — 2, +2,+32,, pu = rln 
when carried out twice results in the identity. 
5. Show that the trianglo with vertices (0, 1, 1), (1, 0, 1), (1, 1, 0) is solf-polar 
with respect to the conic z,*--,*-- 2514-20, - 2r, — Ox, = 0. 
0. Determine a triangle which is self-polar with respect to the conie 
2u,? — u,? 4-u,1 —2u,u4 — 4u4u4 = Ô 
and has tho line (1, 2, 1) as one of its sides. 


7. If a collineation possesses four fixed points, no three of which are 
collinear, show that the collineation is the identity. 


XI 


1. Two projective coordinate systems have the samo triangle of reference but 
different unit points. Determine the form of the transformation from one system to 
the other, 

2. Find tho equation of the most general transformation of projective coor- 
dinates which introduces tho lines 


2x,-Bryt+ey = 0, 242-32, = 0, 2-2, 42) = 0 
ad the idc M, = a = 0, x,' = 0 of the now triangle of referenee. Then determine 
the particular transformation which also introduces (2, 3, 2) as tho new unit point. 

3. Lot Py, Py, Py, Py Pj, P, bo six points in a projective plane, no triplet of 
them being collinear. Denote the point of intersection of P,P,, and P,P, by 
Q(ij; ra), where é, j, r, » run over 1, 2, 3, 4, 5, 6. Prove that if Q(12 ; 45), Q(23 ; 59) 
and. Q(34 ; 61) are collinear, then Q(12 ; 45), Q(26 ; 43) and Q(05 ; 31) are also collin 
— SDI ASEEN: 

P AP PERE 
.. "tangent in o points 4, B, O thon ABB in con ant, Generalise b 
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7. A mid B are two fixed pointe and AP and BP are conjugate linos with respect 


to a oonie S. Show that the locus of P is a conie S' and find the points on S where it 
is cut by S’, 


8. If threo conics círcumscribo the same quadrangle, prove that the pointe of 


contact of common tangent to any two is separated harmonically by ite pointe of inter- 
section with the third conic, 


9. Given fivo tangents to a conic, show how to determine (i) the point of contact 
on any ono of them, (ii) the other tangent to the conic from a point on any one of the 
given tangents, 

+ 10. Show how to construct the tangent at one of five given points through which 
a non«legenerate conic is to pass, 

Hl, A triangle is inscribed in a conie and two of its sides pass through two fixed 
points. Find the envelope of the third side and show that it is degenerate when the 
two fixed points are conjugate with respect to the conic, 

12, Describe how to construct the conie with respect to which two given pers- 
pective triangles are reciprocal polar triangles. 


13. Find the triangles of reference with respect to which the equations of conics 
can be reduced to the following normal forms : 


m+- e 0, zx-r)-—xz1320, r!-2nx,- 0 
XII 


l. Ifa, b, c are the direction-cosines of a directed line g, prove that the orthogonal 
1 projection of a vector (a', b, c') on g is aa’ + bb + ec, 
- 2, Ifd is the length of a vector and di, d;, dy are the lengths of its orthogonal 
L. ; aa projections on the coordinate planes, prove that 24! = d,*- dta d, 
l R3 3 Prove that the lines 
E (r—a)/o' = (y—b)]b' = (z—e)/c^ and (r—a’)/a = (y—b')]b = (z—ce')je 
| | intersect, and find the coordinates of the point of intersection and the equation of the 
-plano in which they lie. 
tis Find the length and the equation of the common perpendicular to the lines 
zr-—(y—11)/2:2 :—4 and (x—6)/7 = —(y--7)/0 = z, 
5, Show that the shortest distance between two opposite edges a, d of a tetra- 
Patioa M OP jad sis}, whtre Kia the anglo between the edges and V is the volume of 










ial l arrangement of the four planes whose equations aro given by 

(i) — %=_ 7 (ii) Set TRI = 1 . 1 
$ry—- t= 5 > 5z+ Sy +18: = 1 m 

oem n f= 19 7 — Jf. 
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8. A, B, C, and A; B, C, aro two straight lines and B, B, is the shortest 
dstanoo between them. If C,, Cy aro any two points on the lines such that O; A, is 
perpendicular to A; B; C, and C, A, is porpendicular to A, B, C,, prove that | 


A, B. B, €, x Ay Hs. By Oy 
XIII 


l. Two projective planes of points are said to be perspective if the lines joining 

the corresponding pointa are concurrent. Show that a necessary and sufficient con- 3 
dition that two projective planes of points be perspective is that each point common 

© the two planes be self-corresponding. j 

«X 








State and prove the dual of the above. 

2, Two projective pencils of lines lie in two different planes but have a common 
centre. Discuss the envelope of the planes passing through the corresponding lines of 
the two projective pencils, 

3. (a) Find the Pluecker coordinates of tho edges of the tetrahedron of reference. 

(b) Describe the lines whose Pluecker coordinates satisfy the equations : 


ü) Pap =O (ii) ppy-7 Om pu (ii) Py =O = Py 
XIV 


l. If A is an arbitrary affine transformation and 7' is an arbitrary translation, 
show that 
ATA is n translation. 


[On account of this property, the subgroup of translations which is thus 
transformed into itself is called a normal subgroup of the affine group.) 

2. In the extended Cartesian space of m dimensions, show that the affine 
transformations are the collineations which leave the hyperplane at infinity (r,,, = 0) 
fixed and the similarities are the affine transformations which leave the absolute - 
(34-..... 2,42 = 0, mu, = 0) fixed. Further, in the non-extended space, show 
that the orthogonal transformations are the similarities for which the distance 
(v [Gn — 9, 2 - a 44 +(x. =y. Fl) remains invariant. 

3. Classify the following relations as affine or metric, giving roamons : 

(i) a triangle and its orthocentre, (ii) e conie and its e entr 

(iii) a central conic and a pair of ita conjugate diam 

(iv) ratio of distances on the amo or two parallel straight lines. 
l 4. Aro tho following clamen of curves affine and, in particular, similar i 

- (9) ait ellipses, aed scat (iii) all hyperbol — 
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4. Show that given four projective rows [P], [Q], [R], [.8] on four arbitrarily 

chosen linos, there are, in general, 4 and only 4 planes which contain corresponding 
points P, Q, R, S. 


y 
f 


XVI 


l. Q, and Q, are two non-degenerate quadrics. Let « run over all planes and 
lot P,, P, be the polos of « with respect to Q,, Q, respectively. Show that thero oxista 
a unique collineation which carries every point P, into tho corresponding point P; 
and another carrying P, and P. 

Discuss the conditions under which the above two eollineations become identical, 
and show that this is tho case when Q; and Q; are given by 

a, rS + 242 + 2g? = 0 and Ttm Ty = 0 
Show that tho collinsation has two lines of fixed points and two pencils of fixod planos. 

2. Lot Q be a nondegenerate quadrie, and lot. T' bo a totrahedron which is self- 
polar with respoct to Q. Tho polar field of Q gonorates on each of the edges of T an 
involution of the pointa of the odgo as well as an involution of the planes passing through 
the edge. Discuss the typ» (elliptic or hyp*rbolie) of these twelve involutions according 
to the projective character of Q. 

3. Show that the linss of a pencil of lines whose centre and plans do not belong 
to a quadric are conjugate in pairs with respect to the quadric, and that theso pairs 

XVII 


1, Is it possible to transform a sphere into itself by a collineation which is not 
an affinity 7 
9. Prove that there is a unique diametral plane of a central quadric which is 
 eonjugate to a given diameter, and that tho line at infinity in the plane and the point 
at infinity of the diameter aro polar and pole with respect to the conic at infinity on 
tho — Discuss conjugate diameteral planes and conjugate diameters. 


XVIII 





| Prove that the rigid motion 
z' = zoos @—y sin e, w' = æ sin +y cos e, z' = Ec 
. ds m screw motion about the z-axis, that is, the product of a rotation about tho -axis 









(à) a ruled surfaco into a ruled surface. 
ii a paraboloid into a paraboloid. | 
3. Let A be an affinity which keops an ellipsoid E invariant. Prove that there 
ster of E such that overy point of the diamoter is invariant for A. 
ais Show that tho afinity ET / 
— — s= 













[escape eoo eatr E t 
tora of the ellipsoid: Matt rud 1. * 
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XIX 
1. Apply a rigid motion to reduco tho equation 
2:3—,1—21—242 4x--0y--2:--2 = 0 


to its normal form. What surface does it represent ? 
2. Vorify that tho surface given by 


= = a oon(f—¢)/coné+¢), y = b coe 6 sin e/cos(6--9), = = cain ocos ejcos(é--9) 


is a hyperboloid of one sheet, whose generating lines are @ = const. and ọ = const. 
Find the Cartesian equation of tho surface. 


4. Prove that tho locus of intersections of perpendicular planes through two 
skew lines g) and g; is a hyperboloid whose real circular sections are given by planea 
perpendicular to g, and gy I 


4. Tangonts to a hypsrboloid of one sheet H passing through a point P form 
a cone which osculates H mony a conic O(P). Discuss tho position of P when O(P) 
is known to bo a hyporbola, a parabola, an ellipse, a circle, 


5. Prove that a cone possesses oithor no set of three mutually orthogonal 
generators, or an unlimited number. 





6. Show that the pencil of planes through a generator of one system of hyper- 
boloid of one sheet cuts the surface in the generators of the other system, and that 
these planes are tangent planes to the surface at the points where they meet those 
generators, 

7. Show that tho cross-ratio of four points on a generator of a hyperboloid of 
one shoot is equal to the erosa-ratio of the four tangent planes at tho four pointa, 

8. Show that the section of tho surface 


zy+yeter = c 
by tho plano Az+sy+rt = p will be a parabola if “A+ sut yr — 0; and that of 
the surface 
altyt? Qys—2exr— Iry = ci 
will be a parabola if Au+pr+ar = 0, 


9. Prove that the perpendicular distance from the centro to the tangent plane 
at an umbilic of tho ellipsoid z?/a?-4- y7/b44-21/c9 = 1 is ac/h. J 

10. Prove that a straight line which always intorsects two given linos and is 
perpendicular to one of them generates a hyperbolic paraboloid. 

11. Two plano mirrors ars inclined at a fixed anglo and a ray of light ia reflected 
between them. Show that all tho reflected rays will lie on æ hyperboloid of 

12. Let an eye be placed on the surface of a hyperboloid whose equation is 
amy bytes! = 1. Prev qub Qn polnila; Ve etung Nou Limca When dpi 
to be porpendicular, will lio in a plane whose equation is my 

z alfa gy hs) = (a+b+e) (afe+boy+che— 


„imene (J; , 3) lo tho postica of the epo, 


















"— "9 —s—a- 


z!/(af—2)43/(b*—A) = 2:—a, a? > M, 


whore A is à paramotor not taking the values a? or 6%, represent three families of cone 
focal paraboloids defined for tho following values of the parameter 


>A a Sad s ada? 


and show that they form a triply orthogonal system. 
€ surface of revolution or has two systems of elroular sections. 


XX 
Ll. Transform tho following homogencous quadratic forms 
(i) drt ori 1674! — Srír, 
(ii) a-z -a -2 xja 


to their normal forms by nonsingular linear transformations. 
* i. Verify that the numbers of torms in the normal forms obtained above aro 


to the ranks ofthe matrices of tho coefficients of the given quadratio forms. 


^ — nat are tho signatures of these forms ? 


w 
— 
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Pencil, of conics, 156 
—of lines, 86 
—of planea, 199 
Peormpectivity, 87, 206 
Plano, at infinity, 202, 247, 245, 250 
—fiokia, 119, 231 
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